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INTRODUCTION

This work deals with compact convex sets and affine

functions on them. The approach differs from that of Alfsen,

in his book "Compact Convex Sets and Boundary Integrals",

Springer-Verlag, Berlin-Heidelberg-New York, 1971, in that

the measure theoretic material has been kept to a minimum.

Only results needed for the study of affine functions have

been included, and some topics such as simplicial and central

measures omitted altogether. There is some overlap in content,

especially in the earlier part of the work, but often proofs

are different.

The references contain only those papers directly

related to material here which either contain more than is

included here, or else which are not referred to in Alfsen's

book. That should be consulted for a more complete

bibliography.

The references applicable to each chapter are as

follows:

Chapter I	 - [ 12],

Chapter II	 - [1],

[19], [23], [28], [32], [33],

Chapter III - [1],

[26], [29], [30], [31] & [40]

Chapter IV	 - [4],

Chapter V	 - [2],

Chapter VI	 - [7],

[15] & [25].

[8], [9], [lo], [11], [13], [16],

[ 38 ] & [43]•

[3], [6], [7], [15], [17], [18],

[5], [24], [37] & [41].

[22], [27], [28], [38] & [ 42].
[11], [14], [29] & [34].
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PREREQUISITES 

The following is a brief summary of the results from

various branches of mathematics that we shall assume.

Topology. 

Apart from the basic properties of metric and topological

spaces, we shall need the definitions of Baire spaces and of

compact Hausdorff spaces. We shall also apply Urysohn's lemma

on compact Hausdorff spaces.

All that we require may be found in "General Topology" by

J.L. Kelley, Van Nostrand, Princeton, 1955.

Measure Theory. 

Two results from abstract measure theory that we will

need are the dominated convergence theorem of Lebesgue and the

Radon-Nikodym theorem. We require these for finite measures

only. We shall need the definitions and basic properties of

Baire and regular Borel measures on compact Hausdorff spaces,

and the Riesz representation theorem for such spaces.

All that we require may be found in "Measure Theory" by

P.R. Halmos, Van Nostrand, Princeton, 1950.

Function Spaces. 

We employ the well-known theorems of Ascoli, Dini and

Stone-Weierstrass for the space of continuous real valued

functions on a compact Hausdorff space.

All that we require may be found in "Linear Operators I"

by N. Dunford and J.T. Schwartz, Interscience, New York, 1958.

Functional Analysis. 

For locally convex spaces we shall assume knowledge of
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the Hahn-Banach theorem (both in its extension and separation

versions), the Krein-Milman theorem and Milman's converse

theorem. In Banach spaces, apart from elementary duality

theory, definition of both bounded and compact operators and

familiarity with the weak* topology, we make frequent use of

Alaoglu's theorem, the Open Mapping theorem and the Krein-

Smulian theorem.

All that we require may be found in "Topological Vector

Spaces I" by G. Kothe, Springer-Verlag, Berlin-Heidelberg-

New York, 1969.

Banach Algebras. 

Familiarity with the definition of a Banach algebra and

of an algebra homomorphism might be useful in places. No

depth of knowledge is assumed.

Ordered Vector Spaces. 

The material we need on ordered vector spaces may not

be so familiar, so we shall summarise all that we require here.

Let E be a real vector space. A set P E is a wedge if

XPCP for all 1n E ir and if P + PCP. If also Pn(-P) = COI

P is a cone. E is positively generated if E = P - P. If P is a

wedge in E define x',y to mean x - y EP. Then ";>," is a partial

order on E such that

x;n,y implies x + z	 + z for all z € E.

x;n,y, X>,0 implies 2c;0‘y.

Conversely if "•,>" is a partial order on E satisfying (1) and (2)

then P = x cE : x;;OJ is a wedge in E such that x .,y if and

only if x - y E P. In this case P is a cone if and only if the

order in E is proper; i.e. if xi.,y and y;>x then x = y. By an

ordered vector space we mean a pair (E,P) where P is a cone in E,
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but we usually just write E, and assume that this has the

order derived from P as above. We use "x y" and "y G x"

interchangeably. The order on E is Archimedean if x,..< ny for

all n(IN)
	
implies x‘ O.

An ordered vector space E is a vector lattice if for

all x, y E E the pair (x,y) has a least upper bound xv y and

a greatest lower bound xn y in E. I.e. (for example)

xv y›, x, y and 0,x, y implies z	 x vy. We use the notation

x
+
 = x vO, x = (-x)v 0 and I xl = x v (-x). For E to be a

vector lattice it is sufficient, for example, that x÷ exist

for each x E E. A vector lattice E is complete if whenever

x,4 oCE A/ C E, y E E and Xot y for all a- E A there is xE E

with x0(	 x for all 0(.. E A and x.04	z for all oc E A implies

that x.c,.5 z (a similar statement with inequalities reversed

then holds automatically).

If E and F are ordered vector spaces a linear operator

T E-->F is positive if x .>/ 0 implies Tx '�, O. If E and F

are vector lattices we call the linear operator T : E

a lattice homomorphism if for each x, y G E, T(x v y) = ( Tx) v (Ty).

A lattice homomorphism must be positive.

If E is an ordered vector space a vector subspace F G E

is cofinal if for each x EE there is yE F with x‘. y. A version

of the Hahn-Banach theorem known as the monotone extension 

theorem is of occasional use to us. This states that if E is an

ordered vector space, G a complete vector lattice and F a

cofinal subspace of E then every positive linear operator

from F into G has a positive linear extension from E into G.

All that we require may be found in "Ordered Linear

Spaces" by G.J.O. Jameson, Springer Lecture Notes in Mathematics,

1970. Familiarity with more would be useful, though explicit

knowledge of more is not assumed.
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The following notation will be used throughout with

no further explanation. All other definitions and conventions

will be defined in the body of the text, and are also indexed

at the end.

co(A)	 - convex hull of A.

co(A)	 - closed convex hull of A.

E l	 - closed unit ball of the normed space E.

ft' A - sup I f ( a) I: a F AI where f is a bounded

function on X and A C X.

IR	 - the real numbers.

the non-negative reals.

the integers.

the non-negative integers.

supp(p.) - support of the Radon measure p.



CHAPTER I 

COMPACT CONVEX SETS 

1 Representation Theorems. 

If C is a convex set in a vector space E, a subset F of

C is a face if it is convex and if x, yeC, O<X<1 and

Xx + (1 - X)y E F together imply x, y E F. A point XE C such

that j xl is a face of C is termed an extreme point of C.

be C denotes the set of all extreme points of C. Trivially we

have:

LEMMA I.1.1. If C is a convex set, and F a face of C, then 

every face of F is a face of C. 

COROLLARY 1.1.2. If F is a face of C then .-4F-4O• 

A function f : C 1 ---)C2 (where C 1 , C 2 are convex sets)

is affine if x, y E C i and 0< X <1 imply that f(Xx + (1 - X)y) =

Xf(x) + (1 - X)f(y).

LEMMA 1.1.3. If f
1
--*C

2
 is affine and onto, and F is a

- 1non-empty face of C 2 , then f (F) is a non-empty face of Cl.

If x, 3r Ef
-1 

(F) and O<X<1, then f(Xx + (1 - X)y) =

Xf(x) + ( 1 - X) f(Y)e F as F is convex. I.e. f -1 (F) is

convex. If, now, x, yE C 1 , O<X<1 and Xx + (1 - X)3T E f 
-109,

then f(Xx + (1 - X)y)E F. Hence 7f(x) + (1 - X)f(y)EF, so

f(x), f(y)EF, since F is a face of C2 . I.e. x, yef-1 (F),
-1	 1so f (F) is a face. That f (F) is non-empty is because

F is non-empty and f is onto.

By a compact convex set, we mean a compact convex

non-empty subset of a real locally convex space. If K is a

compact convex set then the Krein-Milman theorem tells us
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that "atK 0, and that K = co(a eK), the closed convex hull of

its extreme points. We denote by A(K) the vector space of all

continuous affine real-valued functions on K. With the supremum

norm A(K) is a Banach space. We order A(K) by the cone A(K)+ 

of all functions aEA(K) with a(k)70 for all kE K. If

fEE*, the topological dual of a locally convex space E, and

K is a compact convex subset of E, then fI K EA(K). Thus we

may invoke the Hahn-Banach theorem to assert that the elements

of A(K) separate the points of K. We can use this fact to

say a little more about -4K;

THEOREM 1.1.4. For the relative topology induced by K, 

is a Baire space. 

If a e A(K), let 
Uaec 

= Ike K a(k)4;oq and

Faox = l Ice K : a(k)<:c<1 . If k E''J we claim that the

family I Fao4	 xkeU_
a 1 is a neighbourhood base for k in K.o

The fact that the functions in A(K) separate the points of K

implies that the intersection of such Fa	is fkl . As
aa

the sets Faa 
are compact, it suffices to show that the family

is downward filtering. Suppose kEU
ax. ir\Ub,p , 

then k+K\U

and k+K\ Ub,p 
. These last two sets are compact and convex,

hence so is their convex hull, C. By Milman's theorem k 4C,

for if it were it would certainly be extreme in C, but

"a,eC C:(K\ 
Ua,e4 

)Q (K\ U
b,p 

), so this cannot be. We may now

use Hahn-Banach separation to obtain feE* with f(k) <1r,

f(x);>'‘ if x CC. Now take c = fI K, then Fea, C= Ua,rx " Ub,p

and kEU	 as required.c,y

Let i:0 n
	 1
I c.c. be a collection of open dense subsets of

NK. We must show that if V is open in	 and non-empty, then
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V n C\ On 1 0. We may clearly suppose that the family 'CO
n
l•

n=1
is decreasing. Suppose On = Un n')eK and V = U	 navocl

where f Unl is a decreasing family.

We define a sequence of pairs (ai , o(i ) as follows. We

already have (a l , 0(1 ); suppose we already have defined (an , o(n).

Let x ENKnU
an, oc nn U11+1' Then Ua o4	

U
n+1 

is a neighbourhood
n n

of x in K, so there exist ( anfl , otiro ) with xE Ua 	 0 c
n+1 n+1

C U
a ,a Un+1. We choose this 

(an+1'n+1) 
for

an+ 1 n+1	 n n
the next term.

The family Fa or 	 a decreasing family of non-empty
n' n

compact sets, so has a non-empty intersection F. FC U	 and
a l ,o(-1

FCAU . It is easily verified that F is compact and convex
n= 1 n

and that K \ F is also convex. It is now clear that ZeFC:4K.

If k E 2eF, then kEZeK (NU
n
 = O

n
 and k E ZeKtn Ua 	 oc

 1
= V. The

1' 
Krein-Milman theorem now asserts that the desired intersection

is non-empty.

Suppose a is a compact Hausdorff space, and A is a closed

subspace of C(&) that containg the constant functions and

separates the points of St . The state space of A, S(A), is

the weak* compact convex subset of A*, f f E A*	 f(1 ,st.„ ) =

II f lI =1 c (where 1st. is the function on SL that is 1 everywhere).

If A is all of C(,,S1,), then S(A) may be identified with

PGA), the set of regular Borel measures on a that are positive
and with total mass 1, i.e. the probability measures on XL.

This set is of considerable interest in what is to follow.

If p €1)(J1- ) and D is a Borel subset of it , we define

a measure !ID on the Borel sets of St, by p,D(B) = p(DrB). It

is easily verified that pD is a regular measure, and that if

I(D) � 0 then µ(D) -1 µD E P(i.f1.). If	 , we denote by C.u.	 the
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point mass at to-, i.e. f,,,(B) = 1 if 1-re B,

= 0 if A4-4 B.

PROPOSITION 1.1.5. If J)- is a compact Hausdorff space then 

' e(P(SL )) =	 :	 G J13 • 

That Eis is extreme is easily verified. If p,v E p(.514

and	 =	 + (1 - oC )‘) with 0<

2

a <1, then

1 =	 Ei,z( fvf l ) = o(p(	 ) + (1 -	 ) v ( 	)

which is only possible if p({-1,91 ) = v(iC71.9-3. ) = 1, since

)9	 )	 1. As p, and v have total mass 1,

= v =

Suppose conversely that is extreme in P(SL). We show

that there is a closed subset D of A. with 0 <p,(D)< 1 if

is not	 for some ca- e A. Consider the collection of all
closed subsets of	 of 4-measure 1. If D

1
 and D

2
 are two such,

then p(D i n D2 ) = 0 or 1, else our claim is justified. If

p(D i n D2 ) = 0 then p(D i \ D2 ) = 4(D2 \ D i ) = 1, so that

p(31)	 2 - which is impossible. Thus the family has the

finite intersection property, so we may choose -Ur in the

intersection. If p( f l-r/ ) is non-zero we either have the

desired closed set (if p( {"w1) < 1) or else have proved the

whole result ( if 4( .C`tris ) = 1). Thus we may find, by regularity,

an open set containing 1-r of p-measure less than 1/2. The

complement of this is either a closed set with measure between

0 and 1, or else has measure 1, contradicting the definition of

1. In either case we have the desired set D.

Now	 p,(D)-

(1 - p(D))(p(JtA D) -1 g," D), contradicting the extremality

of p, and the result is proved.

i pp and p = p(D)(p(D)-1µD) +



-5-

Suppose AcBc:C(fL) where A and B are closed subspaces

containing the constants and separating the points of .ft. If

fES(B), then fl A eS(A). The Hahn-Banach theorem allows us to

assert that this restriction map is onto. The definition of

the weak* topology makes it clear that this restriction map

is continuous, and it is clearly affine. We have thus proved:

LEMMA 1.1.6. The restriction map from S(A) to S(B) is continuous, 

affine and onto. 

COROLLARY 1.1.7. 	 e(S(A)) C: l Et- IA	
If f E	 S(A) ), by lemma 1.1.3 	 /“. P( Jl-)	 pl A = f

is a closed face of PVL), and is also non-empty (here 4IA

means that linear functional on A which assigns to each

function its integral with respect to 4). Applying the

Krein-Milman theorem, and noting that the functions in A

separate the points ofa-, and hence the extreme points of

P(A), we see that foe P(SL)	 : 41A =	 =	 for

some "Lr e Jt . The result is now clear.

In particular if we take K to be a compact convex set,

A(K) is a subspace of C(K) of the required form. We can form

S(A(K)), and the restriction map takes P(K) onto S(A(K)). If

kEK then k, the evaluation at k, belongs to S(A(K)). It is

obviously of interest to know if all of S(A(K)) arises in

this way. In fact we have:

THEOREM 1.1.8.	 The map	 is an affine homeomorphism of

K onto S(A(K)). 

The map is obviously affine, and is (1,1) as the

functions in A(K) separate the points of K. Continuity is
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because if f€ A(K)* and E >o, then fk :Ik(a)- f(a)I< ET =

k : I a(k) - f(a)l< El	 is open by the continuity of a. We

must finally show that the map is onto. As 'I : ke K1 is a

compact convex subset of S(A(K)), it will suffice to prove

that the map is onto 20(A(K)).

Let ? : P(K)----)S(A(K)) be the restriction map, and

f E ')eS(A(K)). By 1.1.3 and 1.1.6 
Q-1 

(f) is a closed face of

P(K). By the Krein-Milman theorem this set has extreme points,

which must be extreme points of P(K). By 1.1.5 these are of

the form S
k 

for some k€ K. I.e. we have found kE K with

a(k) = f(a) for all a EA(K). Thus 10.-41Z is onto.

COROLLARY 1.1.9. If ueP(K) there is a unique point kE K with 

a(k) = Sadu for all a EA(K). 

Combine the restriction to A(K) with the inverse of

the embedding of K into S(A(K)) to obtain existence. Uniqueness

is because the functions in A(K) separate the points of K.

This point is termed the resultant of p, and is written

r(p). This notion allows us to give another characterisation

of extreme points of K.

COROLLARY 1.1.10. If k E K then k is extreme if and only if 

r(u) = k implies u = Ek.1,

If k is not extreme, then k = Xx + (1 - X)y with

x, yeK, 0< X<1 and x y. It is clear that X Sx + ( 1 - X)

and that r(X ?.. 3c + ( 1 -	 Ey) = k. If conversely k is extreme,

then r-1 (k) is a closed non-empty face of P(K). Any extreme

point must be evaluation at k f eK by 1.1.5. Clearly this must

mean that k = k'. By the Krein-Milman theorem we may conclude

that r-1 (k) = f	 .
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COROLLARY I.1.11. Every bounded linear functional f on A(K) 

is of the forte a.---*0Ca(ki) - 'a(k2 ) with	 oc, p 0, k 1s k2 GK

and II f	 =	 g . 

Extend f to a bounded linear functional on C(K) by the

Hahn-Banach theorem, with preservation of norm. I.e. we have

em(K), the set of regular Borel measures on K, with

p(a) = f(a) and 44*(K) + 4(K) =,=. Put 4+ 011)	 = p XII f'
with a , p 0 and V , X e PM, then f II	 01= + 3. Take
k 1 = r(V) and k2 = r(X) and the result is clear.

COROLLARY 1.1.12. Let K be a compact convex subset of the 

locally convex space E. Any subspace of A(K) which contains the 

constants and separates the points of K is dense in A(K). In 

particular the functions of the form k ►--->f(k) + m for 

f E E*, me IR form a dense subspace of A(K). 

Let H be such a subspace, if it is not dense there is

g EA(K)* with 
g IH 

= 0, g	 0. By I.1.11 there are 0( , P 0

and k1, k
2
 E K with g(a) = oC a(k1 ) - p a(k2 ) whenever a e A(K).

Consider the constant function 1 K E H, then we see that	 0( =	 .

Choosing h E x with h(k 1 )	 h(k2 ) we see that 01 = p = 0 so

that g = 0. This completes the proof.

We shall henceforth consider K to be embedded in A(K)*

in this manner without further comment. We introduce now a

notion that will be of use to us later. If E is an ordered

vector space, a convex set C is a base for the positive cone

in E if any x E E
+ 

can be written uniquely as Xc for X e f +

c EC. If E is lattice ordered, C is termed a simplex. It is

easily verified that this definition does not depend on the

particular choice of E. In particular if K is a compact convex

set, K is a simplex if and only if A(K)* is a lattice. Recall
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also that a partially ordered vector space has the Riesz decomposition

property (R.D.P.) if whenever x, y,	 0 and 0 z t x + y

there are z 1 , z2 with z i + z2 = z and	 x,	 z2y.

Equivalently the space has the Riesz separation property,
-

i.e. if x 1 , x2	, y2 then there is z with x l , x2	yi , y2.

This we will usually abbreviate to R.S.P.

LEMMA 1.1.13. If A( K) has the R.D.P. then K is a simplex. 

It will suffice to prove that if f E A(K)* then f*V 0

exists in A(K)*. Consider the map h : at--*sup -Cf(b) 	 b

on A(K) + . It is clear that h(a)',f(a), 0. If a E A(K)+ and

0,� ba then f(b)..�. 11f1111h1111f1111 all . Thus	 Ih(a)I	 Il f Ilil a II

so that h is a real-valued function.

h is additive on A(K)+ , for

h(a 1 + a2 ) = sup ff(b)	 b,<ai + a21

= sup {f(b i + b2 )	 : o b i ‘ a 1 , 0	 a23

= sup ff(bi)	 ob1a1] +

sup ff(b2 ) 0,� 	 a21

= h(a 1 ) + h(a2).

h may thus be extended to a linear functional on A(K). Clearly

if g. f, 0 then	 g(b).f(b) whenever	 so if	 0 then

g(a) = sup f g(b)	 sup {f(b) :	 = h(a).

Thus it remains only to prove that h is bounded.

If a EA(K) then a = II a II 1 K - ( II all 1 K - a) where

II all 1 K-. 0 and	 II all 1 K - a, O.	 Thus

Ih(a)I	 h( II a iI 1 K ) +	 h( II a II 1 K - a)

;11f11(11 a ll	 11(11 a ll	 1 K - a) 11 )
3 li f il H a il •

I.e. II h II 3 il f 11	 and the proof is complete.
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We shall see later that the converse of this is also true.

We recall that an ideal in an ordered vector space is

a linear subspace J such that 0 x <y and y e J imply x E J,

and such that every element of J can be written as the

difference of two positive elements of J. We can describe the

ideals in A(K)*. If FCS(A(K)) let F = f Xf : X 0, f E Fl .

PROPOSITION 1.1.14. The map Ji--> Jn S(A(K)) is a bijection 

from the ideals in A(K)* onto the faces of S(A(K)). The 

inverse is	 - F. 

Suppose J is an ideal, x, y E S( A ( K) ) and 0 < X< 1.

Suppose also that Ax + (1 - A )y E J. Then 0 Xx< (1 - A. )y + Ax

so Ax €J. As J is a linear space x e J and thus x eJn S(A(K)).

Similarly y belongs to this set, so it is a face.

Now suppose that F is a face of S(A(K)). It is only

-
necessary to verify that 0	 y e F implies x e F, for the
other condition is obvious. Without loss of generality we may

suppose y E F and 0 x y. Then x' =	 E S(A(K)) for

some X with 0 <X <1, so y = Ax' + (1 - X )(y - x) where also

y - x E S(A(K)). Hence, as F is a face, x',	 F

Thus x = Xx' eP as claimed. As Ff‘ SWIM = F the proof is

complete.

COROLLARY 1.1.15. If K is a simplex and F is a face of K, then 

F is a simplex. 

This is because in a lattice our notion of ideal

coincides with the usual notion of lattice ideal. Thus F - F

will be a lattice and F is a base for this, so F is a simplex.

Of some importance is the next proposition. We state

part of the proof as a lemma since we shall use it a number of

times later.
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LEMMA 1.1.16. Let W be any cone in a lattice ordered vector 

space E. If u, w e W•uv w E W then W- W is a sublattice of E. 

Suppose e 1 = u1 - w 1 , e2 = 1.12 - w2 with ui , wi E W,

then ei = ei + (w 1 + w2 ) E W for i = 1, 2. Thus

e 1 v e2 = (e; - (w 1 + w2 ))v(e - (w1 + w2))

= e4v	 - (w1 + w2 )E W - W.

PROPOSITION 1.1.17. If K is a compact convex set, the 

following are equivalent: 

K is metrisable. 

C(E) is separable. 

(3) A(K) is separable. 

(1)(2). Let •C Unl be a countable neighbourhood base

for K. If Un n Um 
= 0, we may use Urysohn's lemma plus compactness

to obtain f
n,m

E C(K) with 0 < f
n,m

< 1, f 
n,mi

I—
U
n 
= 1 and f

n,m I TIM = 0.
These functions clearly separate the points of K. We denote by

-3 the set If
nn 

: U
n n Um =	 . Let V denote the cone•

generated by -3v .{10 , it clearly having a countable dense

subset V', the set of all sums of rational multiples of

elements from 1V '( 1
K
/ . Now let W (resp. W') be the set of

all finite suprema of elements of V (resp. V'). It is clear

that W' is a countable dense subset of W. W is a cone, for if

V li e W and V m 4 EW (li , Mi E v), then X>,. 0 implies
1=1	 j=1

X( Vl. ) = V (Xli )E W. Similarly ( V li ) + ( Vm.) =
i=1 1	 i=1	 i=1	 j=1
n m
V	 + mj ) E W. By Lemma 1.1.16 W - W is a sublattice of
i=1 j=1
C(K), and is hence dense in C(K) by an application of the

Stone-Weierstrass theorem. As W' - W' is dense in W - W and

is countable, it follows that C(K) is separable.



(2) === (3) is immediate.

(3)===X1). Let (an) ° 1 be dense in A(K). Define

i)(kok t ) =	 2-nlan(k) - an (k 9 )I /(1 + lan (k)	 an(10)1),
n=1

which is a metric on K (the fact that e separates the points

of K is because of the density of (a n ) 1 in A(K). The

topology induced by t, is a Hausdorff topology on K which is

weaker than the original compact topology on K, so coincides

with it.

Later we shall want to deal with linear operators taking

values in an A(K)-space. In this context the following result

will be of use:

THEOREM 1.1.18. Let E be a Banach space and K a compact convex 

set. If /T is a continuous affine function from K into E* when 

the latter is equipped with the weak* topology, define 

A(iT ) : E--,A A(K) by

( A (1T )(e))(k) = e(Ir k)	 (e EE, kEK). 

Then A CITI-----=.>A(Tr) is a bijection from the set of all such

lc onto the set of all bounded linear operators from E into A(K). 

Further II A(Ir )H = sup l 117r(k)I1	 :	 ke K1 • 

It is clear that A(TT)e lies in A(K) for each e EE, and

that A(7r) is linear. Also it is easily verified that A is (1,1).

To see that A is onto, suppose T	 E---->A(K) is a bounded

linear operator and let 71 : K--- 2,E* be the composition of

T*IS(A(K)) with the natural injection of K onto S(A(K)) (T*

denotes the adjoint operator to T taking A(K)* into E*, which

is weak* continuous). It is easily verified that 1V is

continuous, affine, and that T = A(Tv ).

Finally:
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11 ii(ir )II = sup -f IIA(Tr)(e)Il : e 6E13

= sup { 11(A(W)(e))(k)II : e EE 1 , k€A(K)0

= sup fil(A(71)(e))(k)11	 e e. E 1 , ke S(A(K))3

= sup f !WIT	 : e eE 1 , kE K

= sup IllTk	 k eK/ •

We shall also need:

THEOREM 1.1.19. With the notation of 1.1.18, A(7r) is compact 

if and only if iT is continuous for the norm topology on E*. 

By Ascoli's theorem A(1c)(E 1 ) is relatively compact if

and only if this is an equicontinuous subset of A(K) (the set

necessarily being bounded). I.e. if k r --=>k in the given

topology on K then kr ---4k uniformly on A(Tr)(E 1 ). Thus if

ky ----s>k in the given topology for K, we have the following

equivalences:

kr ----rrk (in norm)

<	 	 e( Tr ky)--=*e(mr k) (uniformly on El)

4A(7r )(e)(ky)--44(-rt )(e)(k) 	 (uniformly on E1)

4,4-4>kr--Hk (uniformly on On )(E1)).

I.e. A(71 )(E 1 ) is relatively compact if and only if

IT is norm continuous.

Of particular interest is the case when E is of the

form A(K') for K' a compact convex set:

THEOREM 1.1.20. If K and K' are compact convex sets, and 

iT : K'--=,>A(K)* is weak* continuous and affine then the 

following are equivalent: 

A(7) satisfies ACTT)( 1 K ) = 1 K ,  and either 

(a) es.:0 implies A(-ri )940, or (b)	 A(7r)11 = 1. 

7r (K') C S(A(K)). 
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(1a)(1b), for H all	 1	 a

-.-1KI‘A(-1)(a)1K,

)(a)II	 1.

(1b)	 (2). If k'E K i ,	 then

("tr k t )(1 K) = A(rr )(1K)(k9

= (1 K ,)(10) = 1.

So in particular	 II it	 1. By (b)

II^ k'II= sup f I a(n k l ) I	 : a E A(K)i

= sup f I (A(-ri )(a))(10) I 	 : a EA(K)1}

sup [If(k01	 fEA(K911

= 1.

I.e. Hit k , II = 1. Hence It k' ES(A(K)).

That (2)	 (la) and (lb) is obvious.

In this case we term A(7 ) an order homomorphism of

A(K) into A(K'). We shall, without further comment, consider

IT as taking K' into K.
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2 Real-valued functions on K. 

A real-valued function defined on K is termed convex 

if x, y(EK and 00,0 imply that Xf(x) + (1 - ))f(y) t;

f(Xx + (1 - ?)y). If -f is convex, f is termed concave. Thus

if f is both convex and concave then it is affine.

Recall that f K----> IR is lower semi-continuous (1.8.c.)

if fk E K : f(k) 4;0(1 is closed for all 6: E IR, and is upper 

semi-continuous (u.s.c.) if -f is l.s.c. Thus if f is l.s.c.

and u.s.c. then it is continuous.

If f : K--)4K, the supergraph of f, Sup(f), is the

set {. (k04)	 Ice K, c)C ) f(k)1 C= Ex1R. The subgraph of f,

Sub(f), is ((k034) : kEK, oc,� f(k)3C EX g. It is easily

verified that f is convex if and only if Sup(f) is convex,

and is concave if and only if Sub(f) is convex. Also f is

l.s.c. if and only if Sup(f) is closed, and is u.s.c. if and

only if Sub(f) is closed.

We shall first be interested in density results and

various maximum principles.

PROPOSITION 1.2.1. If K is a compact convex set, the vector

space of all differences of continuous convex functions on K 

is dense in C(K). 

Apply the fact that the continuous convex functions

form a cone, are closed under finite suprema, and separate the

points of K since the continuous affine functions do. Now

apply lemma 1.1.16 and the Stone-Weierstrass theorem.

PROPOSITION 1.2.2. If f is a bounded u.s.c. convex function

on K and g is abounded u.s.c. concave function on K with

....fk eicifilleK then f‘g. 
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Assume there is k
o
E K with g(k

o
)<:f( k

o
). The subgraph

of g is a closed convex set in Exit, not containing (ko,f(k0)).

By Hahn-Banach separation there is a closed hyperplane in

EXR separating Sub(g) from (ko,f(k0)). This is the graph of

a continuous affine function on E; let h denote its restriction

to K. Then 10 . g, f(k0);>h(k0).

Now f - h is convex and u.s.c. The set CkEK : (f - h)(k) =

sup -C(f - h)(k') : k 0 c K1) is a non-empty closed convex

subset of K which is easily seen to be a face. This set will

have an extreme point, which must also be extreme in K. Hence

sup {(f - h)(k)	 kGK1= sup {(f - h)(k) : k e 21eIC

sup f (f - g)(k) : k E

‘. 0.

Hence 0 <f(ko ) - h(k0)‹. 0 - a contradiction.

COROLLARY 1.2.3. If f, g are the difference of bounded u.s.c. 

affine functions on K and f 1 1 2 1.,eicALs 	 c then 

Suppose f = f 1 - f2 and g = g 1 - g2 where f
1
, f2, 

g1

and g2 are bounded u.s.c. and affine. By 1.2.2 f l + g2 ,4;f2 +

so f = fi - f2 gi - g2 = g.

PROPOSITION 1.2.4. If K is a compact convex set and f : K

is bounded, l.s.c. and affine, then there is an increasing 

net from A(K) converging pointwise to f. 

Consider the family f g EA(K) : g<f} . We first show

that the family is upwards filtering. Suppose g 1 , g2 eA(K)

and g 1 , g2 .< f. Without loss of generality we may assume that

all the functions f, g 1 and g2 are positive. Let M i =

(k, o.) : ke K, 0 c<;g i (k) el , and N = Sup(f). That

g l , g2‹ f implies that N (N (MI L, M2 ) = 0. As f is affine,



-16-

Nn co(M
1

L/M
2
) = 0. As M

1
 and M

2
 are compact as well as convex

so is co(M i L, M2 ). Strictly separating co(M i v M2 ) from N by a

closed hyperplane gives us the graph of he A(K) with g 1 , g2< h<f.

Again if k o EK and of.< f(ko ), we may find hE A(K) so that h< f and

h(ko ) > 04 . I.e. sup-Cg EA(K) 	 g<f7 = f as required.

We now introduce the notions of upper and lower

envelope. Suppose XCK with ZeKc:X, and that f : X---4[10L 000]

for some oCE (R. The lower envelope of f is the function

f = supf aeA(K) air� f} •

It is easily verified that f is that function with supergraph

the closed convex hull of the supergraph of f. An argument

similar to that used above shows that 14. = sup {'a E A(K) : al	 f .

In particular we note that f is l.s.c. and convex.

Similarly if f X--->[- ow, oc], the upper envelope 

of f is f = -((-f)V ), an u.s.c. concave function. A number of

trivial results are summarised in:

PROPOSITION 1.2.5.	 Let K be a compact convex set, 1.1,K<IXCK

and f, g : K	 00, 04-1 for oc e 

(1) ?'(k) :‘ c4	 eK). 

( 2)g ==1,) 

(f + 

( p f)" = g(1)• 

In simpler cases the use of the subgraph enables us to

compute upper envelopes precisely:

PROPOSITION	 Let	 be closed faces of K and let b. be

real-valued functions on K such that b I E A(F
j
 ) and 
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bi lm„  = 0 for j = 1, 2,..., In. Suppose also a.
1 
eA(K)

+ 
for 

3
i = 1, 2,..,, n. Let f = a i v a2v ... v a v b i v ... vb . If k e K

	

n	 m
there is a convex combination k =  ZXjaci + .u .iyi with

	

i=1	 j=1 ' '
z. E F., such that 

7'(k) =	 X	 +ja.b .ix.2,
j=1 J—J

Define Qi =	 ((k, 0( )	 k E K, 0 $,;	 ai(k)],

	

R,0 ,� 0(-‘, b	 ) 3 .
-

Ql and R.

	

i=1	 j=1
are compact co(sub(f)) is also compact, hence closed, so is

equal to sub(f). The result is now immediate.

Finally we note:

PROPOSITION 1.2.7.	 Let (fi
1
le1  be a downward filtering family 

of u.s.c. functions on K such that 
inflei 

f
i
(k) is finite for 

all keic. Then 

inf
ieI—

fi
)4 =

It is clear that (inf f i f‘inf (fi )A . Suppose a EA(K)

and a>inf fi . It will suffice to show that there is j E I with

a>f..ByassumptionforeachkeKthereisikEIwithaM>f.(k).
k

By u.s.c. of f. this strict inequality persists in an open
k

neighbourhood Uk of k. Compactness now gives us a finite cover

Uk 	Uk ofof K. Choosing f. smaller than each f i, provides
1 Ks

the desired function.
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3 Representation of points by measures. 

We have seen in 1.1.9 that if pe p(x) there is a unique

kEK such that Sadu = a(k) whenever aEA(K). This result can

be extended considerably. We shall content ouselves with the

following result.

We denote by Asir" the uniform closure, in the space
of all bounded functions on K, of the vector space of all

differences of bounded l.s.c. affine functions on K.

PROPOSITION 1.3.1. If fe As (K) and u€P(K) then Sfdu = f(r(u)). 

Suppose first that f is bounded, l.s.c. and affine, then

by 1.2.4 there is an increasing net flrin f from A(K). We then

have:

f(r(0) = yfr(r(0) = y0(fT ) = p(yfy) = p(f),

where we write p(h) for Shdp. Clearly this will persist for

differences of such functions. That it persists for the closure

of this space is an immediate consequence of the Dominated

Convergence Theorem.

We state for reference a few facts about A
s
(K).

PROPOSITION 1.3.2. If fEA s (K) then: 

LLLIELL100.
II f II = sUP I f(k)I : ice" .1(1. 

These are immediate consequences of Corollary 1.2.3 for

differences of bounded l.s.c. affine functions. The general case

follows from this by a limiting argument.

We are interested in finding probability measures with a

given resultant that are supported (as far as possible) by the

set of extreme points of K. As an aid to this we define an order

on the space of all regular Borel measures on K, M(K), by
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p .0./ if p(f)...<, v (f) whenever f is continuous and convex.

In particular we note that if V E P(K) and either

4>%., or p<v then h E P(K) and r(u) = r(1) ). For if a EA(K)

then a and -a are continuous and convex so p(a) 	 V (a) =

-V	 -u(-a) = p(

PROPOSITION 1.3.3. Let u„ v E M(K) then Lt.< v if and only if 

V (f)< u(f') whenever fe C(K). 

A
An argument similar to that used in 1.2.4 shows that if

is the pointwise infimum of a directed family of finite

infima of elements of A(K); i.e. f is the infimum of a

family of concave continuous functions. It follows that if

p<V then p(1) v(?)

On the other hand choosing f continuous and concave,

f and v(f) .‘. p(f). This implies p< v as claimed.

Our first result on the existence of measures is:

PROPOSITION 1.3.4. Let K be a compact convex set, fecoo 

and u EP(K). Then there is v E P(K) with v u and v (f) = u(f). 

By 1.2.5	 : g ---)p(g) is a sublinear functional on

C(K). Define a linear functional on (Rf, V o, by vo( f) =

0(4(7). If oc. s?, 0 then vo ( 04. f) =	 u(;') = 4(0(	 = 1, ( 0( f).

On the other hand if 0(< 0 setting p = -cc and noting that
,^n

-p( p f)'‘, p(- f) we have v© (oLf) = - p p(f) = -4( p f) <

pr = 4(o( f) = ( oLf). Hence	 yo is majorised by §.

Extend vo by the Hahn-Banach theorem to a linear functional
A

V on C(K) majorised by 1. Then v (f) = p(f) and v (g)< p(2)

for all g C(K).

If gEC(K) and g‘0, then g.� 0 so V ( g)‘.	 O. So

is positive. Finally as V (g) u(g) for all g EC(K), 1.3.2

implies that v p. By the comment made above it follows that
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E P(K). The proof is now complete.

As an application of this we have:

PROPOSITION 1.3.5. If k EK the following are equivalent: 

k 

f(k) = ?(k) for all f EC(K). 

(3) f(k) = f(k) for all f K--->r-co,00) which are 

u.s.c. and bounded. 

(2). If k E.'; €,K and f E C(K), 1.3.4 implies that

there is V E P(K) with v (f) = ;(k) and V > 6k . In particular

1) has resultant k, so V = S k by 1.1.10. I.e. f(k) = 'f)(k).

(3). Let f,,4. be a net from C(K) filtering

downward with infimum f. Then inf tc is u.s.c. and concave, so

dominates f. Thus f(k) = inf foc(k) = inf Plc (k). f(k)).;,f(k).

( 3 )	 (2). a fortiori.

(2)	 (1). Considering -f we have f(k) = ‘i(k). Let

EP(K) and r(p) = k. By 1.3.3 we have

f(k) = I(k),.�..p,(f)0(k) = f(k),

since > E k . On the other hand this also implies Sk›-p again

by 1.3.3. Since the order on P(K) is proper (because of 1.2.1),

=	 Now k is extreme by I.1.10.

COROLLARY 1.3.6. If 2.,KCXcK and f : X-4112 is bounded and 

continuous, then f(k) = 2(k) = f(k) for all ke`4K. 

Let f??0C, extend f to an u.s.c. function f' on K by:

f'(k) = limxsX suPx--4. k f(x)	 (Ica-)

= oC	 (k E K

Clearly if aE.A(K) and al x f then a'f'. Thus ?= 1\, and

the result follows from 1.3.5 immediately.
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If f EC(K), we define the boundary set of f, Bf , to

be {lc SK	 f(k) = f(k)3 .

COROLLARY 1.3.7. apK = nfBf : fEC(K)1 .

We shall be interested in measures in P(K) that are

maximal with respect to <.

PROPOSITION 1.3.8. If ueP(K) the following are equivalent: 

A is maximal for 4n . 

p(f) = LIM for all f E C(K). 

(3) u(f) = AM for all convex f E C(K). 

(1)	 (2). By 1.3.4 there is V e P(K) with v u and

v (f) = p(f). By maximality, p, = V so A(f) =

(2)=4(3). a fortiori.

(3)(1). Suppose f is continuous and convex, and let

p. Then f = f, so by 1.3.3

p. ( f ) = p (I)‘, v ( f )‘. 40) = 4(f)•

Thus p and >)	 coincide on continuous convex functions, and

thence on C(K) in virtue of 1.2.1.

COROLLARY 1.3.9.	 If u is } -maximal then 11(a,K) = 1. 

Let C be a compact subset of K such that Crelt = 0. Let

fe c(K) with fl	 = 0, fi c = - 1 and -1 ‘f<o. As '1= 0 we have

0 = A(?) = u(f)‘-A(C)0.

It now follows from regularity that u( -4K) = 1.

It follows from (2) of 1.3.8 that	 is maximal if and

only if p(Br ) = 1 for each fEC(K). For this reason maximal

measures are also termed boundary measures.

THEOREM 1.3.10. If k e K there is u e P(K) that is maximal for 

and with r(u) = k. 
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	The proof applies Zorn's lemma on the set { p, E P ( K ) : 	 .

We must show that any chain p, ,,c1 in this set has an upper

bound. Let 10 be any weak* accumulation point of	 - by

compactness of P(K). Choose 0( and a continuous convex f. For

every E 0 there exists p > a- with

I 
PP (f) - Po" ) I< 2

As pa< Pp, Ila( f)‘. P I (f) so pc,c(f)‘ 40 (f) + E	 As E was

arbitrary, p(f)<- po(f). Hence px. < p o , so p o is an upper

bound for {p„(1 as required.

If k EK, we denote by p LL1(	 ip,EP(K) : r(p) = k}.

The set Q(K) of all maximal measures in P(K) is easily seen to be a

face of P(K), using (2) of 1.3.8. We define fat.ki 	 = Pk( K) A Q(K).

Theorem 1.3.10 asserts that Q k (K) 1 0 if kE K.

In the metrisable case we have a useful characterisation

of maximal measures which is not valid in general.

THEOREM 1.3.11. If K is a metrisable compact convex set, ),eK

is a Gs and LIE P(K) is maximal if and only if ► (atK) = 1. 

It will suffice to find f E C(K) with B f = K. By

r 11.1.17 and 1.2.1 there is a sequence 	 tg
n
 - g

n
21 

dense in C(K),

where gi is continuous and convex. Let us define f E C(K) byn	 2	 00

f =	 Y. 2-n II g
n
i ll -1 gi.

i=1 n=1
To see that Bf = 2tE, suppose k e K	 so that k = 7ix + (1 - N)y

with x, y e K, x	 y and 0< X <1. By density of the -{ gni - gn2

there are i, n with gi (k)<Xgi (x) + (1 - A)gi (y) or else

h(k) = Xh(x) + (1 - 7n )h(y) for all hE C(K), which is clearly

not the case if we take h = a
2 

for a eA(K) with a(x) 1 a(y).

Now certainly

f(k)<Xf(x) + (1 - X)f(y)

0(x) + ( 1 - X)1(Y)

O(k),

so k B
f •
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COROLLARY 1.3.12.	 If K is a metrisable compact convex set and 

k E K there is u EP(K) with r(u) = k and ti(ae.K) = 1. 

One notion of interest to us is that of a dilated set.

A Borel subset of K, D, is dilated if u E P(K) and r(p) E D

imply that p(D) = 1.

PROPOSITION 1.3.13. If F is a closed convex subset of a compact 

convex set K, then F is dilated if and only if F is a face of K. 

If F is dilated and x, yE K, O<X<1 with Xx + (1 - X )y E F

then r(X E x + ( 1 - X) E y ) e F. It follows that x, y E F as F is

dilated.

Now suppose F is a face. The set fM e	 : tt (F) =

is easily seen to coincide with nf p c P(K)	 p,(a) =

where the intersection is over all a E C(K) such that al p = 1,

a 1. Thus -C p E P(K)	 p,(P) = 11 is closed. As the resultant

map is continuous and affine, r
-1

(F) is a closed face of P(K).

By the Krein-Milman theorem, r-1 (F) = co	 : k E	 . As

: k E	 C	 E P(K) : u(F) = 11 and this latter set

is closed and convex, it follows that r-1 (F)C Cu EP(K)	 p,(F) = 1 .

A subset G of a convex set C is a a-face if x, yE C,

0 <X < 1 and Xx + (1 - 7, )y E G imply that x, y E G. .

LEMMA 1.3.14. A subset G of a compact convex set K is a a-face 

if and only if it is a union of faces of K. If G is a closed 

a-face then it is a union of closed faces of K. 

It is easily verified that a union of faces of K is a

a-face. Suppose conversely that G is a a-face of K. If kE G, let

F be a maximal convex subset of G containing k. We claim that

F is a face of K.
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Suppose f E F, 0<7k <1 and f = Xx + (1 - X )y with x 4 F.

We claim co( .1 xl n./ F)C. G which will contradict the maximality

of F. Suppose 0 < 0( < 1 and k = ck x + ( 1 - oC )f G. Writing

Y 	
(1 - 00X + of

we have 0 </r< 1 and f =	 + (1 - Y)y. As f E G and G is a

a-face, k EG contradicting our assumption.

If G is closed, and F is maximal as a convex subset

of G, then TPCG is also convex, so F = F is closed.

COROLLARY 1.3.15. If G is a closed subset of a compact convex 

set K, then G is dilated if and only if G is a a-face. 

If G is a a-face, r(4)E G and F is a closed face of K

with r(p) E FcG, then supp(p)FCG. Conversely if G is dilated

the proof of 1.3.13 suffices to show that G is a a-face.

PROPOSITION 1.3.16. Let f : K--“R be an u.s.c. positive affine 

- 1
function, then f (0) is dilated. 

Using 1.3.1 if r(p)E f -1 (0) then 4(f) = f(r(p,)) = 0.

-1
As	 it follows that p(f	 (0)) = 1.



CHAPTER II 

SIMPLEXES 

1 Basic properties. 

The spaces of continuous affine functions on a compact

simplex share many of the properties of spaces of continuous

functions on a compact Hausdorff space. In this section we

prove the basic results on compact simplexes.

We first need a result on the upper envelope of a class

of functions:

PROPOSITION II.1.1. Let S be a compact simplex and f a bounded 

u.s.c. convex function on S. Then 

7(k) = inf f a(k) : a E A(K), af}' 

is affine on S. 

Note first that the space of all bounded affine functions

on S may be identified with A(S)**, and is therefore a lattice

(cf. 1.1.13). Also that the pointwise infimum of a downward

directed family from A(S)** will be affine. It will suffice to

show that f is the pointwise infimum of such a family. We

take for this family the collection, U, of all finite infima

(in A(S)**) of elements of A(S) dominating f.

If a eA(S)** and is u.s.c. on S, then the formula

a(k) = sup fa(x) : OSx.� k}

for k E S shows that a
+ 

is also u.s.c. The formula a 1
A a

2 =

a
2
-- (a

2
 - a

1
)
+
 now shows that each aEU is 1.s.c. We now see

that U is a downward directed family of l.s.c. functions whose

infimum, z, satisfies z

If a E U and E 0 then a +	 is 1.s.c. and affine and

is therefore the pointwise supremum of the family, V, of

functions v eA(s) such that v< a + . The family V is upwards
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directed with supremum a +	 f + E . Since f is u.s.c. a

compactness argument shows that there is wE V such that f< w<a + E .

A	 A
Therefore f <a + for each aE U and all	 > 0, and hence f = z.

As a first application we derive the important uniqueness

theorem.

THEOREM 11.1.2. If K is a compact convex set the following are 

equivalent: 

K is a simplex. 

There is a linear operator E : C(K) ---A (K) such 

that	 and Ea = a if aeA(K). 

Every point of K is the resultant of a unique 

boundary measure. 

There is an affine map m : K—)P(K) with r(m(k)) = k. 

(1)===(2). Note first that	 is additive on

the cone of continuous convex functions on K. For if kA:K, let

4 be a boundary measure representing k, so that p(f) = p(f)

by 1.3.8. As f is affine (11.1.1) p(f) = f(k) by 1.3.1. Thus

if g is also continuous and affine then (f + g)~ (k) = p(f + g) =

4(f) + p(g) = ?(k) + g(k). Hence (f + g)A = f +

If f is the difference of two continuous convex functions

f i and f2 , we define Ef = f 1 - f2 . By the additivity of

E is well-defined and linear. From 1.2.5 it follows that

II E(f - e ll	 II f - gll for all continuous convex f and g. By

the density of such differences in C(K) and the completeness of

As (K) E may be extended to the whole of C(K) by continuity.

Clearly if aEA(K) then Ea = a.

Iffi -f2 0(f.continuous and convex), then f1sf2
A

2
SO 

1 '"
›?

2 
(1.2.5), i.e. f

1
 - f	 > 0 so E is positive on this

subspace. The extension to the whole of C(K) is positive because
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the positive cone in As (K) is closed.

(2)==.(3). If keK, define X(f) = (Ef)(k). Then X is

a positive linear functional on C(K) taking 1 K to 1. We may

identify X with a probability measure on K that we also denote

by X. Suppose p EP(K) and r(p) = k. If f is continuous and

convex, then

X(f) = (Ef)(k) = i(Ef).

But f = supf a E A(K) : a<fl (cf. proof of 1.2.4), so

Ef ,; sup -CEa : a <fl = sup f a : a <fl = f. Thus 4(Ef):.; p(f).
I.e. we know X)*4. It follows that X is the unique maximal

measure representing k.

(3)=4(4). The map taking k to its unique representing

boundary measure has all the desired properties.

(4)==>( 1 ). By 1.1.11 r extends to a positive linear

operator R : C(K)* ---+A(K)*, and m to a positive linear

M : A(K)*---+C(K)* with R(Ma) = a for all a EA(K)*. If a, be A(K)*.

R(MaN(Mb)RMa, RMb so exceeds a and b. On the other hand if

b then Mc:Ma, Mb so c = R(Mc)R(Ma\eMb). It follows

that A(K)* is a lattice, so K is a simplex.

A measure p on K is an affine dependence if p(a) = 0 for

all a GA(K). The uniqueness result may be restated as :

COROLLARY 11.1.3. If S is a simplex then there are no non-zero 

boundary affine dependences on S. 

We shall denote by gic the unique boundary measure

representing k whenever S is a simplex. A consequence of

II.1.1 that we shall need is:
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COROLLARY 11.1.4.	 Let S be a compact simplex, f a bounded u.s.c. 

convex function, and g a bounded l.s.c. concave function. If 

R,
	

gvf g then f g, and if f < g then f< R. 
v A
g - f is l.s.c. and affine, so attains its infimum on

-4S tby the Krein-Milman theorem). But on 'eS, ?(k) = f(k) and

X(k) = g(k), so the desired result follows.

THEOREM 11.1.5. (Edwards) Let S be a compact simplex, 

f 3—* [- 00 , 00 ) be u.s.c. and convex, and g : 

be l.s.c. and concave. If f4Cg there is hEA(S) with f‘hit• 

Note first that we may suppose f and g are bounded, for

if not we can replace f by fv(inf ices g(k)) and g by g.k(supkes f(k))

without altering the assumptions of the theorem. A separator

for these two will automatically separate f and g.

By an inductive argument we shall construct a sequence

i:h n1 n=0 from A(S) such that for 11:;1

f - 1<ho<g + 1

( + 2 n )\e(g + 2-n ),- 2-n ) V(f - 2 n )<	 (hnhn_l	 hn<	 ..1

and observe that this will establish the result as fhn 1 will

be a Cauchy sequence, the limit of which satisfies the

requirements of the theorem.

For n = 0, we have (f - 1) A <(g + 1)v by Corollary 11.1.4,

and the existence of h
o
 follows by separation in product spaces

using the Hahn-Banach theorem. The existence of hn follows

similarly when the induction hypothesis is used to verify that:

(h
n-1
	 -n

)V(f - 2
-n
)<(hn-..

1
 + 2 

n 
)A(g + 2 n

),

The second result that we shall prove is a generalisation

of this. Before proving it we need more notation.

If C is a convex set and E a vector space, a map
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: C-->2E is termed affine if, for every c EC, §(c) is a

non-empty convex subset of E, and such that:

X 1, ( c 1 ) + (1 - X) §(c2 )C§(Ac 1 + (1 - X)c2)

whenever 0< X< 1 and c 1 , c 2 E C.

If X, Y are topological spaces, a map 	 : X---4 2Y

is termed lower semi-continuous if whenever UCY is open, then

x E X : /(x) (NU � } is open in X.

In our context we shall deal with maps from a compact

simplex S into 2E , where E is a topological vector space, which

are both 1.s.c. and affine. If I. is such a map then so are

the following:

3 : ki---> N(k)

+ U) : ki--->§0(k) + U where U is a convex open neighbourhood

of 0 in E,

T o § kH T(§ (k)) where T : E --bsF is a continuous

linear operator from E into a topological vector space F.

Not quite so obvious, but more useful, is the following

result:

LEMMA 11.1.6. Let C be a convex subset of a topological vector

space and S, T l.s.c. affine maps of C---42 E
, 2F respectively, 

where E and F are topological vector spaces. Let f E-4F be 

continuous and linear, and let U be a non-empty open convex set 

in F. If x E C define 

- 1
Rx = Sxnf (Tx + U). 

If Rx 0 for all xe C, then R is l.s.c. and affine. 

That R is affine is easily checked. Let 0 V be open

in E, and let W =	 (a,b)E E X F f(a) - b E II} , so that W is

open in E X F. Let S X T denote the map xt---b,Sx x Tx, then it is

clear that S x T is l.s.c. Now the fact that R is l.s.c. is clear
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from the equality:

Exec Rxn V � 0/ = fxe C : (S x T)(x) nWn (VxF)	 Oi

Before proving the main selection theorems, we show the

existence of "approximate selections".

PROPOSITION 11.1.7. Let S be a compact simplex and E a locally 

convex space. Suppose	 : S---42E is l.s.c. and affine. If U is 
a convex neighbourhood of the origin in E, then let (i + U)(k) = 

Ii ( k) + U for all k ES. There exists a continuous affine selection
for I + U. 

We prove this first for E finite dimensional. Applying

Lemma 11.1.6 we see that 	 + U is l.s.c. and affine, and

hence that	 + U is also. If E = fR, define f(k) = inf .tr E IR :

re (k) + Ul and g(k) = sup ire	 : re (k) + U 1. That

f is convex and g is concave is immediate from the affineness

of T + U. We also have that f is u.s.c. for f
-1 (-00,0() =

f kES	 (1(k) + U)r%(-co,oc)	 0/	 is open, and similarly

g is l.s.c. By Edwards' theorem there is a continuous affine

separator, h, for these which will be a selection for	 + U.

Noting that §-1-U/2 C.1 + U completes the argument for E = R.

Suppose dim(E);>1, and let E= axFwith p, q the

canonical projections onto JR , F respectively. Suppose A, W

are convex symmetric neighbourhoods of the origin in (R, F

respectively with Ax WCU. The comments above show that

p	 : ki----,p(Ii(k)) is 1.s.c. and affine, and the argument

above shows that there is a continuous affine selection for

14, f. If we now set	 = go(fr, p- 1 (f A)), lemma 11.1.6

shows that	 is l.s.c. and affine. By induction we may suppose

there is a continuous affine selection for ci	 W, g. It is clear
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that (f,g) is a continuous affine selection for / + U.

In general, suppose U is convex, symmetric and open. If

yeE let

Uy = fices : I(k) (y U/2) � 0}

which is open. The sets cover S which is compact, so there is a

finite-dimensional subspace H of E such that the sets Uy cover

S as y ranges over H. If W = Hi-M/2 and ,sp. = (i + U/2)(NH,

then ri is affine and 1.s.c. Now any continuous affine selection
for	 W will also be a selection of	 + U.

THEOREM 11.1.8. (Lazar) Let S be a compact simplex, and E a 

Frechet space. Let	 : S 	 >2E be l.s.c., affine and suppose 

1(k) is closed for all kE S. Then there is a continuous affine 

selection for 1. 
Let pn be an increasing sequence of semi-norms defining

the topology of E. Define a sequence of continuous affine

selections as follows:

hi (k)e 1(k) + { x EE : p1(x,0)<2-1

and if h
n-1 

is defined,

hn(k) E	 (k)	 E : pn_1(x,hn_1(k))<2n+1

+ ixEE : pn(x,0)< 2-9

this being possible as the intersection is non-empty, for the

semi-norms are increasing. The sequence hn is Cauchy so

converges to a continuous affine function from S to E, which

is a selection as §(k) is closed for each ices.

At the expense of a more complicated statement we can

improve this result slightly.
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THEOREM 11.1.9. Let S be a compact simplex and E a Frechet space. 

Let	 : S--> 2E be affine and let	 (k) be closed for every k E S. 
Suppose also that for every convex symmetric open neighbourhood 

of 0 in E, U, there is / u : S	 ) 2E which is affine and l.s.c. 
and satisfies	 (k) C / u(k)C./ (k) + U for each kE S. Then there 

is a continuous affine selection for 

Let pn be an increasing sequence of semi-norms defining

the topology of E, and let U	 = fzEE : pn ( z •0 ) < P •

and let L ,13 be l.s.c. and affine with T c	 C§+ U .
Fix oc >1 If h is a selection for ( § + U n,p

) , then

1L+1,P/2(k)r\(h(k)	 U
no	 )	 0 for each ke S. By lemma 11.1.6

this latter map is 1.s.c. and affine, so its closure has a

continuous affine selection which will also be a selection for

((k) + un+1,13/2) (h(k) + Un, p ) •

Now define a sequence { hn1 n=i CA(S,E) as follows:

h 1 (k) E (i(k) + U1,112 )—

and, if hn is defined,

ii
n+1

(k)E ((1
n
(k) + U

ni42
-n)iN (/ (k) + U

n+1,2
-n-1))

4:(1(k)	 Un+1,2-n-1) •

It is clear that (hn ) is Cauchy, and that its limit will have

values in

If E is a Banach space, the criterion is rather simpler.

Let $4 denote the open ball in E, centre the origin and radius 04-.

COROLLARY 11.1.10. Let S be a compact simplex and E a Banach 

space. Let 1. : S---)2E be affine and let / (k) be closed for 
all k E S. Suppose also that for each 13 > 0 there is 

T'a : S---->2E which is affine, l.s.c. and satisfies I c.	 + Bp. 

Then there is a continuous affine selection for 
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2 Bauer simplexes. 

We shall look in this section at one special case that

has inspired much of the general theory. IPA is a compact

Hausdorff space, then M(a) is a lattice, so the base of the

positive cone in it, P(SL), is a simplex. When endowed with

the weak* topology as the dual of C(JL), this simplex is

compact. The set of extreme points of P(SL) is precisely the

set of evaluation measures at points of SG, so is compact and

hence closed. Thus such simplexes are of a special nature. In

fact the property of having closed extreme boundary characterises

such sets of probability measures amongst compact simplexes.

We define a simplex S to be a Bauer simplex if NS is

closed in S.

THEOREM 11.2.1. If K is a compact convex set, the following 

are equivalent: 

K is a Bauer simplex. 

Every point of K is the barycentre of a unique 

probability measure supported by acK. 

K is a simplex and xi---11. 4x is a continuous map 

from K into P(K) endowed with the weak* topology as the dual of C(K). 

lEA(K) for all continuous convex functions f 

defined on K. 

(5) A(K) is a lattice. 

(1)===>(2). This is because now 4 is supported by

'atK = V if and only if 4 is a boundary measure. The uniqueness

theorem for simplexes completes the argument.

(2)=7=4(3). That K is a simplex is because the boundary

measures for K are certainly supported by 'Zi elf, so are certainly
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unique if (2) holds. Also go---ior(4) is (1,1) and continuous

from P(2 eK) onto K. The inverse map, xt—+ p,x is thus continuous.

A
(3) === (4). f is affine by II.1.1. As f(k) = 4k(f),

the map lo---7'(k) may be decomposed into ki--4 ple--->ilk(f), and

is therefore continuous.

(4)===(5). If a1, a2
 EA(K), the definition of upper

envelopes makes it plain that a
1
v a

2
 is the least upper bound

of a
1
 and a

2
 in A(K), where 

a1
va

2 
is calculated in C(K).

(5)	 (1). That K is a simplex is because A(K) is a

lattice, hence has the R.D.P. and hence A(K)* is a lattice. It

remains to show that " e. K is closed. Suppose k i t* 2eK, let

k = (1/2)m + (1/2)n. By the Hahn-Banach theorem we can find

a1, a2 EA(K) with

a 1 (m) = a2 (n) = 1, a 1 (n) = a2 (m) = O.

If 
a1va2 is calculated in C(K), then (a1

Va
2
)(k

1
) = 1/2, yet

(a 1 v a2 )A (k01 so k l f Bf = •DEEK f(k) = f(k)/ where

f = a 1 V a2 . As . e. KC:Bf for all continuous f we see that

ZeK = ni:Br s f = a 1 V a2 ...Van, ai EFA(K)/ . If the supremum

of al , a2 exists in A(K) it must be equal to (6...--ri;;;--T.2'which

is therefore continuous. Thus (5) tells us that each B f , and

hence 'beK, is closed.

COROLLARY 11.2.2. The Bauer simplexes, S, are precisely those 

compact simplexes affinely homeomorphic to a set of probability 

measures on a compact Hausdorff space endowed with the weak* 

topology. Namely S may be identified with P(aO). 

An alternative characterisation is by means of extension

properties for real valued functions defined on the extreme

boundary.
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THEOREM 11.2.3. If K is a compact convex set, the following 

are equivalent: 

K is a Bauer simplex. 

Every continuous function f : ZEK--HfR can be 

extended to a function of A(K). 

Every bounded continuous function f ZeK—+R can

be extended to a function of A(K). 

Every uniformly continuous function f : Ze/C-->11Z 

can be extended to a function of A(K). 

Moreover if K is a Bauer simplex the extension of (2) is 

unique and norm preserving. 

(1)==4.(2). ki---4.4k(f) is the desired extension.

(2)===2(3) is trivial.

(3) ==>(4) is also trivial because uniformly continuous

functions are bounded.

(4)=4( 1 ). Let a 1 a2 E. A(K), and let ae.A(K) extend

a 1va2 1.a K . Clearly a is the l.u.b. in A(K) of a l , a2 so (5)

of Theorem 11.2.1 gives the result.

The last statement follows trivially from the Krein-Milman

theorem.

In fact this extension result still holds for functions

which take values in a compact convex set.

THEOREM 11.2.4. If S is a Bauer simplex, and K a compact convex 

set, and f ZeS--*K is continuous, then f has an extension to a 

continuous affine map 

Define F(s) to be that point of K such that a(f(s)) = As(aof)

for all aEA(K). It is clear that f : S---*K is affine. If

s E. �,,S, then 4s = E s so ps (aof) = a(f(s)) for all aEA(K) so
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f(s) = f(s). Finally for each a EA(K), st--4a(i(s)) = ps(a0f)

is continuous by 11.2.1 (3). It follows that f is continuous.

Faces of Bauer simplexes are easy to describe and have

some nice properties.

THEOREM 11.2.5. If S is a Bauer simplex, then a subset F of S 

is a closed face of S if and only if there is a closed subset 

D Cae,S such that F = co(D). In this case we have D = 	 J. In

particular a closed face of a Bauer simplex is a Bauer simplex. 

If F is a closed face of S, then Z,I0 = Frs"Ae S is closed.

By the Krein-Milman theorem F = co(aeF). If, on the other hand,

D('L tS is closed and 0<:X <1, k 1 , k2 E S with Xk i + (1 - X)k2 E co(D)

suppose p, is not supported by D. Then X41, + ( 1 - 704„
.1	 **1	 a'2

must assign positive mass to "aeS \D as both measures are

positive. But the resultant is in co(D) so this is impossible.

I.e. k1' k2
 EF as claimed. Finally if F is a closed face of S

then F is a simplex by 1.1.15 and aeF is closed since 2$,F =

THEOREM 11.2.6. If S is a Bauer simplex and F is a face of S 

then so is F. 

Let	 be the set of all pEP(S) with support in ZeS and

resultant in F. Let B = .<).{supp(p) : E ycI ts. By 11.2.5
it suffices to show that F = co(B). Certainly if kE F, pk is

supported by	 Zits, so supp(pk)CB and kE co(B), I.e. Fc:co(B)

so certainly li'c-co(B).

Suppose, conversely, that kE F. If xE supp(1k) let V be

a closed convex neighbourhood of x with µ k(V) 0. We show

x EY, so that BC.7.7 and hence co(B)4=7. If µk(V) = 1 then

k EV so that FAY 0. On the other hand if Pk (V)41 let

41 = 4k (v) -1 (pk )v and 112 = (1 - pk(V)) -1 01k ) (mv) • Now
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µk = 4k(V)4 1 + (1 - 4k(V))p 2 , so k = µk(V)r(4 1 ) + (1 - 4k(V)) (

As F is a face of S, r(4 1 ), r(42 )EP. It follows now that again

we have Fn li 0 0. The proof is now complete.

We finish this section by translating Theorems 11.1.5

and 11.1.8 into analogous theorems for compact Hausdorff spaces.

COROLLARY 11.2.7. (Kateev) Let -it be a compact Hausdorff space, 

f	 ( - co ,00 ) be u.s.c. and g	 —4 (- 00, 001 be 1.s.c. 

If f‘g there is he C(A) with 

	

Identify a with 21eP(J1-). If f 	 P(JL	 [- 00, 00) is

defined to be equal to f on J1- and -00 on P(JL ) \ Jt., then f is

u.s.c. and convex. Define similarly g : 	 )	 ( - 0,, co] by

= g and 1311)(0,)\41_ = az. . If h separating f and g is

continuous and affine, then hI JI„	 is the required h.

COROLLARY 11.2.8. (Michaels) Let 1/411. be a compact Hausdorff space 

and E a Frechet space. If	 2E is l.s.c. and 1(1,x) is a 

closed convex non-empty subset of E for every -w-eJL, then there 

is a continuous selection for . 

:	 2E is defined by 	 (-LT) =	 (1r) if '14- e

and	 (-1,r) = E if As E p	 § is 1.s.c. and affine, any
continuous affine selection for	 when restricted to n.51- will

satisfy all that is required.
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3 Faces. 

In this section we shall look at faces of general simplexes.

Although we have no precise description of closed faces in

general, we do have some useful characterisations of them.

THEOREM 11.3.1.	 Let S be a compact simplex and F a closed 

convex subset of S. F is a face of S if and only if -64Fc=2eS. 

The "only if" is obvious. Suppose f is continuous and

A
convex, as well as f and Bf we shall utilise f = infía

fl F s.“eA(F)1 and B1; = (lc G F	 1F(k) = f(k)1 . It is

clear that ?	 I F. Suppose a E A(S) and that ai?fl F. As S

A
is a simplex, f is u.s.c. and affine and coincides with f on

10. Thus al e10 ;0. 1 1a0, and by Corollary 1.2.3 al p); 11p. Thus

FA	 A

f	 f I F , and hence Bf = Bf et F for all f that are continuous

and convex.

Suppose F is not a face of S, so that kE F and

k = (1/2)k 1 + (1/2)k2 , k1 , k2 ES, k i *F. Let Rk be a boundary

measure on F representing k, so that 1k 
is supported by B;

for all continuous convex f, by 1.3.8. By the last paragraph,

regarded as a measure on S, Rk will be supported by Bf for all

continuous convex f, so is a boundary measure by 1.3.8. As S is

a simplex, 4k dominates all measures on S representing k. But

let a EA(S) with a(k 1 ) = 1, a1 F 40 and take f = a y °. Now

µk(f) = 04(1/2 = (1/2)(E k + E k )(f), contradicting the1	 2

maximality of Rk.

COROLLARY 11.3.2. If G is a closed a-face of S. or equivalently

if G is a closed dilated subset of S, then co(G) is a face of S. 

As G is closed, Vco(G))CG by Milman's theorem. As G

is a a-face, any extreme point of G is an extreme point of S.

The result now follows from Theorem 11.3.1.
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Let us now establish some properties of closed faces of

compact simplexes. A face F of S is said to be exposed if

there is a E A(S) + with al = 0 and for all kES F a(k)> O.

F is relatively exposed if for all kES\F there is a EA(S)+

with al p = 0 and a(k)> 0.

THEOREM 11.3.3. Every closed face of a simplex S is relatively 

exposed. F is exposed if and only if F is a Gg. In particular 

every closed face of, a metrisable simplex is exposed. 

Choose IcE S F, By Hahn-Banach separation there is

a E A(S) with al p ‘ 0 and a(k)> O. Define f = av 0, which is

continuous and convex, and let 
g lp = 0, gimp = ?, where X is

the supremum of a on S, which is l.s.c. and concave. As f<g

there is h E A(S) with f,C h ‘g, by 11.1.5. This h has the

properties that hi p = 0 and h(k). a(k)> 0, so F is relatively

exposed.

Clearly if F is exposed, it must be a G E . Suppose that

Cn are compact subsets of SUP and that SO' = UCn. A simple
n=1

compactness argument gives hn E A(S)4" with hn l p = 0 and

but C > 0. We may also suppose II hnii = 2
-n . The function

n
h
n 
has the desired properties.

n=1

We can establish a characterisation of closed faces in

terms of the order structure of A(S). Recall that an ideal was

defined on page 9.

THEOREM 11.3.4. Let H be an ideal in A(S), S a compact simplex. 

The set F= fkes h(k) = 0 for all hE H} is a closed face 
of S, and the set j' s A(S) : a = 0 1 is the closure of H and 
is also an ideal. 
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That F is closed and convex is clear. If k 1 , k2 € S,

0<;7:1 and Xlc i + (1 - A)k2 EF, let hE H with h(k 1 );>0 else

F is certainly a face. If h' E H, h')h, 0 then we have

W(A, + (1 - X)k2);04,(k1);>0 - a contradiction.

That Tic fa GA(S) : al p = 01 is clear. Let	 aof if,

then there is fEA(S)* with fIH 0 and f(a0)>O. If	 EH+ ,

f+ (h) = sup £f(h') : 0 � 12'‘ hi = 0 as H is an ideal in A(S).

Thus f+ IH = 0 as H is positively generated. It follows that

f is a positive multiple of evaluation at some point of F.

As f+(ao)f(ac)> 0, ao is not in the set 	 a EA(S)	 al p = 01 .

If a E A(S) , al
p
 = 0 we need only find b E A(S)+ with

bI F = 0 and i:o;.a to complete the proof. This can be found

by using 11.1.5 to separate the function that is 0 on F and

vo" on S \ F from avO.

We have one other topology that we can define on a

simplex. Namely if S is embedded in A(S)* in the usual way,

then S can be given the norm topology of A(S)*. If S is a

Bauer simplex this is simply the usual norm of measures. For

this topology we can extend the result of 11.2.6 to all

simplexes.

THEOREM 11.3.5.	 Let F be a face of a simplex S, then the 

norm closure of F is also a face of S. 

We note first that a face G of S is norm closed if and

only if G is a norm closed face of 6, for suppose G is norm

closed, X xl , 4;0, fn e F and g E S. Suppose Xnfn--+ pg, then

I xn -	 = 111 ,nfnil - IIlig ill .4IIAnfn - p,g	 --> O. Hence

II	 -	 II 4 114fn - xnfnI1 + II xnfn -	 = Ip - An' +

II xnfn -	 O. I.e. lug E pG = p0C 'id. Thus it will suffice
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to prove that the closure of F is a face of S.

Let f be in the closure of F, and 0 	 Choose f'

with II f - f' II < E/3. Then we have 0,< g + (f' - g)A 0 ‘<f , , g.

As f ), we see that (f' - f)‘ (f - g), thence that

(±" - f)A	 - g)400.

If a EA(S) then a = II a 11 i s -	 all 1 5 - a),	 so we can

write a = b - c with b, c E A(S) + and Ilb it + JI c II	 3 Hall . Thus

if h E A(S)* we see that

11 (h' 0)11 = sup[ l(hn0)(a)1 :

3 suP{ I (h A0)(a)1 : II ail ‘1,	 e.;01

= 3 sup iinf .[h(b)	 : 0 ..� b“1.	 Half ‘1, *0;03

3111111•

as 0 ,� b a implies	 II bll	 IIall.

Thus II (f' - f) A011	 3 III' - f	 3( E /3) =	 E . As the

norm is additive on S (and hence on -S), we see that

II (f'
	

g) A 0 
II
	 . As we have seen that 0 	 + (f' - g)A 0 f

it follows that g + (f' - g) A 0 E F, so g belongs to the norm

closure of F and the proof is complete.

We introduce now a notion that will achieve great

importance later. If F is a subset of a compact convex set K,

we define the complementary set F' to be the union of all the

faces of K that do not meet F. If F' is convex then it is

readily seen to be a face, in which case it is termed the

complementary face of F. F is a split face if either it is 0 or K

(in which case it is termed an improper split face) or if F'

is convex and each ke K (Fv F') can be written uniquely as a

convex combination k = Ax + (1 - X)y, with XE F, y E 1" and

0< X <1. It is clear that if F is a split face then so is F'.
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THEOREM 11.3.6. If F is a split face of a compact convex set 

then F is norm closed. 

Embed K in A(K)* in the usual way. The function, h,

taking k = Ax + (1 - X)y (xe F, y	 F t , 0< X< 1) to X, and that

is 1 on F, 0 on F' extends to a linear functional on A(K)*

that is bounded on the unit ball, and is hence norm continuous.

-
Now F = Kn h 1 (1) is norm closed.

For simplexes the converse of this result is also true.

THEOREM 11.3.7. Let F be a face of a compact simplex. F is 

split if and only if F is norm closed. 

The proof of 11.3.5 shows that if F is norm closed then

so is F. We identify the simplex, S, with the state space of

A(S). Fix k E S, and let k 1 = sup lmEF : “. 1ci which exists

as S - S = A(S)* is a complete vector lattice. If m E F, let

m = Xmkm, 0‘Xm , km E F. If	 k then X,m ,� 1, for k - m = p,n with

p O and n E S. Now we may write
Amkm + un

k = m + 421 = ( Am +µ)( 1	 “ )
m'1	 ""

where X
m + p, = 1 by the uniqueness property of the definition

of a base. Thus we may define et = sup {Am : m	 , and choose

o 
with X

m
.). 0( - E . For any m E F with m < m k, m - m

o
 = E 

m 
c
mo

where c
m E F and E. 

m 
= Xm - Xm	 E	 I.e. II m m ii‘ E if

m <m‘k and m E P. Thus the net {. m1 is Cauchy and converges to

a limit in F. This is clearly the supremum k1.

(k - k i )e\ k 1 = 0, for if 0 4x‘ k	 k 1 , k 1 then

0 x‘ k i + x k, contradicting the definition of k 1 if x 0.

I.e. the face generated by k - k1 does not meet F, for if

0,� x‘. k - k 1 , x E F then x‘ k as	 0, so x4 k i and x = 0.
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We now have a decomposition of the required form:
k - k

k =	 ( 	 ) + k - k in (
k	

)•

It remains to prove the uniqueness of such a decomposition.

Suppose k = Xm + (1 - A )n, m e F, n e F', then clearly h mk1,

so k - k 1 (1 - )n. We have then

(1 - A.)n(1 - X)n - (k - k1)0

so (1 - X)n - (k - k 1 )	 . But also k 1 Xm =

(k - Xm) - (k - k 1 ) = (1 - X)n	 (k	 k 1 ) .?„. 0, so we have

F	 0} unless pm = k 1 , thus proving the result.
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4 Real valued continuous affine functions. 

In this section we deal with real valued continuous

affine functions defined on a compact simplex. The results of

section 1 provide our tools. We prove a variety of extension

theorems, and conclude by proving that A(S) has the approximation

property.

If G is a a-face of S then a function defined on G will

be termed affine if its restriction to every face contained

in G is affine.

THEOREM 11.4.1. Let S be a compact simplex and G a closed 

a-face of S. Suppose f	 1-00,0D) is u.s.c. and convex, 

g :	 00,001 is l.s.c. and concave, h : G --OR is 

continuous and affine. If fI G$h,� icI G then there is REA(S) 

such that RI G = h and f‘R‘g. 

Define f(k) = f(k) if Ice S \G,

= h(k) if kE G.

We show f is u.s.c. and convex. To see that f is convex it will

suffice to consider k i ES \ G, k2 E G and 04:X<(1, for if both

elements lie in either G or S \ G then the desired inequality

is an immediate consequence of our assumptions. As G is a a-face,

X.k 1 + (1 - A)k2 ES \G, so that

1(Xic + ( 1 - 70k2 ) = f(Nk 1 + (1 - X)k2 )

Xf(k i ) + (1 - X)f(k2 ) (as f is convex)

Xf(k 1 ) + (1 - A)h(k2)

= X7(k1 ) + (1 - X)1(k2).

Suppose o(e IR, consider

fkES: 7(k)>, cc) = fk e S \ G	 f(k)	 f'kEG : h(k)	 cx

= tic ES : f(k)>, oil Li •k EG : h(k)
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(as 10;fI G ) which is closed because f is u.s.c., h is

continuous and G is closed.

Define similarly i(k) = g(k) if keS IG,

= h(k) if kC G.

It may be shown in a similar manner that g is l.s.c. and concave.

Now choose REA(S) with 1‘13Cg, using Theorem 11.1.5, then

this will have the desired properties.

COROLLARY 11.4.2. Let S be a compact simplex and F a closed 

face of it, f1j_12.1_11,211(us2  EA(S) and he A(F). If 

Li I FL-121 F‘ h .‘ g 1 1 10. 4._:(2 1 F then there is 17eA(S) such that 

11.1 7 = h and f il_12 .64i;;  .

Take f = f i Ne f2 and g = g i n g2 in 11.4.1.

COROLLARY 11.4.3. Let S be a compact simplex, F a closed 

face of it, hEA(F) and p : 	 i.s.c. and concave. 

If I h(k)I p(k) for all k e F then there is 17 E A( S) with 

RI F = h and I k)I p( k) for all k e S. 

Take f = p and g = -p in 11.4.1.

An immediate consequence of this is that any continuous

affine function from a closed face of a compact simplex into the

reals has a norm preserving extension to the whole of the simplex.

COROLLARY 11.4.4. Let K be a compact convex set. K is a simplex

if and only if A(K) has the R.D.P. 

If K is a simplex then 11.4.2 tells us that A(K) has the

R.S.P. and thence the R.D.P. Conversely if A(K) has the R.D.P.

Lemma 1.1.13 tells us that K is a simplex.

Another corollary of 11.4.1 is presented now. The interest

here is in the converse which is valid if K is metrisable.
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THEOREM 11.4.5.	 Let K be a compact convex set. Consider the 

property: 

(E) For every compact subset D of . e.K and every h E C(D) 

there is h with 3I D = h and II 1; 11 = II h II • 

Every simplex has this property. If K is metrisable this 

is equivalent to K being a simplex. 

That simplexes have this property follows from 11.4.1

with f =	 , g = II hit . Assume now that K is metrisable

and has property (E) , we show that K is a simplex.

Let k E K and let p,V be two maximal probability measures

representing k. We show that =V , which will prove that K is

a simplex. As K is metrisable a tK is a G s and p(aeK) = v (2eK) = 1.

By regularity, for any E > 0 there is a compact subset D of

such that

p(D)> 1 - E	 'v(D)>1 -	 .

If g E C(K) there is a E A(K) with al D = gi D and II all	 g11 .

Now we have:

-
4(g)	 (g) I 	 I rDgdll	 iDgdy I +	 ificogd4 ficugdv I

I Spad4 - fDady I + I ficugd4 I	 I fiC Dgdv

IS Kadp -
ISIODad41	 I f K1 Dadv I

+	 I + I f K‘Dgdy I

‘4	 g li •

As this holds for all	 E. *.> 0, p(g) = v (g) for each g E C(K).

Hence = V and the proof is complete.

The assumption that K be metrisable for the last

equivalence in this result is essential. In fact Alfsen has

given an example of a compact convex set with property (E)

which is not a simplex.
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We have looked so far only at extensions of single

functions. We now prove an extension of a theorem of Borsuk-

Dugundji-Arens.

THEOREM 11.4.6. Let F be a closed metrisable face of a compact

simplex S. There is a linear operator T : A(F)-->A(S) such that: 
Tal i 	a	 (a e A(F)) 

a>,O .	Ta0	 (aE A(F)) 

14c

11 Ta ll	 II all	 (a E A(F)). 

If we construct a continuous affine map tp : s—)F

such that /IF is the identity, and define (Ta)(k) = a( 'f k),

then it easily verified that T has the desired properties.

Ge
Let ffr3 n=1 be a dense subset of A(F), which exists

as F is metrisable (1.1.17), and let 	 be the locally convex
ep

topology induced on A(F)* by {	 i . The natural injection

of F into A(F)* is a homeomorphism for the given topology

of F and the `r -topology on A(F)*. The topology `1- is metrisable

as it is defined by a countable family of semi-norms. Let E be

the 1- -completion of A(F)*, so that E is a Frechet space. We

identify F with its canonical copy in E, which is compact and

hence closed. Now define a map 	 : S--> 2E by

(k) = F	 (k es \ F)

	

= {k .1	 (k \ F).

That	 is affine is clear. That it is lower semi-continuous is

because if UCE is open, then 	 keS:	 (k)n U	 is

either empty (if U nF = 0) or is else (S \ F) v (Fn U). As the

1` -topology on F coincides with that given, there is VCS which

is open and with V" F = Un F. Now (S F) %-' (FnU) = (S 	 F) v V is

open as required. Now any continuous affine selection for
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will suffice to complete the proof, such existing because

of 11.1.8.

We shall conclude this section by showing that A(S) has

the approximation property. I.e. if CcA(S) is a compact set,

and C>0, then there is a bounded linear operator T E :

such that dim(TE (A(S))) < 00 and for all c E C we have

II Tc - ell < z .

Before proceeding with the proof of this we need a

result on the extension of compact operators. We remind the

reader at this point of Theorem 1.1.19.

PROPOSITION 11.4.7. Let XCY be Banach spaces and S a compact 

simplex. If T is a compact linear operator from X into A(S) 

and F. >0, then there is a compact extension T of T taking 

Y into A(S) with II TII (1 + E	 )II Tli • 

Let B denote the unit ball of X*. We define

If T hi B---, 2Y* by

1( f ) = fg E Y* 	 g lx = f ,	 II g ll	 ( 1 	 E ) II T II S •

Obviously	 is affine and 1(f) is closed for every f E 1 I TH B.

Let UCY* be open and choose f o CffE 11 Til B:	 1(f) n U 91 1

(if none such exists we have nothing to prove). As 11 foli	 H Til

and U is open, there is go E	 f0) rs U with 11 go II < ( 1 + E ) 11 TH .

Let V be an open neighbourhood of g o contained in

U n fg E Y* :	 II g II < ( 1	 E )11 T II	 . Since the restriction map

from Y* onto X* is open, f hl x : hE.U1 is open in X*. Clearly

fo Ci hi x a hCU]n IITIIBC ff e II TH B	 i(f)	 911, so

this latter set is relatively open in I I
TH B. We have thus

shown that Is is lower semi-continuous.

Now let if :	 TH B be such that (Tx)(k) = (7r k) (x)

(x EX, kE S). The function / 0 w :	 2Y* clearly satisfies



-49-

all the conditions of Theorem 1.1.8, so has a continuous

affine selection	 : S---)fgEY* : II gH	 (1	
E ) 11 T ill •

The operator 7 defined by (Ty) (k) = (y)k)(y) (y EY, kEi' S)

now has all the desired properties.

THEOREM 11.4.8. Let S be a compact simplex, then A(S) has the 

approximation property. 

Suppose Bc:A(S) is compact. Choose 1> E>o and let

fx 1 , x2 ,..., xh3	 be an £ -net for B, with linear span H.

If h belongs to the unit sphere in H, choose fh E H* with

I fh(h)I = 1 '	 fhli	 = 1, and let Uh = f h'e H	 h. 11 = 1,

Ifh(h')I	 - El	 . By compactness, a finite number of these

open sets cover the unit sphere in H. Let the corresponding

linear functionals be 	 f2,..., fm l . Now let 13 be the

m-dimensional space with the f' -norm. Define a map V :
by Vh = (f i (h),	 ,	 fm (h)) ,	 so that II hil	 II	 (1 - E ) II hi'

for all h H. I.e.	 1:4 VII %:1 - E , so in particular V is (1,1).

Let V-1 
denote the inverse of V mapping V(H) onto H with

v- 1 11‘ (1	 -

mapping 1:	 into A(S) with II TIK(1 +	 )/( 1 -	 ). On the

other hand by the Hahn-Banach theorem there, is a norm preserving

extension U of V taking A(S) into i:. Now consider NU which

has norm at most (1 +	 )/(1 - E ), certainly has finite

dimensional range, and is the identity on H. If bE B and

11 xi - b II	 E	 then

II (pou)(h ) — bit	 I I(ToU)(b) - ( ToU)(xi )11 	
+ it 

(ToU)(xi)	 bll

II Toil II b - xi ll + II Xi - b iI

(1 + E )/(1 - E) + 1),
which can be made as small as desired. This completes the proof.

E ) -1 . By 11.4.7 V-1 has an extension T
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5 Banach space valued continuous affine functions. 

In this section we shall look at continuous affine

functions on a compact simplex, with values in a Banach space.

There are two distinct cases to consider, the first being

when the Banach space involved is ordered. In such cases there

are three types of property that interest us. The first

concerns the normality of the spaces of functions, such

results being trivial. The second concerns the positive generation

of the space, and the third is various forms of dominated

extension theorem. In the non-ordered case, only the last

type of result has any meaning.

E will denote a Banach space. If K is a compact convex

set, then A(K,E) will denote the space of all continuous

affine E-valued functions on K. If ae A(K,E) we define

II ail = sup -{ II a(k)II	 k E Ki , for which norm A(K,E) is a

Banach space. We call E an ordered Banach space if it

possesses a closed cone, P. In this case we give A(K,E) the

cone f a F A(K,E) : a(k)EP for all k 	 . 13,,c will denote

the open ball in E of radius a- and centre the origin,

Pc( = P +

We look first at the ordered case. E is said to satisfy

G(ot ) ( 	) if x EX and x E Bi implies there exists y E 13,4,

with	 -x.

THEOREM 11.5.1. Let E be an ordered Banach space, S a compact 

simplex and 0.- 1̀ . E satisfies G(01 ) if and only if A(S,E) 

satisfies G('-). 

Suppose E satisfies G(°) and a EA(S,E). It will suffice

to show that if H	 1 and E s>0 there is be A(S,E) with
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b >„ a, -a and 11 b II ‘S 04. + E . Define B	 S--.> 2 E by

B(k) = feEE:	 e'a(k), -a(k),	 e 11 < aC + is	 .

It is clear that B(k) is closed and convex for all k ES, and

is non-empty as E satisfies G(oC). If we show that B is 1.s.c.

and affine, then choosing a continuous affine selection for B

will provide the desired b.

Suppose k, k' ES and O<X< 1. Let e 	 B(k), e ' E B(k),

we must show that Xe + (1 - X )e 	 B(Xe + (1 - X )e'). Choose

en e B(k) (resp. en EB(k	 ) with 11 en ll < 04- + 2 (resp. 11 ent 11
- 104-+ E.) and flea - ell	 n	 (resp.	 II en - e' II	 n-1 ). It is

clear that Xen + (1 - A)en E a(Xk + (1 - X )k0 and that

II Xen + (1 - X ) e ;1 11	 X II evil	 + ( 1	- X ) Il e ; Il< °4-	 • As also

II (Xen + (1	 - X)e r') - (Xe + (1 - X)e' 11	 II X(e	 en)II +

(1(1	 - X)(e ,	 -e')11	 n1,

we must have Xe + (1 - X)e E B(Xk + (1 - ?k)k').

Now suppose DCE is open, k o e S and that B(k o )	 0.

Clearly we must be able to find d o E B(ko )n D with 11 d o ll <

+ F . Let II d oll = (	 +	 ) -	 , and suppose	 d	 11 d - doll

GD. Let U be the open set f kEK : 11 a(k)	 a(k0 )11 <

min C. v.) ,	 /21 . By assumption there is f E E with

±(a(k) - a(ko)) and	 11 f ll < (1/2)min f , El	 if kE U. Now

d = d o + f>.±-a(k) and If dil	 II d o ll + 
II fII	 o(+	 E. - g /2)

so d E B(k). But also	 11 d - do ll < r1/2 so d E D. Now if kE U,

B(k)nD	 0, so that B is l.s.c.

The converse is obvious.

We first partially generalise Theorem 11.4.1. Note

first that in a general ordered Banach space the notion of

lower (or upper) semi-continuity seems to be of little use. We

accordingly restrict our attention to continuous functions.
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THEOREM 11.5.2 Let E be an ordered Banach space, S a compact 

simplex, and F a closed face of S. Suppose f : S-->E is 

continuous and convex and g :	 is continuous and concave. 

If hEA(F,E) and fI F ‘h<gI F then there is RE A(S,E) with

hI F = h and f4	 g. 

If Q : 5--->2E is defined by Q(k) = h(k)1 (k E F)

	

= E	 (k E S \ F),

then Q is 1.8.c. and affine. The maps ki---.--nAff(k)1 and

kl--->fg(k)'	 are 1.s.c., so by the proof of Lemma 11.1.6

Hoc(k) = Q(k)A(f(k) + Pa)A (g(k) -

defines a l.s.c. map from S into 2 E. It is clear that 1, 4_ is

affine. If

H(k) = Q(k)A (f(k) + P) r1 (g(k)	 P)

then H(k) is closed and affine. If we note that HC Hc,_CH +

for all 01-> 0, we may apply II.1.10 to obtain a continuous

affine selection for H, which will satisfy all the required

conditions.

We can similarly generalise 11.4.2, although we need

slightly more assumptions on E. Note however that this does

not follow from the last result in the same way as we cannot

take a "pointwise supremum" in E. First we prove a lemma. Let

A(a,b,c,d) = (a + P) n (b + P) n (c - P)n (d - P)

Act (a,b,c,d) = (a + P.( ) n (b	 Pck )n(c -	 -

LEMMA 11.5.3. If E is positively generated, has the R.S.P. and 

P is normal there exists p> O such that for any a, b,� c, d, 

Ad,(a,b,c,d)A(a,b,c,d) + Bap. 

If xEk( (a,b,c,d) then

a - z 1 , b - z2 ,x‘c + z3 , d + z4	 ( II zi ll < )•
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For some constant T> 0 (depending only on E) there is

z2 , z3 , z4 , 0 with 114 < rot. Hence a, b, x - z	 d, x + z.

As E has the R.S.P. there is y such that

a, b, x - z‘y‘c, d, x + z,

so that y EA(a,b,c,d) and since P is g -normal for some & >0,

11 y - x 11 4 Sllz11	 SiCoL. If we take F	 the result is

proved.

THEOREM 11.5.4. Let E be an ordered Banach space with the R.D.P. 

and with P generating and normal. Suppose S is a compact simplex 

and F a closed face of S. Let f 1j_12 , g 1  and g2  lie in A(S,E) 

and h E A(F,E) be such that fl	
f21	 11Fa--421 P	

There is 

GA(S,E) such that RI F = h and f1j_12,�

If Q : S---)2E is defined by Q(k) =	 c h(k)1	 (k F F)

= E	 (k e S F)

then Q is affine, l.s.c. and Q(k) is closed for each k E S. The

assumptions of the theorem tell us that

H(k) = Q(k)n(f i (k) + P)(N(f2 (k) + P) n (g 1 (k) - P)rN (g 2 (k) - P)

is non-empty for each k ES. Clearly H is affine. If we also

define

H„c(k) = Q(k)rN ( f 1 (k)+ Pte) n (f 2 (k) +	 (g1 ( k ) -	 n (g2 (k) -

then lemma 11.1.6 shows that H,,t is l.s.c. and affine. Now

lemma 11.5.3 tells us that HCH,A.CH + B.41, for all 04.> O. We

may now apply I.1.10 to obtain h.

We may also enquire when A(S,E) is a lattice. It is

easily verified that for this to occur E and A(S) must be

lattices, so that we are dealing simply with C(beS,E). Now if

we assume that P is normal and that E is a lattice then if

f€ C( eS i,E) the function f÷ : ki--->f(k)+ is easily verified to

be continuous, so that C(2eS,E) is a lattice.
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We may combine 11.5.1 and 11.5.4 as follows. We recall

that an ordered Banach space E is termed a Banach lattice if it

is a lattice and I x14 I yl implies pH (. 11
4 • If E is an

ordered Banach space E* may be ordered by the wedge ifE E*

f(x);>/0 for all x 6P1 . Davies has shown that E* is a Banach

lattice if and only if E has the R.S.P. and E also satisfies

both G(1) and N(1) where N(o() is the condition:

II Y II	 II xii •

The following corollary is easy to verify.

COROLLARY 11.5.5. Let E be an ordered Banach space and S a 

compact simplex. E* is a Banach lattice if and only if A(S,E)* 

is a Banach lattice. 

Before we leave ordered Banach spaces completely, we

present a simple result on the existence of positive extensions.

PROPOSITION 11.5.6.	 Let S be a compact simplex, F a closed 

face of S and E a Banach space. If hEA(F,E) there is RE A(S,E) 

with Ri p = h and h(S) = h(F). 

Take H(k) =	 h( k)1	 (k	 F)

= h(F)	 (k E s F).
This satisfies 1.1.8 and any continuous affine selection of H

will satisfy the requirements.

COROLLARY 11.5.7. Let S be a compact simplex, F a closed face 

of S and E an ordered Banach space. If he A(F,E) and h›.0 there 

is RE A(S_,E) such that RI F = h, TI.>0 and	 ilh it. 

We conclude by generalising 11.4.3 to the case of

functions with values in a (non-ordered) Banach space.
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THEOREM 11.5.8. Let S be a compact simplex, F a closed face of S 

and E a Banach space. Let p : S —4 r\ 01 be l.s.c. and 
concave, and suppose h EA(F,E) with 11 h(k)II	 p(k) for all kE F. 

There is R E A(S,E) such that Rip = h and II ii(k)11	 p(k) for all kE S. 

Define Q(k) = {'h(k)'} 	 (k F)

E	 (k E S F)= 

so that Q is l.s.c. and affine. The map kH fa EE	 ell < p(k)1

is l.s.c. (as p is l.s.c.) and affine (as p is concave and

strictly positive). If we let

H(k) = Q(k) n fe EE	 : II e	 p(k)

then H(k) is closed and H is affine. Now define

Ha(k) = Q(k) r\ (f e€E : II ell < p(k)1 +

which by 11.1.6 is l.s.c. and affine. Noting that HCH,4 CH + Bc.c.

for all 04>0 we may apply 1.1.8 to obtain a continuous affine

selection for H which satisfies all that is required of it.



CHAPTER III 

GENERAL A(K) SPACES 

1 Faces and order ideals. 

Before the main material of this section we devote a

little attention to the formation of norms in ordered vector

spaces. We have already defined the notion of a base B for

the positive cone in E. If E is positively generated then

co(Bv -B) is an absorbent convex set. Its gauge is the base-

seminorm induced by B, II 0
B 

If there is a Hausdorff vector

topology I' on E for which B is compact thenlJ IIB is a norm

and E is II IF3, -complete. To see that it is a norm suppose

II x II = 0 then for all n E N there are 0 	 o(n<1, an , bn GB

with nx = o(nan + (oC n - 1)bn . By choosing an appropriate

subnet we may suppose o4 n 	,	 a E B and bn--->b E B

- c on vergenc e . Now n'x ---> c:< a + ( ot. - 1)b -r -convergence)

which is only possible if x = 0. To see that E is II IIB-complete

suppose (qn ) is a Cauchy sequence in E. For each E.> 0 there

is N( E ) such that n' m . .N( ) implies that qn E qm + 2 co(Bv -B).

The sequence (qn
) is II IIB-bounded, so there is	 with

q
n
 E tico(Bv -B) for all n. Let q

n' 
be a subnet of (q

n
) I% -converging

to q in p,co(Bv -B), which exists as pco(Bv -B) is 'T -compact.

As E co(Bv -B) is closed, q E qm +	 E co(Bv -B) whenever m>,.1 n1( ).

I.e. qm--3q for 11 la . 
Corollary 1.1.11 shows that the norm

in A(K)* is the base norm induced by S(A(K)).

e EE is an order unit if for each x E E there is 	 0

with -?,e‘ x4 e. If e is an order unit then [-e,ei =

fx E E : -e x e3 is absorbent. Its gauge is a semi-norm

on E. If E is Archimedean then this is a norm, for if Tx E [-e,e]

for all X> 0 then - Ee ‘x Ee for all E s> 0 and x = 0. This

is the order unit norm induced 	 e, II	 H e . Let S(E) =



-57-

ff
	 : f(e) = 11 1'11 = 1} , the state space of E, and map

E-->A(S(E)) by x 1-->1 where x(f) = f(x). xt-->x is a positive

map and is clearly norm-decreasing. In fact it is an isometry

for if x EE and	 x = 1, consider the linear span of x and e

(see Figure 1). Clearly there is a linear functional q on this

span with ll q II =	 lq(x)I = q(e) = 1. Extend q with preservation

of norm to q on E. Now 011	 131(c1)1 = 11(x) I = lq(x)1 = 1.

If E is II II e-complete then E is isometric to A(S(E)). This

is an order isomorphism also for if 113(10 1 then x '�„O if and

only if	 lI x - e Ile 	 1 if and only if 11 E 	11 1 if and

A
only if x	 Thus if x E E, x	 if and only if p(x) .>„: 0 for

all p ES(E).

An order ideal in an ordered vector space is a linear

subspace J such that 0	 ‘3r EJ implies x E. J. Thus being an

order ideal is a weaker property than being an ideal. In this

section we look at 	 the relationship between faces of K, order

ideals in A(K) and quotients of A(K) by such ideals. Throughout

this section it will be convenient to consider K embedded in

A(K)* = E in the usual manner. If a EA(K) we may also regard

a as a (weak*) continuous linear functional on E, this we do

with no further explanation. E will be ordered by the usual

cone, and will normally be considered with the weak* topology

as the dual of A(K), but at times also with the dual norm

topology.

We now make some definitions. If Gc.K we write

G-4 =	 E A(K)	 ai G = 01 ,

and if BCA(K),

B-'={'kEK : a(k) = 0 for all a E B3

and B°
 = fx EE a(x) = 0 for all a E Bi .

The next result is a straightforward verification.



positive cone

-e

-58-

FIGURE 1 
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PROPOSITION III.1.1. 	 If GC K, e is a closed order ideal in A(K). 

If BCA(K) then B-L is a closed convex subset of K. If also 

every element of B can be written as the difference of two 

positive elements in B then le. is a face of K. 

If J is a vector subspace of A(K), the quotient

A(K)/J will be ordered by the wedge kp [A(K) 4" ], where

tit) : A(K) —+A(K)/J is the canonical projection. It is clear

that y(1 K) is an order unit for A(K)/J.

PROPOSITION 111.1.2. The wedge tp 1A(K)
+1 

is a cone if and 

only if J is an order ideal. 

If J is an order ideal, let H be an equivalence class

in y [A(K)+ ] - KA(K)+ 3. Then there are a 1 , a2 E A(K) + such

that a l , -a2 EH, so that 0a 1 + a2 e J. Thus a i E J and

H = J, so the wedge is a cone.

If ke [A(K)+ ] is a proper cone, let a cs� b with a, b E J.

Now y (c) E 'p(a) +	 [A(K)+ ] = (I) [A(K)+ ] and (t7	 c) E

ki) (b) -	 [A(K) + ]	 - ke[A(K)+ ]. Hence tio (c) E	 [A(K)+ ]n - y[A(K)+],

so c EJ, and J is an order ideal.

Even if J is an order ideal, A(K)/J need not be Archimedean

ordered. In the case that it is we have the following:

PROPOSITION 111.1.3. If J is an order ideal in A(K) and A(K)/J

is Archimedean ordered then J = J-1'1 

That JCJ-L-L is trivial. Suppose a E J. As A(K)/J is

Archimedean, it can be given the order unit norm induced

by kf (1 K). Let q be a state of A(K)/J such that q( y (a)) 	 0.

It follows that q kp is a state of A(K) which vanishes on J.

I.e. qof E e", so a4 J11 . Hence J7J1'1
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If FCK, F" is the set fkEK aeA(K) & a I F = 0

implies a(k) = 01 . If F = Fr" , F is said to be self-determining.

The following result is a straightforward application of the

Hahn-Banach theorem.

PROPOSITION 111.1.4. If FC:K then F" = InK, where L = (F.2)° 

is equal to the closed linear span of F in E. 

Not all faces of compact convex sets are self-determining:

THEOREM 111.1.5. There is a compact convex set with a non 

self determining closed face. 

Let E = L2 ([0,1]) with the usual order. Define

F= .fx EE :	 x 1/

G= fxEE	 x ,̀>0, 'ix lk;11 ,

and let a E E, a;>0 be not essentially bounded on [0,1]. F and G

are weakly compact and convex, and so is K = co(Fv(a + G)).

As all the members of aff(F) = (px + (1 - p)y : x, y V, p E 60
are essentially bounded and those of (a + G) are not,

aff(F)rN(a + G) = 0 and F is a face of K.

If f is a bounded affine function on K such that

fI F = 0, then f = 0, this certainly showing that F is not

self-determining. As aff(G) = E, aff(K) = E and f has a unique

affine extension to the whole of E, which we also denote by f.

As f vanishes at 0 E F, f is linear. But f is bounded on (a + G),

and hence on G - G, which is a norm neighbourhood of 0 in E.

Thus f E E*. But lin(F) = L, is norm-dense in E, so f = O.

Proposition 111.1.4 shows that if F is a closed face of

K, and lin(F) is closed in E, then F is self-determining. This

prompts us to look at closed convex subsets of K which have

this property.
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Suppose F is a closed convex subset of K, give lin(F)

the relative order induced by E, so that F is a base for the

positive cone in lin(F). Let 
11 11

F
- 

denote the base norm

in lin(F) induced by the base F, and m 11 the subspace norm

induced from E.

THEOREM III.1.6.	 If F is a closed convex subset of K then 

the following are equivalent: 

For the subspace norm lin(F) is boundedly 

positively generated. I.e. there is X >,1 such that for all 

qelin(F) there are q l , q2 elin(F) with qv q2›,...0 and 

II +	 c12  II	 x II q 11 •

lin(F) is weak* closed in E. 

(3) lin(F) is norm closed in E. 

(1) implies that the norms II 11 and II e are equivalent,

for if lin(F) is X-generated then /I 11	 II Il F4 All II • Now

the set lin(F)r‘co(Ku-K) = (Xco(Fu-F))nco(Kv-K) is

weak* compact, and the result (2) follows from the Krein-Smulian

theorem.

That (2)===(3) is trivial.

If (3) holds, note that lin(F) is complete for the

base norm, and that ft NI IIF• By the open mapping theorem

we now have II IIFV1111 for some A, so that (1) is now easily

seen to hold.

Let F be a closed convex subset of K. It is easilt

seen that A(K)I F may be algebraicly identified with A(K)/F-L.

The quotient norm on A(K)/FJ" corresponds to the norm

II a II q = inf f	 : a EA00, flp =
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on A(K)I
F
. The characteristic number of F is defined to be

	

eF = sup { II a II cif II all	 : a E A(K) I F , a � 0} ,

where II a 11 = sup { I a(k) I	 k F} .

The set F is said to have the extension property if

A(F) = A(K)l p, i.e. if every a E A(F) has an extension it. E A(K).

LEMMA 111.1.7. Let F be a closed convex subset of K, let 

lin(F) be given the base-norm induced by F, and (F4-)° be given

the norm induced from E. Then we have the following isometric 

isomorphisms: 

A(F)* t"-=.=	(A(K)  I

and

= 
Cu	 x E lin

The first result we know already. Noting that A(K) I F `...4..A(K)/F-t",

we have

(A(K)/F4")*	 E A(K)* :	 q(a) = 0 for all a e Fl]

fx EE qx(a) = a(x) = 0 for all a EF-41

=

where xl---). qx is the natural injection of E into A(K)*.

The last result follows from these isometries and the

Hahn-Banach theorem.

THEOREM 111.1.8. If F is a closed convex subset of K, then the 

following are equivalent: 

F has the extension property. 

<co. 
4-F

(3) lin(F) is boundedly positively generated in the 

order and norm induced from E. 

(1)	 (2). A(F) and A(K) I = A(K)/F4 are complete for

their respective norms. If A(F) = A(K) I F the fact that II ail G II a I I q

together with the open mapping theorem shows that there exists
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X such that	 (la (( q	 16 for all a EA(F). I.e. ? 	 <00.
(2)===(3). (2) implies that the subspace norm on lin(F)

is equivalent to its base-norm by 111.1.7. As lin(F) is

complete for the base-norm, lin(F) is closed in E. Now (3)

follows from 111.1.6.

(3) 	 	 (2). (3) implies that lin(F) is norm closed

by 111.1.6, so the E-norm and the base-norm on lin(F) are

equivalent, and f p < co by 111.1.7.

(2) 	 >(1). (2) implies that the quotient norm on

A(K)I F is equivalent to the uniform norm, so that A(K)

uniformly closed in A(F). As A(K)I F is dense in A(F),

A(K)I F = A(F).

COROLLARY 111.1.9. If F is a closed face of K and lin(F) is 

boundedly positively generated then F is a self-determining 

face with the extension property. 

Note in particular that if every function in A(F) extends

to an element of A(K), then we can find a bound X such that

if a EA(F) there exists -a- EA(K) with 'al p = a and II all‘‘ xpail.

In fact we can take any A) fp.

Even if we can identify A(K)I F and A(F) as topological

vector spaces, we may not be able to identify A(K)/V4- and

A(F) as ordered spaces. We show next that if F = JL the

relevant condition is the Archimedicity of A(K)/J.

PROPOSITION III.1.10. Let J be any order ideal in A(K), and 

let F = ]. Now A(K)/J is Archimedean for the quotient ordering

if and only if for each a o ErA(K)  kJ+ there exists cGA(K)÷
with chi...T.:Lao:.

Endow A(K)/J with the order unit norm induced by T(10.

IF is
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If p is a state on A(K)/J then p oy) is a state on A(K). I.e.

there exists k EK such that a(k) = ( p 0 ?)(a) for all a EA(K).

Since a(k) = p( (a)) = 0 if a E J, k e te" = P.

Let ao E [A(K) 
(F]+, 

so that ao = b I F for some b EA(K).

If p is a state of A(K)/J and k the corresponding point of F,

then

p( (b)) = b(k) = ao(k):;0.

Hence y (b),..0, so by the definition of the quotient ordering

there exists c E A(K)+ with c	 b (mod J). I.e. c I F = 
b lF = ao'

and one implication is proved.

Suppose now that the extension property is satisfied,

and that

(a)‘ n-1 kp ( 1 K )	 (n = 1, 2,...)

we show that cp (a) O. There exist bn E J such that

-1
a:;21 1

K
 + b

n 	 (n = 1, 2,...).

Hence

a(k) n-1	 (n = 1, 2 	  k E IP)

and so alF‘,0.

Now there exists b E A(K)+ such that bl F = (-a) I p , so

that y (a) = - (b)‘0, and the result is proved.

An order ideal JCA(K) will be called Archimedean if

A(K)/J is Archimedean ordered.

J is positively generated.

If also,

(3) Jo is positively generated,

then J is termed strongly Archimedean.

PROPOSITION III.1.11. An order ideal Jc:A(K) is Archimedean if and 

only if it is the kernel of an order homomorphism of A(K) into 

some Archimedean order unit space. 
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"Only if" is trivial as if (A(K)) is an Archimedean

order unit space. Conversely if 1- : A(K)--+A' is an order

homomorphism with kernel J, then J is a positively generated

order ideal and A(K)/J is order isomorphic to iqA)CLA'. It

follows that A(K)/J is Archimedean.

We look now at the faces which correspond to these two

properties.

A closed face F of K is Archimedean if aEA(F)
+
 and

a has any extension bEA(K), then a has an extension, a, in

A(K)
+
 with si4b. If furthermore every a EA(F)

+
 has such an

extension, then F is strongly Archimedean.

THEOREM 111.1.12. The map Jr .--a.rF = J-i'is a bijection of the 

Archimedean order ideals of A(K) onto the Archimedean faces 

of K, the inverse being Ft--4 Fr t.. 

Assume J is Archimedean, so that J is positively,

generated. 111.1.1 now tells us that F is a closed face of K.

Let a EA(K) with al p ;0. III.1.11 implies that there is
b i EA(K) such that b l i p = al p . Hence a - b 1 E J, and as J is

positively generated there is b 2 E J
	 with b?.a - b 1 . If

c = b
1
 + b2, c E A(K)

+	
J+	 C: A(K) and a c. Since b 2

 J and

a - b 1 E J, 
c IF = b1IF = al p so F is Archimedean.

Suppose now that F is a closed Archimedean face of K,

then certainly J = Fl is a closed order ideal in A(K). Certainly

F satisfies the assumptions of III.1.10 so A(K)/J is Archimedean.

It remains to prove that J is positively generated. Let a EJ,

then there exists CEA(K) with 	 and cI F = al p = 0. Now

a = c - (c - a) E J - J4,

Finally we must show that F = J-L. Clearly F(.7-S4'. Suppose
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K \ F, then as F is closed the Hahn-Banach theorem yields

a EA(K) such that

a(k) <0 <a(x)	 for all x E F.

Now there is c E A(K) with c 1 p = a 1 , so a - c EJ. But

(a - c)(k) <0 so k +J1. The proof is complete.

THEOREM 111.1.13. The map J H F = J4'is a bijection of the 
strongly Archimedean order ideals of A(K) onto the strongly 

Archimedean faces of K, the inverse being 

If J is strongly Archimedean, J° = (J°) + - (e) -1- = lin(F)

is closed in E. Now 111.1.6 and 111.1.8 imply that F has the

extension property, so is strongly Archimedean.

If F has the extension property, 111.1.8 shows that A(F)

and A(K)I F are isomorphic. Passing to the dual and using 111.1.7

we see that lin(F) 	 (F4)° = J°. Hence J° is positively

generated and the proof is complete.

Archimedean faces share the exposedness properties

of closed faces of simplexes:

PROPOSITION 111.1.14. An Archimedean face Fc:K is relatively 

exposed. 

If kc K\ F, by Hahn-Banach separation there is a E A(K)

such that a(k)<O, al p ;0. Now there is cEA(K)+ such that
c'.a and el l, = al p. Now c - a eA(K)+ , (c - a)I

IF = 
0 and (c - a)(k);>0.

COROLLARY 111.1.15. 	 An Archimedean face of a metrisable compact 

convex set is exposed. 

Proved as in 11.3.3.

A routine application of Edwards' theorem, 11.1.5, proves

the following:
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PROPOSITION 111.1.16. Every closed face of a simplex is strongly

Archimedean with characteristic number 1. 
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2 Split faces. 

This section looks in detail at the important class

of split faces introduced on page 41. Recall that Xt is the

characteristic function of F.

PROPOSITION 111.2.1. If F is a closed face of K then for all 

k e K there are X= ;ill(  x e F and y e F' such that 

k= Xx + (1 - X)y. 

Hence 5(, 1 (1) = F, 6671 (0) = F' and K = co(FvFO. In

particular F' is a Gs-set. 

Proposition 1.2.6 allows us to find x E F, y E K with

k = kx + (1 - X)y and ? =
	

(k). If X = 1 we can choose any

yEP' to achieve the desired decomposition, so suppose X.(1.

As )6? is concave:
A	 A

X =	 (k)	 'rkF(x) + (1 - x)6)F ( y ) = X	 (1 - X)XF(Y),

so	 (y) = 0. Suppose y	 , so that there is u E F, v E K and
A

04;1<1 with y	 4u + (1 - Ov. Applying )61, again gives

Op + (1 - p)4( v)p >0,

a contradiction, so y EF'.

The rest of the implications are now clear.

We shall need to know later how different split faces

interact. First we prove a simple lemma. Recall that an

ordered vector space H is an order direct sum of subspaces

I and J if H = IEDJ and for ie 1, j €J, i + j:;0 if and only
if i;.0 and j>„0.

LEMMA 111.2.2. Let F, F' be convex subsets of K. Then F and 

F' are a complementary pair of split faces of K if and only 

if E is an order direct sum of lin(F) and lin(F'). 

If E is such an order direct sum, then it is easily
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verified that F and F' are split and complementary. We prove

the converse. Suppose kE E, then k = oC k 1 - p k2 with ok,	 0

and k1, k2 E K. Decomposing each k. between F and F' shows

that k Elin(F) + lin(F'). We must now show that this decomposition

is unique. Suppose xi , xi EF, yi ,	 E F' (i = 1, 2) and

0	 04,	 , p	 , 7f,	 , S ,	 . Suppose also that

	

oc. x 1 -	 p3c2 +	 2S y 1	- Sy2 =	 oex.1 -	 + -iry; -

Then

	

ocx i +	 13E + Zry i +	 =	 oex; +	 p x2 +	 y	 + sy2.

I.e.
04. 3ci + 13 , 3c +	 ry1 +

+	 p f + r +	 sl)[ 	

	

ok + p • +	 +	 •

	

(0c , +	 +	 s ) [ 	 oex; + p	 VT; + Sy2
i •

	

00 + F	 V	 S

As the terms in square brackets belong to K, which is

a base for the positive cone in E, 	 oC +	 +	 8' =

oc , + p	 6, +	 . Now the fact that F and F' are split,

together with the identity

	

(^ x1 CL

 +	 'X	 y 1 + 
+	 f:3 )(ot + (3 1	 (	 + 8 ,) (?f + S') =

°C x1 + P2 4- "1 4. VY2'
and the similar one, imply that

o( +	 = CL' + F
S'= ?S'

and hence

of, x 1 + it , )q = octx; +	 px2

3, 1	 = W'31	 83r2.

I.e.	 - px2 = 04.'x,'1 - p	 and 'b'y - gY2 = eyi - 813r•

Thus the sum is direct. It is clear that a positive element of

E has a positive decomposition, so has only a positive
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decomposition. The result is now clear.

PROPOSITION 111.2.3. If F and G are proper split faces of K, 

then every kEK can be decomposed as 

k = o(
11

k 11 
+ o(

12-k12 
+ oL

21-k21 
+ 0

22
k
22

where 0( 	 	 k 11 eG	 k12 
€ FrNG', 

ij	 ij =
	

k21 E.F1 r".

and k22 e F i t1G'. The 0C. .'s are uniquely determined, as also ij

is k. .  provided 0C. . 	 O. 

	

logo	
1  0 0

The existence is obtained by decomposing k between

F and F' and then decomposing the components between G and G'.

We establish the uniqueness. By the last lemma, c<11 k 11	 °412k12

is uniquely determined. But then so are 	 oCil k il and 0(12k 12'
and similarly °421k21

and k..(unless 04... = 0).

	

ij	 ij

PROPOSITION 111.2.4. If F and G are split faces of K then so 

are Fri G and co(FvG). Further (Ft\G)' = co(F'vG') and 

co(F nJG) 1 = 

If F or G is improper the result is trivial. By the

last result it suffices to prove that (F(1G)' = co(F'y'G'), 	 to

show that F nG is split. The second result follows from

consideration of the complementary faces.

Suppose ke co(F't, G') and that k Xx + (1 - X)y with

xe FnG, X	 O. Decomposing y by 111.2.3 we obtain

k = (Xx +	 (1 - A) °C11 3r 11 ) +	 (1	 - " (c5412Y12	 c1421Y21

+ 04.
22

y
22

).

Putting S = A + (1 - X)04-11, we have g	 0 since X	 O. Now

u = S-1()x + (1	 )	PnG,

and the decomposition

k = su +	 (1 - A)( °(12Y12	 °t 21 Y21	 °C22Y22)

and 0.422k22 . Now these determine otii
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is of the form of 111.2.3. As k E co( F'L, G'), we must have S = 0,

so that k E (Fn G)

We have a useful characterisation of split faces.

THEOREM 111.2.5.	 If F is a closed face of K, then the following 

are equivalent: 

F is a split face. 

u	 is an affine dependence whenever is an

affine dependence supported by Fkil". 

(3)	 is an affine dependence whenever ) is a

boundary affine dependence. 

(1) 	 >(2). Suppose 4 = 01 - 42 where p i are probability

measures. Let o i = p i (F), and suppose first that 0 ( op( i < 1

for i = 1, 2. Let x. be the resultant of o(
i 

1
( piF ) and Yi

that of (1 - oCi ) -1 ( p ip ,), so that xi E F and yi EP. As

p was an affine dependence we have

04.1 a(x 1 ) + (1 - oC 1 )a(y 1 ) - o(2a(x2 ) - (1 - 042 )a(y2 ) = 0

for all a EA(K). I.e.

o'1x1 +	 ( 1 - c<-1 )Y 1 =	 °42x2 + ( 1 - c4-2)Y-2.

But F is split, so 041 = tt2, x 1 = x2 and y 1 = y2 . I.e. if

a E A(K)

(PF)(a) = oSa(x1) 	 0<2a(x2 ) = 0,

and pp is an affine dependence.

If e.g. 04-1 = 0, then o42 <1 else the common barycentre

of p i and 42 will lie in FeNF' = 0. Let x 1 be the resultant of

4 1 , and suppose 0 4(0(2 4:11. Defining x2 and y2 as before we

obtain

Y1 = °(2x2 + (1 - c42)Y2'

so that 04. 2 = 0 and y 1 = y2 . It follows that pp = O. Similar

proofs suffice in the other possible degenerate cases.
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(2)=4*(3). Let p be a boundary affine dependence,

then	 p 1 ( (54) = 141( 94) . It follows that

Ipl(K\(FLIF')) = ! pi( f kEK : 14(k) >(7(k)1 ) = 0,

so (2) gives the result.

(3)	 1 ) . Let k 1 , k2 E F' and 4i be a boundary

probability measure representing k . Suppose 0 <X <1 and

Xk
1
	(1 - X )k

2
 = o(m + (1 - oC)n with 0<o(.<1, m F, n€F'.

To show that F' is convex we must prove 0C = 0. Let ern , e
n

be boundary probability measures representing m, n respectively,

so that E? is supported by F and E) by F'. Now 'V =

Xp i 	(1 - X)42 - o(em - (1 - 0C)E) n is a boundary affine

dependence, so	 vp = _oce
m is an affine dependence. This

must imply (DC = 0, so F' is convex.

Now suppose

A
1
x

1	
(1 -

1
)y

1 
= X

2
x

2 	 (1 - 7% )Y2

where 0 Ok i ‘, 1, xi e F and yi E F' for i = 1, 2. Without loss

of generality we may assume A 1 > 0. For i = 1, 2 let p i , Nii

be boundary measures representing x i , yi , so that Vi (F) = 0.

The measure

= (X 1 P 1 	7' 242 )	 ((i	 X 0 v 1 - (1 - A2)v2)

is an affine dependence, thus so also is

/IF = (X 1 P 1 - X242).

I.e. X 2 = A 1 > 0, and p i - p 2 is an affine dependence, so p.1

and p2 have the same resultant. Hence x 1 = x2 and y 1 = y2•

It follows from the proof of 111.2.1 that if F is a
A

split face then	 XF is affine. In fact if k = Ax + (1 - )0Y
A

with x E F, y E F' then	 (k) = A. This does not however

characterise split faces. We digress slightly to characterise

faces with this property, which we shall need later.
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A closed face F of K is termed parallel if F' is a face,

and the relation

X
1
x

1
 + (1 -

1
)y

1	
X
2
x
2
 + (1 -2 2
	 '

(x	 QF y	 O<X
i

implies that A l
 = X2.

PROPOSITION 111.2.6.	 A closed face F of K is parallel if and 

only if rip is affine. 

?If )
F
 is affine and k = Xx + (1 - ),)y with x e F, y EF'

then	 (k) = XiF(x) + ( 1 -	 ) ip (y ) = A, so the face F is

parallel.

Now suppose F is parallel and that k = oC.k 1 + (1 - ot..)k2.

We may write

k = ax + ( 1 - a )y

ki =µx1+ (1 -

k2 = vx2 + (1 - v)y
2

where x, x i , x2 e F, y , y 1 , y2 e F' and X = XF(k) ,	 =
A

V = %F (k2 ) by 111.2.1. Now we have

cOal + ( 1 - 0C)Vx2
k 	[j (04- +	 - of-) v ) +04. p + (1 -	 )v

a. (1 - p)y i + (1 -	 )(1 - V )y2

E	 ( 1	 -	 + ( 1 -	 )(1_	 v )	 ( 1 -	 + (1 -	 °(- )( 1 - 	))

= Eck + ( 1 -	 + [ ek(1 -	 + (1 -	 00(1 - V )]b,

where a E F and b Er. Hence X = oCp + ( 1 - 0( v , i.e.

F
(k) = (4(k

1
) + (1 -	 )

F
(k

2
)
' 

so	 is affine.

We return now to split faces.

LEMMA 111.2.7. Lin(F)E 1 = co(Fy -F) if F is a split face. 

That lin(F) n E 1 'Dco(F u -F) is obvious. If k E lin( F) n E 1 ,

then k =k 1 - (1 - cC )k2 with k i , k2 E K and 0	 .< 1 since

11 k	 1. Writing
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k = o((7x 1	 (1 - X)Y i ) - (1 - 0C)(4x2 + (1 - p)Y2)

where x. C- F,y i. F' and 0 ;C X, 4 41, and noting that k Elin(F),

we see that

-	 Y./ 	- ( 1 - o( ) ( 1 - p)y2 = 0.

We must have .04(1 - X) = (1 - oc )(1 - p) by the uniqueness

property of bases. Hence a; + (1 - 04 ) 4 = 1 - 204 (1 -	 1.

It follows that k =	 .x1 - ( 1 - DC )px2 co(Pv -F).

COROLLARY 111.2.8. F has the extension property if F is a 

closed split face. 

E 1 is weak* compact, so lin(F) is weak* closed

by the Krein-Smulian theorem. Now apply 111.1.6 and 111.1.8.

As lin(F) is closed, lin(F) = ( e) °. Let p (respectively P')

denote the projection of E onto lin(F) (respectively lin(F')).

PROPOSITION 111.2.9.	 lin(F') is isometrically isomorphic to (Fj.)*. 

( FL)* is isometrically isomorphic to A(K)*/(F-1")° =

A(K)*/lin(F). Also A(K)*/lin(F) is isomorphic to lin(F').

That this map is an isometry is because II P'I14 1. This is

because

P'(E1)Dco(rv-F,)

co(P I (Ku -K) )

= P1(co(Kti-K))

= P'(E1).

The proof is complete.

Because of this we may endow lin(F') with the topology

a(lin(F'),P4"), and then apply the Krein-Smulian theorem to

this space. This will be our main tool to prove the basic

extension theorem below. We must first prove a lemma.
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LEMMA 111.2.10. Let lin(F') have the a(lin(F , ),Ft topology, 

and let	 R be closed subcones of Fu x	 in lin F' xIR which

do not meet the positive	 1R-axis. Then Q + R is closed. 

Under the norm 11(a, ․ )I1	 = liall	 + I sI, (F4- )x(R is a

Banach space. By 111.2.9 its dual is lin(F' )X111 with the

norm II(y,t )11 = max [ IlyIl , It I , the pairing being defined

by

<(a, ․ ),(y,t)>	 = <a,y> + st.

The product topology on lin(F') x IR is just the 0 .(lin(r)x	 ,F4- x ft)

topology. By the Krein-Smulian theorem it will suffice to

prove that (Q + R)^ E l is compact.

Since (0,1) is a positive distance from Q and R, there

is k> 0 such that

t ,< k Ily1I if (y,t)e QvR.	 (*)

If (y,t) E (Q + R)n E 1 , we can write

(y,t) = (u, o( ) + (v,p)

where (u, 0( ) E Q, (v, V ) E R and max {. II u + vii ,	 .‘	 1.

As the norm is additive on F' we have II u , 	 II v	 1,

and by using (*) twice we see that

k),..k 114	 04- + (I3 - k	 v II )

"` I c4	 Fl	 - k II v II
-(1 + k),

so that II (u,o( )11	 max .(1, 1 + kl = 1 + k. Similarly

II ( v, )11	 1 + k. Thus ( y ,t ) E S = ( 1	k)(QnE 1 + R nEi),

which set is compact. Hence (Q + R) nE i = S nEi is compact and

the proof is complete.

THEOREM 111.2.11. Let P be a closed split face of K, a 1 ,..., a2 , b e A(K) 

band ao e A(F). Suppose E > 0, a. < and ai l 1.,Lacribl p. Then there 

eicistsac iAQSLsictendin	 a with ailIo ..,<b + . 
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By 111.2.8 ao has at least one extension, so we may

suppose a
o
 = 0 by subtracting this extension from the a 1 , b.

Now -a. /0. 0 on F, we claim that these are l.s.c. on F' for

cr(F , ,r
,
). If 04. E IR , we must show, for example, that S =

:	 b,y> 04.1	 is cY(F',F )-closed. It will by the

Krein-Smulian theorem suffice to show that

Sn = .(yES : Hyliz,� n1

fy	 : < b , y >	 <1,y>‘ n

is compact for each n. But we claim that Sn = P'( k E K :

<b,k>04, (1,k). ". n3). The inclusion "c.," is clear. Suppose

k CK, .‹..b,k)‘c,/- and <1,k> n, then < b,Pk>>., 0 because

Pk E F. Thus <b,P'k) = (b, k) - <b,Pk> ot. . Similarly

1,P , k) ‘n, so the reverse inclusion is proved. Finally we

note that P' is continuous, for if h E T i- then P' -1 ( ty Elin(F9 :
I Kh,y>	 ) = fx E A(K)* : (<h,x >I 1	 since <h,x> =

<h,P tx> + <h,Px> and h E ?L . Thus Sn , being the continuous

image of a compact set is compact.

We now know that the a are u.s.c. and linear, and b

is l.s.c. and linear. Let Q i be the subgraph of a i on F',

which is hence closed. The last lemma shows that I Qi is

closed. Let G = [(y, <b,y> + E )	 yE co(F'V	 )1 , and

note that the compact convex set G 	 (x,t)	 t	 + 3

whilst each Q i and hence Z Qi C f(x, t : t ‘<b,x>1 . By

Hahn-Banach separation there is a closed hyperplane separating

G from IQ1 , which we may suppose passes through the origin

since Q. is a wedge. This hyperplane is the graph of a

function h E FrL such that

a.‘. h,b +E	 on F'.

As hi p = 0, ai ‘ h‘. b +E on K. The result is now proved.
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COROLLARY 111.2.12. A closed split face F of K is strongly 

Archimedean with characteristic number equal to 1. 

If a E A(K) , a I r›,0 apply 111.2.11 with r = 2, a 1 = a,

a2 = 0, ao = a I F and any constant b> a. Now ao E A(K)+ and

this shows that F is Archimedean.

To see that	 t io = 1, suppose ao	A(F) with -1	 ao < 1.

Take r = 1, a 1 = -1, b = 1 in 111.2.11, to obtain ao extending

a
o with 11'a:o il 1 +	 for any E 0.

We shall later see that we can in fact obtain norm

preserving extensions.

We can also utilise 111.2.11 to obtain another

characterisation of split faces.

THEOREM 111.2.13.	 A closed face F of a compact convex set K 

is split if and only if for each a E As (P) (or As (F) 	 A(F), 

A(F)+, A(K)/ p2.....LALE11 /0 ) + 1 has an extension 1/4; € A  110 such that 

alp ,  = O. If such an extension exists it is unique. In

particular if a	 and a l laal_al ' Ku = 0 then 'El. = 

The uniqueness follows from 1.3.2 as I eKC1F \JF'. Assume

F is split and let a E A(F) + . It will suffice to show that al

is affine, i.e. that the family Cb EA(K) 	 bl p s>a, b;>0 1 is

downward filtering. Suppose b i I	 b2 I F ;>a and b 1 , b2;> O. We

may suppose (b 1 - 2E )6, (b2 - 2 E)	 a and b 1 - 2 E ,

b
2
 - 2 E	 for some E >0. By Theorem 111.2.11 there is an

a
-

extension a of a with b 1 - 2E , b 2 - 2r>,	 E. I.e.

b 1 , b2;>:a.- + 2 E	 . Applying 111.2.11 again there is c EA(K)

with 1, 1 , b2 ;>c›;a. + f_	 O. Clearly cl io ;> a and c>0, so we

have proved the result.

If a is u.s.c. and affine, as well as positive we may

apply Propositions 1.2.4 and 1.2.7 to obtain the result. We
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may now obtain the desired extension for differences of such

functions. In general we may find a sequence an of such differences

with Han -	 Using 1.3.2 and the fact that 't1C<:FL/F'

we may conclude that

Il an amu	 = Ha
n - am	 = Han - amheK = Il an - am11

So (13'7 ) is Cauchy in A
s (K). If sit.' = lim sit"

'xi 
this has the

desired property.

Conversely suppose all functions in (A(K)I F)
+
 have such

A
extensions. Choosing a = 1 we see that 	 9; is affine, so F
is a parallel face by 111.2.6. Suppose Xx1 + (1 - A)y 1 =

Ax2 + (1 - A)y2 with o< <1, xi GP and yi EF'. If x 1	x2

there is b E A(K) + such that b(x 1 )	 b(x2 ). If b is the extension

of bi r that we assume exists we have that Xb(x 1 ) = b(Ax 1 ) =

b(Ax2 ) + l7((1 - A) y2 ) - 1((1 - X) y 1 ) = b(Xx2 ) + 0 + 0 = Xb(x2),

contradicting the definition of b.

We now prove a second extension theorem, generalising

Corollary 11.4.3 for simplexes.

PROPOSITION 111.2.14. Let F be a closed split face of K, hEA(F) 

and p K---4 a strictly positive 1.s.c. concave function. 

-If Ih(k)1 <p(k) for all k eF, then h has an extension h-EA(K) 

such that Ih(k)1<p(k) for all k 

We may suppose p is bounded, without loss of generality.

Let RI, : A(K)-->A(F) be the restriction map, and let G =

Ca EA(K)	 la(k)I <p(k) for all k EK	 G is open as p.is 1.s.c.

As RI, maps A(K) onto A(F) by 111.2.8, we see that Gi p is open

in A(F) by the open mapping theorem. Furthermore GI F is

absolutely convex. Suppose h+G IF . By the Hahn-Banach theorem

there is a measure v	 on K, supported by F, such that

1) (h);>/ 1	 l'o(a)I for all a E GIF. 	 (**)



Define a norm,

	

II f IIp 
= sup C I f(k)1/ p(k)	 k K

on C(K) , which is equivalent to the supremum norm as p is

bounded below and is assumed to be bounded above. The dual

norm on M(K) is

II 4 11 p = IIPNII

where (pj)(f) = p(pf).

	

By (**) the linear functional 	 : a	 (Rra) is

II II p-bounded on A(K) , with II	 1. Extending	 with

preservation of H II -norm to a bounded linear functional

on C(K), we have a measure p E M(K) such that

(a) = p (a) (for all a EA(K), II PP II = II I I	 1 • (***)

Since p is concave Iri(k) I < p(k) for all k E K, where h is the

extension proved in Theorem 111.2.13 to exist in A s (K). It

follows from this and (***) that

(***) and (**) imply that

I Khdp =

= f
r
hdv

contradicting (***). I.e. hE G1 1, and the result is proved.

THEOREM 111.2.15. Let F be a closed split face of K, h E A(F) 

and p :	 IR a strictly positive l.s.c. concave function. 

If I h(k)I p(k) for all k e F, then h has an extension Is EA(K) 

such that I ii(k)I P(k) for all k E K. 

Again we may suppose p is bounded. Applying 111.2.14

we may obtain an extension h 1 E A(K) with I h i (k)I <2p(k) for

1	 ,
all k E K. Now define q 2 = 2p A [2

2
(p - 2

-1 'h
i

I )
 ], which is

certainly l.s.c., concave and strictly positive on K, and let

h2 be an extension of h to A(K) with I h21<q2.



-80-

Assume for induction that we have defined q m and am

(2 ‘m fl) such that

I hm i <2p	 [ 2M (p -	
2-r tar ' )] =	 = 2, ..., n).

n r=1
Let qn+i = 2p A [2

n+1
(p -	 2

-r
I a

r
l )], which is 1.s.c. , concave

r=1
and strictly positive by the induction hypothesis. Now let

hn+i extend h with I hrfi l < qn+i

We have a sequence (h )°° C A(K) such that
n n=1

hnIF = hn
p(k) -	 2-r Ihr (k)I >0 for all k E K

(3) II hil l! 4 2 suPkEK P(k).00
The series E 2-rh

r converges uniformly to a limit h EA(K).
r=1

Clearly h = h, and (2) implies that rh(k)I p(k) for all

k E K. This completes the proof.

COROLLARY 111.2.16. If F is a closed split face of K and h E A(F) 

there is h E A(K) with h = h and II h	 h it .
Ir

We finish this section with an order theoretic characterisation

of split faces. As closed split faces are Archimedean, their

annihilators are Archimedean ideals in A(K).

PROPOSITION 111.2.17. Let J be an Archimedean ideal in A(K) 

and let kio : A(K) --=>A(K)/J be the canonical homomorphism. The 

face F = j"I" is split if and only if for every 	 > 0 and any 

a1,t_a2 C. A(K)+ 

Jo,`p ( a 1 )1n `O, 'f ( a2 ) 1 Ccf(1O, a 1 + 	 11-110,a2 + E .14

where {b,cl = fd	 /3 •‘.. d 	. 

This formula means precisely that for every a o E A(F)
+

such that ao a1 IF, ath, there is c E A(K) + with c = a,

c a i + t and c a2 +	 . If F is split, this follows from

111.2.11. Conversely if this holds, the family 	 a E. A(K)+ : a> c
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is downward filtering for all c GA(F) + , i.e. if bl F GA(F)+,
A

bi np = 0 then b is affine. By 111.2.13 F is split.

Such ideals have been termed near lattice ideals. It has

been shown that it is not in general possible to take E = 0

in this formula.
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3 Banach space properties of A(K). 

In this section we look at various properties of Banach

spaces that are of interest, and relate these to properties

of K. The first result that we prove is an anologue of the

Kakutani-Stone-Weierstrass theorem for C(SL). We describe

the closure of certain subspaces of A(K), and derive a

sufficient condition for a subspace to be dense. In fact we

discuss two different conditions, and discuss their uses later.

L will denote a subspace of A(K) containing the constants.

If k EK we define

T(k) =	 e K	 f(k') = f(k) for all f EL1 .

L will also be assumed to have the weak R.S.P., i.e. if

f 1 f2
 < h

1' 
h
2
 then there is g with f

1 f2< g< h1' h2, and

to satisfy:

For all > 0, k E.eK and f EL with f(k) = 0 there

is g eL with g);f, 0 and g(k) < E.

Such a subspace will be termed an admissible subspace

of A(K).

LEMMA 111.3.1. If L is an admissible subspace of A(K) and 

k E 4K then T(k) is a face of K. 

Suppose k 1 = (1/2)(k2 + k3 ) , k 1 E:T(k) , k2 + T(k). As

L contains the constants, there is f E L with f(k 1 ) = 0,

f(k2 ) .> 2E > O. Now as k i 6 T(k), f(k) = 0 there is g EL with

g(k) = g(lc i )< E , g(k2)>/f(k2)>2 E , and g(k3 ))/ 0. Now

g(k 1 ) = (1/2)g(k2 ) + (1/2)g(k3)> E , a contradiction.

Such faces will be termed L-faces of K. If f E C(K) we

define

f(k) = inf [g(k)	 : 1,,g>/f3 .
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LEMMA 111.3.2. If L is an admissible subspace of A(K), f E C(K), 

and kG ,z_TC, then f is constant on T(k) with value sup 	 ) 

E T(k)3 . 

If k' E T(k) then 1(k') = inf	 : L g 1,f =

inf fg(k)	 : LI g	 = F(k), so f is constant on T(k).

Clearly f(k)>, sup	 f(k9 : k' ET(k)1 . Given p, GP(K), a

proof similar to that of Proposition 1.3.4 yields vE P(K)

with V	 and V(f) = 11(7). As r(v ) = r(p), V E Pk(L) =

EP(K)	 p(1) = 1(k) for all 1 E L3 whenever ti EPk(L)•

Now 7(k) = inf [g(k)	 : LI g>,,fj = max 	 inf	 p(g) : LI g>,:f1
GPk(L)

= max€Pk(L) 
( -±7	

PO ')
) = max	 f ) .� sup ff(k0	 k' ET(k)l

because if p E Pk(L) then supp(p)CT(k).

THEOREM 111.3.3. Let L be an admissible subspace of A(K). Then 

f f EAU° : f is constant on each L-face . 
It is clear that fE L implies that f is constant on

each L-face. Suppose f is constant on each L-face.

The family E = g 6L : g <-4'3 is upward filtering.

For let g 1 , g2 e E and u = g 1 v g2 . As L has the weak R.S.P.

the family -3 = v EL : v N>ulis downward filtering, so 17

is u.s.c. and affine. Moreover if k E aeK, 71(k) = u(k) by 111.3.2,

so that 72(k) -f(k) for all k E -�e1C. But f + u is u.s.c. and

convex so attains its supremum on -at K, so

u(k) 71(k)< -f(k) for all k E K.

Thus for all k E K there is v
k e 9 with v

k
(k) < -f(k). Now for

all k' in a neighbourhood Gk of k we have

u(10)‹vk(k')<-f(k).

By compactness there are finitely many ki E K such that

u<v
k 

A v
k 	Av

kn 
= w<-f.

1	 2
Now as L has the weak R.S.P. there is g EL with u = g 1v g2 < g<w<-f.
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I.e. E is upward filtering.
Thus E converges to an u.s.c. affine function f. We

claim f = f. It being clear that 7:.>;,f, suppose g:;f. 111.3.2

shows that g(k);;7(k) if ke aeK, so g(k);;1(k) for all kEK

by the Kreiu-Milman theorem. Now we may apply Dini's theorem

to see that f is in the closure of L.

COROLLARY 111.3.4. If L is an admissible subspace of A(K) which

separates the points ofZeK, then L is dense in A(K). 

In order to state a slightly different form of this,

we define a subspace L of A(K) to be weakly filtering if

f, g EL, a EA(K) and f, g<a imply there is hEL with f, g<h<a.

It is easily verified that for such an L, containing the

constants, T(k) is again a face of K if kG

This condition may be used directly to prove the

following result, shortcutting most of the last proof.

THEOREM 111.3.5. Let L be a weakly filtering subspace of A(K) 

containing the constants. Then 1 = .ffEA(K) : f is constant 

on every L-face 

COROLLARY 111.3.6. Let L be a weakly filtering subspace of 

A(K), containing the constants and separating the points of 

.t1C. Then L is dense in A(K). 

The first formulation has the advantage that it only

involves properties of L itself, whilst the second uses the

relationship between L and A(K). However the latter is rather

more general, the weak R.S.P. condition limiting the usefulness

of Corollary 111.3.4 to the case when K is a simplex.

We turn now to direct sum decompositions of A(K)-spaces.
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Recall that E is a direct sum of subspaces E 1 , E2 if each

x EE can be written uniquely as x 1 + x2 with xi G Ei . We then

write E = E 1 .9E2 . We shall also write E = E1 eDE2 if E is a

direct sum of subspaces isomorphic to Ei . If E is a Banach

space, we say that E is an M-direct sum of E 1 and E2 , and

write E = E1 eite2 , if also Xi e Ei implies 11 x1 + x2 H =

max { II x 111 1 
11x2111 . It is easily verified that each E i must

be complete.

We first prove a lemma.

LEMMA 111.3.7. Let K be a compact convex set, C a closed 

subset of K such that K = co(C) and E a locally convex space. 

If a is a continuous function from C into E which has a unique 

4.-
`'s iaffine extension a to the whole of K, then a is continuous. 

Let ap : c xC	 K map (y,z,A)1-----i>AT + (1 - A)z,

and	 C xC X [0,1]—*E map (y,z,1)1-->Xa(y) + (1 - A)a(z).

Clearly both § and (SE' are continuous. The assumption that

a has a unique affine extension to K, a, amounts to saying

1r
that i?(T T(y,z,X)) is a singleton for each point of

CXC 40,1].

If D is a closed subset of E, then r i ( D) =

is closed. This is because (,;:E is continuous so that i- -1 (D) is

closed in CXC X [0,11 and is hence compact. Then t(-r (D)) is
compact in K and hence closed. Thus a is continuous as claimed.

PROPOSITION 111.3.8. Let F F
2 
 be closed, complementary 

split faces of K. Then A(K) = A(F.X2iLLE211.

Suppose a.EA(F.), the fact that F. are complementary

implies that K = co(F 1 nJF2 ), and that Fi are split implies there

is an affine function a on K which coincides with a. on Fi.
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Namely if kEK and ki EFi , 0 .‘	 1 with k = Xk i + (1 - A)k2

then a(k) = Aa2 (k 1 ) + (1 - A)a2 (k2 ) is the required function.

Lemma 111.3.7 implies that a is continuous. This shows that

A(F1 )9A(F2 ) is a subspace of A(K), and it is clearly all of

A(K). The uniqueness of the sum and the condition on the norm

are both direct consequences of the Krein-Milman theorem.

We shall see that this is the only way in which

M-direct sum decompositions can arise. We do this via the

dual space. We say that E is an L-direct sum of E 1 , E
2
 
, 
and

write E = El EEV2 , if E is a direct sum of E 1 and E2 and

II x 1 	x2 I)I) x1 II + II x2 11 whenever xi e

LEMMA 111.3.9. If A = A
1
fDiA

2 , then A* = A7EDIA

A2That A 1
o
 + 2 

CA* is direct from the definitions. If

f EA*, define f 1 on A by f 1 (x) = f(x) if x EA2

= 0	 if xGA1.

As Ai are closed, f 1 is bounded and lies in A l . We may

similarly define f2 E A2, and find that f = f 1 + f2 . I.e.

o	 o
A* = A l + A2 . The sum is direct because if f vanishes on

both A l and A2
 it must be identically zero.

Let f 1 E A
l ' f2 

EA
2
 then

I lf i + f211 = sup fl( f i 	 + f2 )(x)I : x E A, II x11	 11
= sup fIf 1 (x 1 ) + f2 (x2 )I : xi € Ai , Ilxi n .;11
= sup fIf 1 ( x 1 )1 + If2 ( x2 )1 : xi EAi,

= II f1 II +	 II f2 II •
o

I.e. A* = A I
o RV2 .

PROPOSITION 111.3.10. If E is an ordered vector space equipped 

withabasenorm,andE=E 1A5.2 ,thenE.are ideals in E. 

Let x 1 €E 1 and suppose that 01:;y 1 + y2 . x 1 , with yieEi.
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Let z 1 + z2 = x1 - (y1 + y2 ) ;),0 , with zi E Ei . As the norm is

additive on the positive cone of E, we have

11 x l 11
	

II Y 1 +	 Y2	 + 11 z ,	z2 11

11 Y , 11	 ÷ II Y2 11 + 11 z , II	 ± 11 z2 11

sinceEisanL-directsumetheE.
1
.As the sum is direct,

y2 + z 2 = 0, so that x 1 = y 1 + z 1 . Then we have

11 Y i 11	 +	 11 z i 11	 + 2 11 3'211	 =

= 11 Y 1 	 z111
+	 zi

I.e. y2 = z 2 = 0, and thus E 1 is an order ideal. Similarly E2

is an order ideal.

We must now show that E. is positively generated. Let

B= (xEE x>,0,	 11 x	 1	 . We claim that E 1 (.03 and E2 n B

are complementary split faces of B. Let x GB, then 2x = x 1 + x
2

with xi G Ei and 2 = 2 11 x 11	 = II x i!!	 +	 II x2 it . If either x i = 0

then x belongs to E 1 nB or E2 	B. If neither term is zero, we

have

)	 (1Ix211 /2)(x2/11x2H),x =	 xi /2)(x 1 /11 xi

with II xi / II xi II II = 1 and	 I I x l I I /2 + 11 x211 /2 = 1. it is now

clear that the faces are complementary. That the faces are split

follows from the fact that the sum is direct. If 
1	 1

-(E.
1
r0S

i1
)), then it is readily seen that S. generates all of E.,

for if this were not so, S = co(S
1
tiS

2
) would not generate all

of E. But S contains the open unit ball of E so generates the

whole space. Hence each E i is an ideal as required.

THEOREM 111.3.11.	 Suppose A(K) = A l.MA2 . Then there are 

complementary closed split faces F
1  
and F

2
 of K such that 

A
i is i s ome tric to AC?.).- 	 1
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Ai is closed, hence so are the sets F.
J 
= A

o
1r1K

j = 1, 2). By 111.3.9 and 111.3.10 F 1 and F2 have linear

spans for which A(K)* is an order direct sum of these two

subspaces. It follows from 111.2.2 that F 1 and F2 are

complementary split faces of K. Now A i = (Ai )
-I-
 = Fi =

ca EA(K)	 = 01 is isometric to A(Fi ) by the proof of
j

111.3.8.

We turn now to isometric injections of A(K 1 ) into A(K2).

We look first at the case when this is an isometry onto. Again

we first describe a way in which isometric isomorphisms can

arise, and then show that this is the only possible type.

PROPOSITION 111.3.12. Let K be a compact convex set, and 

F and G be complementary closed parallel faces of K. Let 

,go d aff(G) and let G' = f2g0 - g : g FG 1 . Then K' = co(FNJG') 

is a compact convex set, and A(K') is linearly isometric to A(K). 

It is clear that K' is a compact convex set. Define

T : A(K)--->A(M) by

Tal F1 = a
IF1

Ta(2go - g) = -a(g) (fG)

(as F and G are parallel this has an affine extension to K'

which is continuous by 111.3.7). Clearly T is onto, and is an

isometry because each a attains its maximum modulus on FvG.

THEOREM 111.3.13. Let K, K' be compact convex sets such that 

A(K) is isometrically isomorphic to A(K'). Then there are 

closed, complementary parallel faces F, G of K such that if 

zo E aff(G) and G' = c 2g0 - g g EG2 then K' is affinely 

homeomorphic to co(FQG'). 
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Let A = A(K) = A(K'), then K and K' are affinely

homeomorphic to proper closed faces of Al-, the closed unit

ball of A* with the weak* topology, such that co(Kv-K) =

co(K'v	 = A.1 (identifying K, K' with their images in AT).

It will suffice to prove that two such faces are related in

the manner desribed.

Let F = K	 , G = K n(-1( 1 ). If k e%,e,K then k co(K t u -K')

by assumption. As k is extreme in	 k EK'v -IC' so k E Fk.dG.

Now the Krein-Milman theorem assures us that K = co(FvG). It

is similarly seen that K' = co(F‘o -G). It is clear that

F, G are closed faces of K. Suppose

,f, + ( 1 - , ) g 1 = Pf2 	 ( 1 - 0g2
fi E F,	 E G and 0 ‘,?n ,p 1. If we operate on this identity

by the function that is identically 1 on K' (and hence 1 on F,

-1 on G) we see that

A	 - (1 - A) = 0 - (1 - 0).

I.e. A = 0, so the faces are parallel. Now choose g o E aff(G)

then 2g0 - G does not meet F. As F and G are parallel there

is an affine extension of the map that is the identity on F

and that is g H 2go - g on G. By 111.3.7 this is continuous.

As this is clearly (1,1) and K is compact, it is a homeomorphism

and the proof is complete.

COROLLARY 111.3.14. 	 Let K be a compact convex set and S a 

simplex. If A(K) is linearly isometric to A(S) then K is affinely

homeomorphic to S. 

As S is a simplex F and G are split (by 11.3.9). Thus

there is a (1,1) continuous (by 111.3.7) affine map of

K = co(F‘i -G) onto S = co(F y G). I.e. K is affinely homeomorphic

to S.
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We close by describing isometric injections of A(K)

into A(S), for S a simplex and K an arbitrary compact convex

set. There are three basic ways in which these can arise:

Let it : S---4K be a continuous affine surjection,

and define A(7t) : A(K)---*A(S) by (A(7v)a)(k) = a(Trk) for

a F A(K), kE S. A(7t) is a positive linear operator taking

1
K
 to 1

S' 
which is an isometry as 7r is onto.

Let S = co(FvG) where F, G are disjoint closed faces

of S, and define eGA(S) to be 1 on F and -1 on G (this exists

as F and G are split by 11.3.9 and using 111.3.7). If a EA(S)

we define eoa to be that element of A(S) with eoa(k) = e(k)a(k)

for all kE e.S (again by 11.3.9 and 111.3.7). The map

a 1---)eoa is a linear isometry of A(S) onto itself.

Let F be a closed face of S, and let H : A(F) --3 A(S)

be a norm one linear extension operator, not necessarily

positive or preserving the constants. Then H is an isometry.

We show that every isometric injection can be decomposed

into (basically) these three.

THEOREM 111.3.15. Let K be a compact convex set and S a simplex. 

Suppose T : A(K)---4.A(S) is an isometric injection. There is 

a closed face F of S and a continuous affine surjection 

7N : F—*K; a function e EA(F) that is 1 on some closed face 

of F and -1 on its complementary face (which is also closed); 

and a linear extension operator H L---A(S) where L = f Tal :
a EA(K)1 CA(F) such that 

Ta = H(e0(A(7T)(a))). 

Let F-1. (respectively F) = {. 1c ES	 (T1 K)(k) = +1 (resp. - 1 )1 ,

then F and F are the sets where the continuous affine

function T1
K
 attains its supremum and infimum respectively,

-
and hence are faces. By 11.3.7 F

+ 
and F are split faces, so
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co(F-4- L, F- ) = F is a face by 111.2.4. We claim that the map

a HTa 1 is an isometry. If not supposeIF	 II Tat F 11 < a 11 , and

that a attains its maximum modulus at x
o
E K, where a(x

o
) 

= II all

(the proof when a(x0 ) = - II all is similar). Then we have:

1 = Ila	 1 11 = II T(a + 1) 11

I Ta it + 11T1 II
< 11aII + 1,

for off F, 1T11 <1 and on F 1Tal<.1 by assumption. As this is

impossible al--> Tal l, is an isometry. Let e = 1 on F and

e = -1 on F with e EA(F). Then it is clear that 	 eo(TalF)

is still an isometry, and now 1e---1 F so this is an order

homomorphism from A(K) into A(F). By 1.1.20 there is a

continuous affine	 F---)K such that this operator is A(71 ).

1T is onto as A(1T ) is an isometry. It is clear that

Tal i?	e*(A(1T )(a)). H is now define by H(Tal p) = Ta when

a E A(K), and the proof is complete.



CHAPTER IV

FACIAL TOPOLOGIES 

1 Split face topology. 

We have seen that the collection of closed split faces

of a compect convex set K is closed under finite convex hulls

and finite intersections. More is in fact true.

PROPOSITION IV.1.1. The collection of closed split faces of K 

is closed under finite convex hulls and arbitrary intersections. 

That the collection is closed under finite convex hulls

has already been proved, 111.2.4. This result also means that

it suffices to prove that the intersection, F, of a downwards

filtering family of closed split faces -CFO is a closed

split face. It will be enough to prove that if a0 EA(F) 4" the

set fa EA(K) : a;>0, al p s>ao i is downwards filtering, for

then the pointwise infimum of the set lies on As (K) and extends

ao' so F is split by 111.2.13. Suppose a1, a2 belong to this

set. Let g be defined on K by glF a0, 
g lK\F = 0. By 1.2.2 weI = 

have

Ig(k)4((alA a2 )v(k) for all k E F.

The set U = fkeK : g(k)<;(al A a2 )v (k)1 is open and

contains F. By compactness there is an oC such that ge4cu,

and by Hahn-Banach separation there is aE- A(Foc) such that
A
gl	 < ( a 1  a 11	 2 g4

Hence we must have

g IF <a <alb' a2IF •oc
As the inequalities are strict we may apply 111.2.11 to obtain

bEA(K) with bi z, = a, 0<b<a 1 , a2 . Since bl z( = a	 IF
,4

this proves the directedness, and the result. -

It follows that the sets FrVe_K for F a closed split

face of K form the closed sets of a topology on - e1C, the
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(Q-topology. The collection is trivially closed under

intersections, and under finite unions because:

(Fi	 tK) (F2 eN I eK)	 eo(F i LI F2 ) eN

PROPOSITION IV.1.2. a e K is compact for the a-topology, 

Let (S ) be a collection of OIL-closed sets in 'eK,

with the finite intersection property. If So( = FarlIeK for

/ik a closed split face of K, then the family (FØL ) has the

finite intersection property. It follows that F = rlt. 	0.

Now 0	 a eP <=4Fa. = Sot for all 00L , so C\S.c. 0, and the

proof is complete.

It is certainly not however true that 'keK is in general

Hausdorff. We shall return to this point later. We first

derive some useful extension properties of functions defined

on

THEOREM IV.1.3.	 If f : a f K ----> IR is bounded and aL-u.s.c., and 

a eA(x) then there is a unique u.s.c. affine function 

c : K --> IR such that

c(k) = f(k)a(k) for all k E 

If f : at K---* R. is 014,c ontinuous and a E A(K) there is 

c A(K) such that 

c(k) = f(k)a(k) for all k e 

We assume first that M eK)C1[0,1], and we shall

construct a descending sequence (c ri ) of u.s.c. affine functions

which converge to f(ak K) one 

For n =	 1,	 i = 0, 1, 2, 000, 2n let

C	 = f k Cat.K	 .

By hypothesis there are closed split faces F
n,i 

of K such that

C
n,i 

= 'ae.KiNF	 .. Define bn,i (k) = 2-na(k)	 (k	
n•i )

	

n,	 ,

= 0	 (k EK \ F
n,i ).



A
Let a . = bn,i , which is affine by 111.2.13. As b . is

u.s.c. we have

a	 (k) = 2 -na(k)	 (k €C	 .
n,i	 n,1)

=
2n 0
	 (ke2,eK\Cn,i )•

Now define c	 =a., a sequence of u.s.c. affine functions.n	 1=1 no.

Now c
nk tOt f(al 

, 1c ), hence (1.2.2)	 (c
n
) is also a descendinge 

sequence. Now c = inf c n satisfies the conditions of the theorem.

If f is bounded, choosing a suitable multiple and

adding a suitable constant enables us to reduce the result

to this case. The uniqueness follows from 1.2.2.

Now suppose f is a-continuous, and let -X$ga$,Pk..

By the first part of the proof there are u.s.c. affine

functions c 1 and c2 on K such that for all IcEt,K,

c
1
(k) = f(k)(a(k) + ?n ),	 c

2
 (k) = -f(k).

The function c = c 1 + ?c 2 is u.s.c. and affine and

satisfies

c(k) = f(k)a(k) (kEeK).

If g is u.s.c. and concave with 0,f(ak K ) then 10., c (1.2.2).

It follows that c = (f(ak 0): Similarly d = (f(a1.4K )	 is

affine.

Now c - d is an u.s.c. affine and positive function.

As clz eK = d1,4K, c = d. It follows that c is continuous as

required. Uniqueness is trivial.

Taking a = 1 K we obtain:

COROLLARY IV.1.4. If f	 is EL-continuous, then f

has a unique extension to an element of A(K). 

THEOREM IV.1.5. Let K be a compact convex set, then the 

following are equivalent: 
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K is a Bauer simplex. 

The CZ-topology on ')e,K is Hausdorff. 

(3)	 The Qt.-topology and relative topology on 

coincide. 

(2). If GC -20eK is relatively closed, then by

11.2.5 G = Wtco(G) and co(G) is a closed face of K, and is

split by 11.3.7. It follows that G is Gt-closed. Thus (2)

is certainly true.

(3). First we show -6 e.K is closed in K. If

kE ZeKe..K, let Fk be the smallest closed split face containing

k. As Fk	 fkl , by the Krein-Milman theorem there exist

distinct extreme points u and v of Fk. Let U and V be 'at-open

subsets of aeK with u E U, v G V and U r V = 0, which is possible

by the Hausdorff assumption. Let G and H be closed split faces

of K such that ';,2 G = -beIC \ U and *),H = 2$,K \ V. Now Zt eG V atH =

'6 .c,K, so kc aeK = a eG v Zell CG ko H. Suppose k E G, then FkC:G

and 'eFkC atG. I.e. u, v E aeG = aeK \ U - a contradiction. Now

the identity map from aeK with the relative topology into

aeK with the a-topology is continuous, (1,1) and onto. As

aeK is compact for the relative topology, the topologies

coincide.

(3 )	 ( 1). By IV.1.4 every continuous function on

a eK extends to an element of A(K). Thus K is a Bauer simplex

by 11.2.3.

The set of extensions to A(K) of ILL-continuous functions

on "bleK is a linear subspace of A(K) that we denote by .A(K).

We establish a characterisation of this subspace.

The centre of A(K) is the set of all b E A(K) such that

for every a EA(K) there exists c E A(K) with
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c(k) = a(k)b(k) for all k

From IV.1.3 it follows that this will contain A(K). We shall

see that they are in fact identical. First we deduce a few

properties of the centre. We recall that a lattice ordered

Banach space is an M-space if lx1,� 13r1	 and

11 Ixtv lyi II = max f x Ii , y	 for all x and y. We insert

first a well-known lemma.

LEMMA IV.1.6. Let 1 E C be a closed subalgebra of the space 

of all bounded functions on a set X, B(X). Then C is a 

sublattice of B(X). 

It will suffice to prove that f QC implies Ifi E C. Let

I = {' f(x) 2 : x eX} , and let P
n
 be a sequence of polynomials

such that P
n
	uniformly on the compact interval I.

Let gn (x) = Pn(f(x)
2
) (x E X). Then it is easily seen that

(g
n
) is a Cauchy sequence converging to g E C satisfying

g(x) = 4(x) 2 = If(x),	 (x E X).

I.e. g = Ifl EC.

PROPOSITION IV.1.7. The centre of A(K) is a commutative 

Banach algebra and an M-space for the order and norm induced 

from A(K), and the multiplication (a,b)i---> aob E A(K) where 

(aob)(k) = a(k)b(k) (k E �oeK). 

Further the lattice operations satisfy 

(avb)(k) = a(k)vb(k)	 (Ice beK). 

Suppose bn converge in norm to b EA(K), where each

b
n
 lies in the centre of A(K). We show that b is in the centre

of A(K) . If a A(K) let c n E A(K) with cn (k) = a(k)bn(k) for

all ke 2eK. As functions in A(K) attain their supremum on 2 tK,

we have
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on - cm	 = II cn - cm II aeK	 I l bn	 bmIllIall

and the right hand side tends to zero as m, 	 If

c = lim
n cn

, then c(k) = b(k)a(k) for all k E ZeK, so that

b is in the centre of A(K).

If a, b belong to the centre of A(K) we must show that

aob eA(K) with (aob)(k) = a(k)b(k) for all k E - ieK also lies

in the centre of A(K). If p EA(K) there is p	 A(K) with

p'(k) = b(k)p(k) for all ke ZeK.

But now there is p" E A(K) with

p"(k) = a ( k )W( k ) = a(k)b(k)p(k) = (a0b)(k)P(k)

for all k E ZeK. Thus aob lies in the centre of A(K).

The result about the order structure follows from

the fact that a G A(K) + if and only if ah eK)? 0, that

a ll = II all "ael{ and Lemma IV.1.6 applied to the restriction

of A(K) to 21eK.

THEOREM IV.1.8. The map a y al .atic is a bijection from the 

centre of A(K) onto the set of (L-continuous functions on -�,e_K. 

We have only to show that if a belongs to the centre

of A(K) then at 
K 

is ICI-continuous. 	 It suffices to prove
i 

that	 Kalt	 is u.s.c., since -a also lies in the centre of A(K).e_
I.e. to prove that for all oc e

;4_ = .(k	 a(k)>,	 = Fn t_K

where F is a closed split face of K. Without loss of

generality we assume 0 a 4 1 and 0‘ oC -� 1.

By Proposition IY.1.7 the function

an = [(a + (1 - ot.)1K)A1K]n

lies in the centre of A(K) for n = 1, 2, ... As the operations

are pointwise on raj,

lim
n an

(k) = 1 (k F C.j

= 0 (k a e_K \ CO.



-98-

Also (a
n
) is decreasing on 	 and hence on K. Define

b(k) = inf an (k) for all k EK, so that b is u.s.c. and affine,

whilst also 0	 1 . Hence

	

F =	 b(k) =

	

and G =	 K : b(k) = 0/

are faces, the former closed and the latter a Gs. As q4 = Fn?oe_K

it remains only to prove that F is split.

As c is u.s.c. and affine, and coincides with (4 on
t 1

	

c = X,. By 111.2.1 F' =	 iL; (0) = G, and by 111.2.6

F is a parallel face. Suppose

+ (1	 - X)y =	 +	 (1 - ?n )Y'	 (it)

with x,x/ E F, y, y' E G and that y y'. Let f EA(K) be such

that f(y)	 f(y'). Let dn (k) = an (k)f(k) (k ' e.K) and an e A(K)+.

Again (dn ) is decreasing on'6cK and hence on K. Let d = inf dn

and again d = (fICF)1,�0e.;\, so that d = f on F and d = 0 on G.

Applying d to (E) we obtain Xd(y) = Xd(y'). Hence f(y) = f(y')

contrary to assumption. The proof is now complete.

COROLLARY 1V.1.9.	 The centre of A(K) is precisely A(K). 

An alternative characterisation of A(K) is available to

us. We define the ideal centre of A(K) to be the set of all

linear operators T on A(K) which are order bounded, i.e. for

which there exists XE fik with -XI ‘“.7n I, where I is the

identity on A(K). Trivially we have:

PROPOSITION IV.1.10. The ideal centre of A(K) is an Archimedean

ordered Banach space with order unit I. 

We may thus endow the ideal centre of A(K) with both

the operator norm,IIop, and the order unit norm induced

by I, 11 11, . In fact we shall see that these norms coincide.
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THEOREM IV.1.11. The map K
 is an order preserving

bijection of the ideal centre. of A(K) onto A(K). Further for 

all T we have HT Il  op  = I/ T III  = H T101.1.

We regard a€A(K) as both an affine function on K and

as a linear function on A(K)*. We identify K with the state

space of A(K), noting that if keieK then k lies on an

extremal ray of K, i.e. if 0,� m k then m = Ntk for some 04_ G

(compare Proposition 1.1.14). T* will denote the adjoint

operator on A(K)* which is also order bounded, as may be

easily verified, and is positive if and only if T is.

To see that T1
K
 A(K) , suppose a E A(K) . We claim

that if	 (T1K)(k)a(k) = (Ta)(k), showing that T1 K 1(K).

We may suppose T is positive by adding an appropriate multiple

of I. Then 0 .�. T*k ‘,..k if	 so in particular if k E "EIC

then T*k = Xk. It is clear that X = 11T*k11. Now if k

(T1 K
)(k)a(k) = 1

K
(.T*k)a(k)

= 11 T*k11 a(k)

= a( 11 T*k 11 k)

= a(T*k)

= Ta(k),

as claimed. As the map f H T f where (Tfa)(k) = f(k)a(k) for

all ke"?teK is obviously the inverse of T t---)T1 K this latter

map is onto.

It is clear that the map is order preserving. We prove

the assertions about the norm. From definition of the operator

norm we have

II T 11 op%in T1K II
.	 * )

As (T1K)(k)a(k) = (Ta)(k) for all ke	 we have

1(Ta)(k)1‘ la(k)III T1 II for all k E

so that
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IlTa	 11 a

I.e.

.

If a >,.0 from the definitions we have

IIT1KII a(k)‘ (Ta)(k)	 11T1 K 11 a(k) for all k E

so that

112101	 T 'IVO I

II T II I	 11T1K11

Finally,

!ITU I I‘ T <IIT IIII

IITII 
/ 1 K 4T1 K	 IITIL 11K

IIT1 K 11	 MT II I.

Combining (0), (00), 	 (1-tt) and (C000) proves the equalities.

and

SO

and
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2 The split face topology for simplexes. 

By 11.3.7 every closed face of a simplex S is split,

so in this case the a-closed subsets of 	 are precisely

the sets Frn tS for any closed face F of S. This should

endow the centre of A(S) with some extra properties, and it

indeed does. The first thing that we note is that the

GL-topology is T 1 (i.e. every singleton is closed). If S

is a Bauer simplex then the 1-topology and the relative

topology on 2reS coincide. In fact now A(S) = A(S). It is

always true that A(S)	 0 as the constants always belong to

A(S). However there need be no other members of A(S), even

in the case of a simplex. We are however able to provide

alternative characterisations of A(S).

THEOREM IV.2.1. Let S be a compact simplex, a € A(S). The 

following are equivalent: 

al as is OL-continuous. t 

a is in the centre of A(S). 

a belongs to some subspace of A(S) that is an 

algebra under the operation of multiplication pointwise on 2.e.S. 

For all xe	 the pair (a,X1
s
) has a supremum 

in A(S). 

(1) 	 >(2) is Theorem IV.1.3,	 (2)=>(3) by Proposition IV.1.7

and (3)===>(4) by noting that we may adjoin the constants to

the subspace of (3) and then close it and it will remain an

algebra. Now (4) follows by Lemma IV.1.6. We must prove (4)==>(1).

If 00=c, IR , the set fke	 a(k)‘06 is equal

(as the lattice operations are pointwise on 2 4,S) to fk E aQS :

(avoL)(k) = ot.1 = %Srs fk es : ( avot)(k) =oLj. *ince

the latter set is the set where avot attains its infimum

it is a closed face of S. Thus alleS 
is OL-1.s.c. Also



ke a eS	 a(k)>,c4} = tke 3e_S : (av 04.)(k) = a ( 103 =

'"a tS	 e S : (a v ot)(k) = a(k)1 and again the latter set is

a closed face since a vac a. Thus 	 Sal

	

	 is 01._-u.s.c. and'ae
hence ca-continuous.

COROLLARY IV.2.2. Let S be a compact simplex, then

There is a largest lattice ordered subspace 

of A(S) containing the constants. 

There is a largest subspace of A(S) that is an

algebra for the operation of pointwise multiplication on af,S. 

Further both these subspaces coincide with A(S). 

We turn now to some properties of the 0...-topology for

metrisable simplexes. We first need some more information

about &.-convergence. If k GS, Q(4...) will denote the smallest

closed face of S containing k.

PROPOSITION IV.2.3. If keS, y e MQ(k)) and (xc,c) is a net 

in 2eS converging to k, then (x.,0 QL-converges to y. 

If not there is an (1-closed subset D of "�tS such that

E D frequently whilst y D. If D= ZeS n F for F a closed

face of S, then (x,,c) is frequently in F so k = lim xoc E F.

Hence y E Q(k)C,F, and as y is extreme yeD - a contradiction.

A partial converse to this is provided by:

PROPOSITION IV.2.4. IL...C34) is a sequence in "a tS converging 

to k l and (x F ) is a subnet of (xn.)%L . converging to yE 2^S,

then y E Q(k). 

If y Q (k ) there exists N such that /.1 . .N implies

xn y. Let R = f xn :	 v Q(k), a closed subset of S.

Since n	 C '6eK, R is dilated and hence F = co(R) is a face
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of S, by 11.3.2.

If y+R then y4 F else y would be an extreme point of

F and hence in R. I.e. a QS\F is an QL-neighbourhood of y.

Since (xp) CZ-converges to y, eventually xp +F. But (xF) is

a subnet of (xn
) so is eventually in R/ a contradiction.

Before proving the main result we have a lemma:

LEMMA IV.2.5. Let S be a metrisable simplex, and RC'e„,S be 

a- compact. If a eA(s),	 and a(r)>0 for all re R, then 

there exists S> 0 such that a(r)> £ for all r eR. 

If not then for each n there is r
n
e R with a(r

n
)<1/n.

Choose a subsequence (rm ) converging to k in K, then

a(k) = limm a(rm) = O. Choose a subnet (re ) of (rm ) which

a.-converges to y R, possible as R is a-compact. By IV.2.4

y E Q(k). Since a(k) = 0, aI Q(k) = 0 (as a	 and hence a(y) = 0,

a contradiction.

Suppose S is metrisable, then A(S) is separable (1.1.17)

sowemysupposefa.:i = 1, 2,...1 to be a dense subset

of A(S)+ . Define

U(i,n) = fice	 ai(k);>1/n1 .

THEOREM IV.2.6. Let S be a metrisable simplex and kE '4S. The 

following are equivalent: 

k has a countable O.-neighbourhood base. 

k has an k-neighbourhood base of &Z-compact sets. 

(1)	 (2). Let Q be a closed face of S not containing k,

then we must find an O.-compact a-neighbourhood of k disjoint

from Q. Choose a EA(K) + such that aI Q = 0, a(k)	 0, possible

by Edwards' theorem. Let Q n be an increasing sequence of
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closed faces of S such that f aes Qn`l is a basis of

aL-neighbourhoods at k. We claim that for some N,

[ye 2 eS : a(y)< 1/NI CAN•
	 (EE)

If not, for all n there is x n G "ao such that a(xn) <1/n and

x
n
O

n
. Choose a subsequence (xm ) converging to x GK. Then

( xm ) a-converges to k, so k GQ(x). Since a is continuous

on K, a(x) = 0 and hence a(k) = 0, a contradiction.

Now {ye aeS a(y)); 1/111 is 11-compact, for if

( D
.1s

) is a family of (9._ -closed subsets with the finite

intersection property, let F. be closed faces of S with

Dv = ?If n Cy e Z.eS : a(y)),1/N3 . The family of all sets of

the form F.toiN Or es : a(y) .›.-1/N1 has the finite intersection

property so (\Fr n {3r eS : a(y) \)>1 /N1	 0. As a attains its

supremum on rwi. at an extreme point we have (\D. =
(\Fi n fye eS a(y)1/N1	 0. Also f yG aeS : a(y)	 1/N1

is an a-neighbourhood of k, since it contains "),S \ QN.

As aI Q = 0, this is the required a-neighbourhood.

(2)(1). We claim that the set [U(i,n) : i,	 n G 21+ 3

contains a (necessarily countable) neighbourhood base of k.

If Q is a closed face of S not containing k, let a eA(s)

with aI Q = 0 and a(k)	 0. Let Q' =	 x E S : a(x) = 0 l ,

a closed face of S containing Q, whilst lc+ Q' . Since Q'	 ZeS

is an a-neighbourhood of k, there is an 1-compact

_-neighbourhood R of k such that RrN Q' = 0. Then ap. O, so

al R >2/n for some n by Lemma IV.2.5. Choose i so that

II ai - all < 1/n, then ai l R >1/n so RCU(i,n). Since R is

an a.-neighbourhood of k so is U(i,n). Also ai 1 Q <1/n so

Q nU(1,n) = 0 completing the proof.

We have in fact proved:
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THEOREM IV.2.7. Let S be a metrisable simplex, then the 

following are equivalent: 

The a-topology is first countable. 

The a-topology is second countable. 

(3) The artopology is locally compact. 

(2)==>(1) a fortiori.

(1)=2(3) by IV.2.6.

(3) 	 ;>(2) because under the assumption that every

point of ae S has an a-neighbourhood base of a-compact sets

the proof of (2)==i>(1) of IV.2.6 shows that fU(i,n) 	 n = 1, 2,...)

contains an a-neighbourhood base for the &-topology on 'kS.
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3 Parallel face topologies. 

The characterisation of A(S) given in Theorem IV.2.1

do not remain valid when S is replaced by an arbitrary compact

convex set, as may be seen by considering, for example, a

square. In this section* extend the notion of a facial

topology to enable us to produce a result similar to IV.2.1.

The role of split faces will be played by certain families

of parallel faces (see the definition before 111.2.6).

We define a family 3 of parallel faces of a compact
convex set K to be topological if it is closed under finite

intersections, finite convex hulls, intersection of downward

filtering families and if it contains 0 and K.

We deal first with ways to construct topological

families.

LEMMA IV.3.1. Let '3 be a family of parallel faces of K, closed 

under finite intersections, finite convex hulls and containing 

0 and K. Let g(10) be the family obtained by adjoining to 

the intersection of downward filtering families of "Z. Then 

S( -3) is a topological family of parallel faces of K. 

That each member of S( `3) is a parallel face is

because
A

( inf %F ) = inf (a. 

(by 1.2.7) when F = r\g4 for (FO a downward filtering family

in	 By 111.2.6 (1(FoL)A is affine, so (X
F

)A is affine and

F is a parallel face by 111.2.6 again.

Suppose F = npoc , G = r‘G t; are in S(.3). Then
A

F y-NG = (Th\go, GpG S(1).
AxB

If M = co(FvG), then
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N = r\co(Focv 	 e S Ca ) and
AxB

Let x GN, then for all 01:43 there is ya,it eF , zoc,0 e G

and X0,0 e[0,1] such that x = 7k (40 y 0,0i + (1	 - X,„(03 ) zot,01 . We

may construct a directed set with terms in A XB such that

e[o0], y.4,0 --4ye F and za.,f1---->z GG, and then

x = Xy + (1 - ))z. Hence N = M, and g(`g) is closed under

finite convex hulls.

Finally let F,A e s(3) with 114 downward filtering.

For each 0( , let (04 )	 be a downward filtering family
E	 n

from	 with intersection	 TheThe family	 Floti 3 is
j=1 j

contained in '9, is downward filtering, and has intersection

n Fa. . I. e.	
Ois 

Fa e 8(3)•
01 

Finally that 0 and K lie in g('3) is because they were

given to lie in -9 .

An obvious topological family of parallel faces is

the family of all split closed faces of K. One way to

construct new topological families is the following:

PROPOSITION IV.3.2•	 Let K, K' be compact convex sets and 

: K	 be a continuous affine surjection such that 

y ( �e.K)CeK'. If	 is a topological family of parallel faces 

of K', then	 f -1 (F) : F E a3 is a topological family of 

parallel faces of K. 

That	 np 
-1 

(F) is a parallel face again uses 111.2.6.
A

(% ,_1 (F) ) = inf	 h : he A(K), hVC0-1(p)

inf	 f goy : g EA(KO,

= (XF)A ° r •

Now r)(.,	
(F) 

p is u.s.c. and concave, ( c)(
F	

kso is u.s.c.
f`
-1

and affine. Both take value 1 on *e_K n	 (F) and 0 on
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a eK1/4? -1 (F), so are equal by 1.2.2. I.e. ( rkri (F)) is

affine and kis, 
-1 

(F) is a parallel face.

The intersection properties are trivial. We must prove

that the family is closed under finite convex hulls. Let

F, GE -3 so that also co(F nJG)E	 It is clear that M =

co(y- 1
(F)v sio -1 (G)) cl -1

( co(	 G)) = N. If x e VI then

xe'e_K as N is a face of K. Hence y (x) 6 .eK'rn co(FvG), so

(x)e .. e. F nJeG. Hence x E y ( F) r' T
-1 

(G)CM. By the Krein-Milman

theorem it follows that M = N, so M belongs to the family.

The reason for introducing topological families is

of course the following:

PROPOSITION IV.3.3. 	 If '7:1 is a topological family of parallel 

faces of K then the sets FrN'a tK for F e 3 are the closed 
sets for a compact topology on "eK. 

Such a topology will be termed a facial topology on

"at_K. We can extend to this context Corollary IV.1.4.

THEOREM IV.3.4.	 Let	 be a facial topology on 

Let f	 'Z4K---.Z., be a positive 	 -u.s.c. 

function. Then f has a unique extension f : K---)4. which is 

positive, u.s.c. and affine. 

Let f : 4K---=Ok be 1'-continuous. Then f

has a unique extension fGA(K). 

(1) Suppose 0‘..f,g1 and let n be a positive integer. The

set

fice- a eK	 f(k)7ii/n1

is 1--closed, so is of the form 'AeKeNF
i,n 

for F
i,n 

a parallel

face. Define

Tn =	 - (1/n)(94. 	 )4*i=1	 1,n
Then 1p is affine, u.s.c. and IV (k) - f(k)I ( 1/n if kee..K.

Tn	 lin
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It follows that IlT n -	 „,;1/n + 1/m using 1.3.2. Now

Co n converges uniformly on K to f which is u.s.c. and affine.

As it is clear that fl aeK = f we are through. The uniqueness

follows from 1.2.3.

(2) Choose a, bE R. so that f +	 b - f�.0. Then

u = (f + a)h and v = (b - fr are positive u.s.c. and affine.

Now u - a and b - v are affine and respectively u.s.c. and l.s.c.,

••n

and coincide with f on K. Hence f = u - a = b - v is

continuous (1.2.2) and extends f. Agaia 1.2.3 gives the uniqueness.

If '1` is a facial topology on '" e K, let lir, denote the

set of all extensions to A(K) of I7-continuous functions

on V. The following result is easily verified.

PROPOSITION IV.3.5. If *-r is a facial topology on 'aeK, then

H.T. is a commutative Banach algebra and an M-space for the 

order and norm induced from A(K), and multiplication

(a,b)%-- ► a ob where 

(a0b)(k) = a(k)b(k) for all kG";eX. 

Further the lattice operations satisfy 

(avb)(k) = a(k)v b(k) for all k e 

We can use facial topologies to strengthen the

equivalences of 1V.1.5. The proof is the same, using Theorem IV.3.4

instead of Corollary IV.1.4.

PROPOSITION IV.3.6. The following conditions on a compact 

convex set K are equivalent: 

K is a Bauer simplex. 

There exists a Hausdorff facial topology on .�.eK. 

Let A(K) be the union of all the subspaces HI. of A(K),

as 1; ranges over all facial topologies on 'V. We can use this

set to extend the characterisations of Theorem IV.2.1 to the
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A
non-simplicial case. We emphasise here that A(K) need not be a

linear subspace of A(K), as for example when K is a square.

THEOREM IV 3 7 Let K be a compact convex set and a A(K), then 

the following are equivalent: 

There is a facial topology 1' on "e. K such that 

alK is `∎ -continuous. at 

There is a subspace of A(K) containing a 

which is an algebra for the operation of pointwise multiplication

on ZeK. 

(3) For all finite families of pairs of reals 

LoLij_g_ill_ALL_1.e1+13.)exists in A(K). 
i=1

(1) 	 ).(2) is IV.3.5 and ( 2 ) 	 >(3) follows from

Lemma IV.1.6 after adjoining the constants to the subspace

and closing it.

(3) 	 >(1). The set r- of all functions of the form

V ( °4 ja + i ) is a cone that is closed under suprema. By
i=1
Lemma I.1.16	 r - I-- is a sublattice of C(K) containing the

constants and a. The same will be true for W = r - r . We
may identify W with A(S(W)) and as W is a lattice S(W) is a

Bauer simplex and W is isometrically order isomorphic to

C(a) where a = 't(S(W)).

Let I be the natural injection of C(JL) into A(K),

then the associated continuous affine function IT :

is easily seen to be onto and extreme point preserving. By

Proposition IV.3.2 the family 71- -1 (F)	 F is a closed face

of P(SL) '1 is a topological family of parallel faces of K.

The functions of W are easily seen to be continuous for the

associated facial topology, and hence (1) is true since a E W.
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COROLLARY IV.3.8. Let K be a compact convex set, then the 

following three sets coincide: 

1LEIL
The union of all the subspaces of A(K) which

are algebras for the operation of pointwise multiplication on Ze_K. 

(3) The union of all the vector lattices contained 

in A(K) which contain the constants. 



-112-

4 Hull-kernel topology. 

For a class of compact convex sets, the 0,_-topology

on WeK is closely related to a "hull-kernel" topology that

is similar to that for algebras. If kc ' e. 1( we let Fk denote

the smallest closed split face containing k. We first study

a "structure topology" on the family -CFk k E ;e1C} . We

consider compact convex sets which satisfy StOrmer's axiom:

If .{: Fa,	 E Al	 is a family of closed split faces 

of K then co(tJ. F.,„) is a closed split face of K. 

PROPOSITION IV.4.1. Let K satisfy StOrmer's axiom. The set 

= fFk • ke '4K1 can be topologised by the closure operation•

sl--9 7 where T = fFe	 : FCco CG : G e S11 . 

The map k b—>Fk is continuous and open from the 

a-topology of 'leK to this topology of	 . Moreover for this 

topology S is To.L

Clearly 7 = 0,	 =', and SDS for all S C	 If

H ES then by definition HCcolL/G, so that co UHCcoUG,
_	 GES	 HES	 _Ges

and hence S = S. It remains to prove that S trT = Su T. That

Ski TC S u T is trivial. Suppose F
k
E S vT where k E a eK. Then

F
k
C co L) G and so k e co V

GESuT	 GeSUT
Since k E aQK we can apply Milman's theorem to obtain

k E Li GC UGki U G. By symmetry we may assume k E UGC-co( U G).
GeSvT	 GES	 GeT	 GES	 GES

By St$rmer's axiom the right hand term of this last relation

is a closed split face. Hence FkC co U G = F. I.e. S vT =
GES

and it follows that S 	 is a topological closure operation.

Let S be a closed subset of E. and consider the set

= .C. ke aeK : Fk E S . We shall have

Fk E S44FkCcoUG4kE coJG,
GES	 GES
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where the last equivalence follows by St$rmer's axiom. Now

S = ' eK(N coU G is closed in -DeK for the a-topology. I.e.
GeS

we have proved that kl--->F
k
 is continuous.

To prove that kr--->Fk is open, suppose UCl eK is %-open,

so that U =	 F where F is a closed split face of K. We

must show that .fFk : kE Ul	 is an open subset of

Suppose H 6 E -c
Fk : k EU1 , then H = Fx for some

x e "�, ,J, and we must have x E F for else x e U and then H= Fx E

Fk : k E U . Hence H = Fx	F so we have shown that

FDco U{H H E G \ .CFk : kE U} .
If k EU then 	 CH : H e \ { F

k 
: k U3 -} because

of the last inclusion. It follows that FIA co V{, H H

k 
• k E U1/ whenever k EU. By definition of the topology

on S this suffices to prove that	 . Fk : ke U3 is open.

Finally let F, G belong to	 E and suppose Fef G. Then

TG-11- = {,HE g : HCG '1 so that F Gray. Hence E\ f G3

is an open neighbourhood of F not containing G, which shows
that the topology is To.

This topology we term the structure topology on C .

A continuous affine bijection of K which leaves

invariant all the faces CF k : k E aeK3 is termed an inner

automorphism of K. The set of all such will be denoted by U.

We say that K admits sufficiently many inner automorphisms 

if for each k E `tK,

F
k 
= co .Cot(k)	 e	 .

PROPOSITION IV.4.2. If K is a compact convex set satisfying 

St$rmer's axiom and admitting sufficiently many inner automorphisms, 

then
k
 is open from ZeK with the relative topology onto 

S with the structure topology. 
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Let V be open in K, and we shall show that -f Fk kE V r. add

is structurally open in 	 C. If this is not so, suppose

there is G = Fk for k
o

e Vrn Z eK such that GC co UCH H E

Fk 
: kE VnaeKJ	 . We may transform this to

GC.co(eK r\ UCH H G E	 : k E Vr.	 ),

and then by Milman's theorem koE 2neK n U .C H : H e	 Cpic k e VrN ZeK1	 .

As V is an open neighbourhood of ko in K, there is thus ki

such that

E Vr\ -6 e_K	 H E	 {Fk : k E	 '4K1	 .

We now choose x E .6eK such that k
1
 E V r, " e K n Fx 

and such that

F
x 	Fk

 for all k e VrN 2teK.

It follows from the existence of sufficiently many

inner automorphisms that

k
1
E co . (:)L(x) : oCe	 ,

and by Milman's theorem

k i e	 of ( x ) : 04 E U .

Since V is an open neighbourhood of k
1 there is

y e V 1-\	 (x) : oC E	 . Now ye B eK since every ck G U maps

"-� eK onto itself, so y F V eNbeK and hence x e Fy. This clearly

implies that I?	 = Fy , which is a contradiction, so the proof
X

is complete.

We may apply these last two results to obtain a

characterisation of Bauer simplexes amongst all simplexes

promised in Chapter I.

THEOREM IV.4.3.	 If S is a simplex the following are equivalent: 

S is a Bauer simplex. 

If F is a face of S, then so is T. 

(3) S satisfies St$rmer's axiom. 
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(1) 	 >(2) is Theorem 11.2.6.

(2) 	 >(3).	 Let CFO be a family of closed faces of S

(automatically split by I1.3.5), we must show that co(UF.4.)
is a face of S. By (2) it will suffice to prove that co(UE4)

is a face of S.

If k =	 X.k. Eco(lAJ, where	 Xi = 1, X i> 0 and
i=1	 1	 i=1

ki G Foci for i = 1,	 n, let G = co(F.41 	Fan) so
that k E G. By 111.2.4 G is a (split) face of S so that if

k = px	 (1 - p)y where x, y	 0<;p1(1 then x, yE GCco(U Fes).

It follows that the latter set is a face as required.

(3)—	 .3(1).	 As S is a simplex, F k = Ck) whenever
k E 'deS. It follows that the map kv--*F k is a homeomorphism
of ' e. S onto S when	 hashas the structure topology, and

has the a_-topology (IV.4.1) or the relative topology (IV.4.2,

the existence of sufficiently many inner automorphisms being

trivial). It follows that the a-topology and the relative

topology on Z eS coincide. Now S is a Bauer simplex by Theorem IV.1.5.

We turn now to the hull-kernel topology. We call an

ideal J in A(K) fixed at kE . EIC if a(k) = 0 for all a E J. By
the duality of near lattice ideals and closed split faces

of K, we have:

PROPOSITION IV.4.4. If k*'�eK there exists a largest near 

lattice ideal J
k which is fixed at k. In fact jk = a E A(K) 

aiFk
We emphasise that Jk is only maximal amongst near lattice

ideals fixed at k, and is not necessarily maximal. Such an

ideal we term a primitive ideal. The family CJk : kE "kK1
is termed the primitive ideal space of A(K), Prim(A(K)).
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LEMMA IV.4.5. If K satisfies St$rmer's axiom, and f F4,3 is a
family of closed split faces of K, then 

	  Fo() = 	 Fot 

(c3(yFia)).." 

It is easily verified that co( \../ Fee)C( () FeL
-1. 

)L. To

prove the reverse inclusion, let k E K \ co( 	 Fes). By

Hahn-Banach separation there is a E A(K) with a(k) 0 and

a(0 on co( Øy 	 . By Theorem 111.2.11 there is b E A(K)
such that b a and bl co( u F	 = 0. Now b E QFy and b(k)> 0

so that k (( Fa -L )--L . Hence co(	 ..-) 11(4. ) = (	 poi-L )-4 . The
of	 or,

verification of the second inequality is now trivial.

If I C.Prim(A(K)) we define its kernel to be the set
k( )CA(K),

k( g) =	 (Th J.
JE1

If K satisfies StOrmer t's axiom then Lemma IV.4.5

tells us that k(6 ) is a near lattice ideal of A(K). If

I is a near lattice ideal of A(K) its hull, h(I), is defined by

h(I) =	 CJE Prim(A(K)) : ICJ3 .

PROPOSITION IV.4.6. If K satisfies StOrmer's axiom the 

operation 4	 h(k(t )) is a closure operation on Prim(A(K)). 

Ft-->F4 is a homeomorphism of S with the structure 

topology onto Prim(A(K)) with this topology. 

If SC-	 define	 =	 111- : F E Sl. By Lemma IV.4.5

we shall have

co( `,/ F) = ( ("") FrL ) L = ( rt.TY4 =	 )L.
FE S	 FES	 JE

Hence we have the following equivalences if GE

G E S4==>GCco( UF)
FF S

4-->GCk(1 )3-
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4		  k(j )C:e

>G1Eh(k(0)).

This shows the desired homeomorphism.

We call this topology the hull-kernel topology on

Prim(A(K)). Combining this last result with Propositions

IV.4.1 and IV.4.2 we obtain:

THEOREM IV.4.7. If K satisfies St$rmer's axiom then the 

hull-kernel topology of Prim(A(K)) is To , and the map ki--->Jk

is continuous and open from the a-topology of a,K to the 

hull-kernel topology of Prim(A(K)). 

THEOREM IV.4.8. If K is a compact convex set satisfying

St$rmer's axiom and admitting sufficiently many inner 

automorphisms, then the map kt--- !)Jk is continuous and open 

from the relative topology of Zcic to the hull-kernel topology

of Prim(A(K)). 

Hence Prim(A(K)) is a Baire space in the hull-kernel 

topology. 

The last remark follows from the fact that '. eK is a

Baire space for the relative topology (1.1.4).



CHAPTER V

MORPHISMS OF COMPACT CONVEX SETS 

1 General morphisms. 

If K 1 and K2 are compact convex sets, we term a

continuous affine function it : K 1 ---4n K2 a morphism of K1

into K2 . We look first at the possibility of extending

functions defined on the set of extreme points of K 1 with

values in K2 to a morphism of K 1 into K2 . We deal first with

the case that K
2
 is a subset of the reals.

Let S be a cone in C(X), for X a compact Hausdorff

space, containing the constants, separating the points of X

and closed under finite suprema. The upper S-envelope of f

is defined by

A
fs (x) = inf fg(x) :	 g	 .

Define a pre-order on M(X) by u.<81) if and only if

u(f)‘ •y (f) for all fE S. The following result may be proved

similarly to 1.3.8.

PROPOSITION V.1.1. If S is such a cone and u E M
+
(X) the 

following are equivalent: 

u is <;s-maximal. 

p_ds) = w(f) for all fE C(X). 

(3) p(f‘s ) = u(f) for all f S. 

Proved similarly to 1.3.10 is:

PROPOSITION V.1.2. If S is such a cone and v E M(X) there is 

a
s
-maximal /.1 EM(X) with u

s

Finally before the main result we have:
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LEMMA V.1.3. Let K be a compact convex set and f : 

A
be such that f and f conincide on X = b t.K. Let A = fa' X : a e A(K)1 

and A be the smallest cone closed under finite suprema 

containing A. Similarly let B be the linear span of A and 

= fl =	
and take B

▪ 

to be the smallest cone containing 
iX

and closed under finite suprema. Now 

for all gec(x). 
A	 A

Clearly gi-3. ,� g-At. To prove the converse suppose x E X and

> O. Now there is a
o

e AM and X e IR such that

aoix x1 ' a o (x)	 a( x ) < 43( x ) + 812.
There are three possibilities:. if X> 0 choose a l E A(K) with

= l‘l x ‘ a i l x ,
	
a1(x) <f(x)+ E/2X.

If X<0 choose a 1 EA(K) with

a ilx 411 =	 1(x)	 E/2?, <a 1 (x).

If X = 0 any choice of a 1 will do. In any case we have

(ao 	7' a 1 ) IX' a o (x)	 Xa 1 (x)	 h (x)	 E •

Since E> 0 was arbitrary, this means that	 and the

lemma is proved.

It follows that the orderings ‹ .-A and 4( ,)5 coincide on

%Is

M(X). Furthermore as A is dense in the set of restrictions to

X of continuous convex functions on K, both these orderings

coincide with the usual order on M(X),-<, when this is

considered as a subspace of M(K).

THEOREM V.1.4. Let K be a compact convex set and f : ZeK ---> 

be a continuous function. f can be extended to an element

of A(K) if and only if the following two conditions are 

satisfied: 

(1) 	 1,6,0c..._
aeK
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A	 V
(2) The common restriction of f and f to ZeK is 

annihilated by every boundary affine dependence. 

The necessity is obvious. To prove sufficiency we

adopt the notation of lemma V.1.3, and note that we must

prove that f E A. For this it will suffice to prove that

if p G M(X) and j(a) = 0 for all a e A then p(?) = 0, so we take

p to be such a measure. Let vt = 091 1 -	 c:42 p2 where X 1 , 04
2

and p 1 , ij 2 e P(X). Let Vi be maximal measures on X with

'v	 Ili, which is possible by V.1.2 and the remark before

the proof. If k E B then again using the coincidence of

the three orderings, p, i (k) < Vi (k) and µi (-k)	 v i (-k) ,

so that V i ( f) = p i (7) and	 vi (a) = p i (a) if a E A.

By assumption ( 	- a_2 112 ) (a) = 0 for all a e A so

also ( c( 11 - oC
2
'V

2
)(a) = 0 for all a E A. As ( 1v

1 -1,
2

)

is a boundary measure, hypothesis (2) tells us that

(X1 1 - o(2 v 2 ) ( F) = 0. Hence p(f) = 0 as required, and

the proof is complete.

COROLLARY V.1.5. Let K
1 and K2

 be compact convex sets, let 

y : '6e_K 1 ---÷ K2 be continuous and assume that (a	 )
A

l

(a 0 1) ) I
K 

for all a 6 A(K
2
). Then 1) is uniformly 

t 1
continuous with a continuous extension 	 : '"64,1C 1 ---> K2 . If

whenever 1.1 is a boundary affine dependence on K 1 , v is an 

affine dependence on K2 , then y can be extended to a

morphism of K 1  into K2.

A
If a A(K2 ) the common restriction of (a 0 y ) and (a 0 T)v

to 2eK 1 is continuous, hence uniformly continuous. Hence

aotf = (a y)AracKi

on Ze_K i for every a e A(K). By compactness the weak topology

on K2
 (defined by A(K2

)) coincides with the given topology.

= (a ° Vv1
'eK1 

is uniformly continuous
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Hence tp : 2.e.K 1 ---5K2 is uniformly continuous.

A	 V
Let a EA(K2 ), then (aoy) 1 .7= - ( ao ?) 1,	 aotp , so

° en 1	 ° elk 1
for every boundary affine dependence 	 v on K1,

f ( a ;C., ) d y = f ad v = O.

Hence by Theorem V.1.4 there is a' EA(K i ) with Vi z K = aof .
e 1

If ke K1' let p, 0' be boundary measures representing k,

and let z, z' be the resultants ofcpp, tiOp' respectively. We

claim z = z', for 0 - p' is a boundary affine dependence

on K
1' 

hence 'q -tpp' = tp(p. - p') is an affine dependence on

K2 , so yp and ?0' have the same resultant. Define 'f : K1--.4K2

by y(k) is the resultant of F0 where p is a boundary

measure representing k. Clearly 
S151 .3.eK1 

= y for if IcE- aeKi

the only measure representing k is E

We must show that y is continuous, it being clearly

affine. We retain the above notation.

a'(k) = f a t d4 = f (ao p )d0 = fad(i0 = a(z) = a( ; (k))
whenever a eA(K2 ). Hence a' = aoy so ke is continuous from

the given topology of K 1 to the weak	 topology of K2 , which

again coincides with that given. Hence y is the required

extension.

We turn now to projective compact convex sets. We refer

the reader to [39 ] for a definition of a category. We consider

here the category whose objects are compact convex sets and

whose morphisms are continuous affine maps.

PROPOSITION V.1.6. A compact convex set K is projective if 

and only if whenever X and Y are compact convex sets

TV : X---e Y is a surjective morphism and y : K---4Y is any 

morphism, then there is a morphism	 : K--.4. X such that y = it 



-122-

The reader may either take this to be a (trivial)

result using the definition of projectivity given in [39]

or as a definition in itself. This will not affect later

work. We also need the following definition: a topological

space is extremally disconnected if the closure of every

open set is open. A compact Hausdorff space which is extremally

disconnected we shall term Stonian.

PROPOSITION V.1.7. Let J. be a compact Hausdorff space. The 

vector lattice of all continuous functions on JL is complete 

if and only if JL is Stonian. 

Suppose CM) is complete, and let G be a proper

open subset °fa. Let F be the set of all continuous functions

on St- with values in [0,1] that take value 0 off G. The family

is bounded above by the constantly one function, so has a

supremum, g. If 14- E G there is a function f 6 F with f(1.r) = 1,

by Urysohn's lemma. Hence g(1T) = 1 and since g is a continuous

function gra. = 1. If 14) fG then there is a continuous

function h on JL with values in [0,1] such that h(lx i ) = 0

and h = 1 on G. Thus h dominates all the functions in F, so

h)g. Hence g(1.11 ) = 0, and we see that g is the characteristic

function of G. As g is continuous, G is open.

Suppose conversely that St is Stonian. It will suffice

to show that every family F of non-negative functions in C(SL)

has an infimum. For each X)0 let

5 =	 14r: f( l.r. )<( X for some fe F}.

We see that 5 is open, Gx C:G4 is )4 4 and UfGx : > 0} =

For each 1,-e A, we can therefore define

g(14-) = inf fX > 0 :	 Gx .

If p>0 then

fi..r •	 g (1.41<p3 =	 : < p .
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which is open, since A is extremally disconnected. If t40) then

{	 : g (-o )<p = n .f 5 :x>p1,
which is closed. It follows that g is continuous.

If T < g("ts") then 1.4- G? so f(`1.r)5 ?n for all f€ F.

Hence g‘f for all f E F. Suppose h E C(a) and	 f for all

E F. If	 E G	 then h(lz )< X. Since h is continuous,

C	 : h(Ir )‘ X . If g(l.r ) < X then 'LrE G? , so h(lr ),‘ X.

Hence	 g, so g is the infimum of the family F as required.

THEOREM V.1.8.	 In the category of compact convex sets and 

continuous affine maps the projective sets are the Bauer 

simplexes with extremally disconnected extreme point set. 

In order to prove this result it will be convenient

to work with the affine spaces. K is projective if and only

if for all compact convex sets X and Y and for all positive,

order unit preserving linear operators T : A(Y)---+A(X) and

A(X)---,A(K), with T (1,1), there is a positive unit

preserving U : A(X)--->A(K) such that U oT = S. If K is a

Bauer simplex with extremally disconnected extreme boundary,

then A(K) is a complete vector lattice by 11.2.3 and V.1.7.

The existence of U is now guaranteed by the monotone extension

theorem.

Suppose conversely that K has this property. We take

A(X) to be	 tw (K), A(Y) = A(K), S the identity on A(K) and T

the natural embedding of A(K) into A(X). Suppose U : A(X)--->A(K)

is positive and unit preserving with UoT = S. Suppose

ff.( : of e A3 C AM and that hEA(K) with h>,4. for all

°( E A. Let g be the supremum in A(X) of the family fTf oi oce Al

which is bounded above by Th. We claim Ug is the supremum of

the family	 ff,t : ocEA1 . We certainly have Ug >j U(Tf,c) =
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for all 0( E A. On the other hand if g' '“,,c for all ot G A, then

Tg'	 Tfc< for all 04-€ A, so Tg'	 g. It follows that

g' = U(Tg') �„ Ug. Thus Ug is the required supremum. We

have thus proved that A(K) is a complete vector lattice,

so K is a Bauer simplex, by 11.2.3, and with extremally

disconnected set of extreme points, by V.1.7.
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2 Extreme morphisms. 

Let K 1 , K2 be compact convex sets, and let A(K1,K2)

denote the convex set of continuous affine maps of K 1 into K2.

An obvious question of interest is the nature of the extreme

points of this set. We shall limit ourself to simplexes. In

fact we shall need even more limitations in order to obtain

results. In the case that both sets are Bauer simplexes we

have a very nice characterisation of the extreme points. First

we need:

LEMMA V.2.1. Let V V  be vector lattices and T 	 •	 ->V
21-1--T2	

V
• 1--

be positive linear operators. If T l + T2  is a lattice 

homomorphism then so are T l  and T2.

Let a, b EV i , then if T l + T2 is a lattice homomorphism

we have:

T i (anb) + T2 (an b) = [T i (a) + T2 (a)].‘ [T i (b) + T2(b)].

It is clear that

T i (a) A T i (b) + T2 (a) A T2 (b) [T i (a) + T2 (a)] A [T i (b) + T2(b)it

and since T
1 and T2 are positive,

T 1 (a)A T 1 (b) + T2 (a)A T2 (b)) T 1 (a A b) + T
2
(a A b).

T 1 (a) A T 1 (b) + T2
(a) A T

2
(b) = T 1 (anb) + T

2
(aA b).

T 1 (a A b) = T 1 (a) A T 1 (b)+ T
2
(a) A T

2
(b) - T

2 (a A b)

T 1 (a) A T 1 (b)

yen b).

I.e. T
1
(a A b) = T

/
(a) A T

1 (b) and it follows that T 1 is a lattice

homomorphism. A similar proof shows that this holds also for T2.

Hence

Thus
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THEOREM V.2.2. Let a il 11  be compact Hausdorff spaces and 

it E A(P(0-1),P(d12)). The following are equivalent: 

lT E ze_A(P(a	 ),P(JI 2

A(Tr) : c(A2)--,,c(a1) is an algebra homomorphism. 

A(T ) : C(.11.2)-->C(.51-1) is a lattice homomorphism. 

11 (J11)CIL21.

We prove (1)==(2) 	 >(3) 	 (1X=7-(4),(	 	 (2).

Suppose	 iT is extreme, then A(7T) is extreme in the

set of unit-preserving positive linear operators from C(J12)

into C(J• 1 ), and conversely. Suppose aE-C(A 2 ) and that

(1/4)11. 2 ‘a (3/4)14. 2 , then (1/4)1 ‘.fL 1 ‘A(7r )8.((3/4)1jL1.

If we define

T 1 ( b ) = [A ( -  )a1-1 [ A (T )(ab)], T2 (b) = 4/3[1( -a ) 13 ] - 1/3T1(b),

then T
1
 and T

2
 are unit preserving and positive. As

A(T) = 1/4T 1 + 3/4T2 , T 1 = T2 = A(M). I.e. [A(lr )(ab)] =

[A(7 )(a)][A(-n)(b)]. If a is any element of C(31 2 ), there

are positive integers m and n such that

(1/4)1,51,2 (a - ml A 2 )/n< (3/4)1 a2.

Now A(-ri )((a	 m1a 2 )/n.b) = [A(7 )((a - m1a.2)/n)][A(i )(b)]

so rearranging we have A(TT)(ab) = [A(-tv)(a)][A(11- )(b)] as

required.

If A(-r ) is an algebra homomorphism, then for each

aE C(J1-2)t

[A(1T )(a) ] 2 = [ A (,r )(a2 )] = [ A ("Ti )(1 a 1 2 )] = [A(Tr )(1a1)]2.

As A(TT) is positive, 'A(iC )(a), = A(Tr )(I al), so A(7) is a

lattice homomorphism.

Now suppose A(71. ) is a lattice homomorphism, and that

A(11-) = XT 1 + (1	 X)T2 , where 0 <7 < 1 and T 1 , T 2 are positive

and unit preserving. By Lemma V.2.1 T 1 and T2 are lattice
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homomorphisms. Thus for all aec(a.2),

IXT 1 (a) + (1 -	 T2 (a)1 = (XT 1 + (1 - X)T2)(1a1)

= )tT 1 (lai)	 (1 - )) T2 (Ian

= XIT 1 (a)1 4- (1 - 2)1T2(a)I.

If T 1 (a)	 T2 (a) for some a.C(J12 ) then, as T i t a2 = 141 , we

can find b E c(a2 ) and sur	 till such that T i (b) ( 1J ).> 0 2>T 2 (b) (1x) .

However we have:

XIT 1 (b)( 140-)1 + ( 1 -	 1T 2 (b)(1,r)1 = IXT 1 (b)(1,7) + (1 - X)T2(b)(11

which gives a contradiction. Thus T 1 = T2 , so A(71) and hence it

are extreme.

If (4) holds, and if = Xli i + (1 - X)1T 2 with 0<;X<1

and ir i E A(P(A 1 ),F012 )), then 7r(14-) = X1T 1 ( 1.7") + ( 1 - 207T2(1x)

for all Ase- PM1 ). In particular this holds if -t•s-E. al , when

7r (' IAT)e dl'2' the set of extreme points of P(n. 2 ). Hence

7r 1 (1.r) =	 iT 2
( ` r ) if "Ix EJL1' and by the Krein-Milman theorem

7C 1 = 7 2 , so it is extreme.

Finally, let A(T. ) be an algebra homomorphism, and

let -14- E J1.2 . If a, b e C(a2 ), then

(ab)(7T-Lr) = [A(70(ab)](1r)

= [(A(Tr)(a))(A(IT )(b))](1-r

= [(A( Tv )(a))(1f)][(A(7r )(b))(1-r)]

= a(irt.r)b(Tt

Thus r" is a multiplicative linear functional on C(0,2 ), so

TrIre a2 (by (2)==:=1,>(1) with Ai a singleton). I.e.

ir(jt
1
 )C:kit,

2 and the proof is complete.

In establishing the equivalence of (1) and (4) we can

drop the assumption that the domain be a Bauer simplex, as

long as we require also that the co-domain be metrisable. In

fact we have:
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THEOREM V.2.3.	 Let S be a compact simplex, 	 a compact 

metric space and it E A(S,P1J11-)). The following are equivalent: 

it E	 '�,,,A(s,p(a)). 
f, g E C(JL)	 A(n )(fv g) is the supremum in 

A(S) of A(7T )(f) and A(it )(g). 

(3) Tr C�$ e_S C	 • 

( 1 )	 ( 3 )	 Define	 :	 ) ---›2m (a) by

1(p) = Iv G M(41)	 : 2p	 0 1.

We claim that	 is lower semi-continuous for the weak*

topologies on P(4.) and M(a). I.e. we have to show that if

p, eP(jt.), v E	 (p,) and U is a neighbourhood of v then there

is a neighbourhood V of p. such that	 (p	 U 0 whenever p'E V.

Let U be the neighbourhood of v ,

v' E M(a) :	 I f Afid v	 -	 fAficild < 1,

cf. E	 (a), 1	 i	 n 3 .	 (+)

Suppose C µ,,L1 is a net in P(A) converging to p for which

( Pc( ) n U = 0 for every ck , we obtain a contradiction. From

the Radon-Nikodym theorem there is a Borel function g on A-

such that 0 gs� 2 and dv	 = gdp. Choose g i E C(a) with

0	 2 and which satisfies

fa ig - g 1 1 dp< [2	 fill ]-i	 (1	 n, II	 � 0). (++)

(This exists as the unit ball of any Banach space E is

cs(E**,E*)-dense in that of E**) . If we define the measure

Vet, E	 ) by dv4,	 = g i dpc.L. then	 v0,, E	 (pd , and

Um.,	 I st, fid 	 = lim„	 f	 figidp„

=	 ig i dP -

We have

S sLfidv	 -	 rafidva I	 I Safigdp. - fafig i dd +

I	 figidp -	 figidp„(1•	 (++++)
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From (+),	 (++), (+++) and (++++) we deduce that Nbc, is

eventually in U and this is the desired contradiction.

Now let	 : P(01 )--> 2 P(`51) be defined by

I" (4) =	 ( Or. P(A). It is easy to see that	 is affine and

that ri(p) is weak*-closed in P(A) for each ti e P(J1- ). We

show also that	 is lower semi-continuous. Take p e P(t51.),

+(p) and p3 a net in P(A) converging to p. By the

lower semi-continuity of	 there are measures Va. e	 (44)

such that the net	 'C.Veci converges to v . Define

vim' = 	 vim. /I1%11	 (II 	 II	 1)

= [2(1 - II	 )p,	 + vb, ]/( 2 -	 )	 (Wt.!! <	 1)•

Clearly	 ye,'>,0, 2pa, - "V ac' 0 and	 = 1, so that

V . •€ ±(pod.	 Since lim,,11-xc it	 = 1 inlet, Vot ( 1 ) = v ( 1	 ) = 1 ,

the net	 fv oi ,.1 is weak* convergent to v . This suffices

to prove that '^ is lower semi-continuous, since v ,;4 ' 6-+(p ).

The map 'o-R' is lower semi-continuous and affine. If

('-eS)4,-f1-,	 then for some k e	 0 -Tr)(k)	 7T(k)1

We can now obtain a continuous affine selection	 -jr' of	 07T

with Tc t (k)	 Tr (k), by application of 11.1.8, since 	 is

metrisable, and hence so is P(Jt). It is now easy to see that

TT I 2	 - Tr	 e A(s,P(a)),	 Ti 	 and this contradicts

the extremality of 7t.

(3) 	 '>(2). If f, g C(A) and k e 2,0 then it is

obvious that A( -ir )(fvg) >, A(-n- )(f), A(Tr )(g). Suppose h e A(S)

with h,A(7-C )( f ), A(1T ) (g ).	 Then we have

[A(7T )(fv g)](k) = (fv g)(7t-k) = f(-Tt k)v g(n k)

= [A(IT)(f)3(k)v [A(IT)(g)3(k)

h(k).

By the Krein-Milman theorem, A(Ti• )(f v g)‘, h. I.e. A(-Tr)(fv g) is
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the supremum of A(7f )(f) and A(-rr )(g).

(2)	 (3). Suppose f, g C(Jt) and k e `4S, then

(fvg)(	 = [(A(ir )(f))v (A(1T )(g))](k)

= [A(ir )(f)](k)v [A(ir )(g)1(k)

= f(-rc k) v g(-Tr k)

I.e. 7C k is a lattice homomorphism of C(JL) into R., so

k ea by Theorem V.2.2.
(3)=#>( 1 ) is proved in the same way as (4)===(1) of

Theorem V.2.2.

If we no longer require that the codomain be a Bauer

simplex, it will clearly not be necessary that extreme maps

be extreme point preserving. It is not clear what a necessary

and sufficient condition might be. In the absence of such, those

maps that are extreme point preserving seem worthy of further

study. This we shall do in the next section.
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3 Extreme point preserving morphisms. 

Throughout this section we shall deal with continuous

affine maps 7T between compact simplexes S i and S2 such that

7t( �ftS 1 )C:02 . We first characterise such maps in terms of

the order properties of A(7T).

Let E, F be ordered vector spaces and let T : E---3F

be a positive linear operator. T is an R-homomorphism if

whenever x i , x2 E E, yEF and Tx i , Tx2 ‘y there is x3 E E with

x3 ;>x1' x2 and Tx3'
<1y.

It is easily verified that if E and F are lattices then

the R-homomorphisms are precisely the lattice homomorphisms.

We have the following result:

THEOREM V.3.1. Let S i S2  be compact simplexes and it C A(S1.22212.

then the following are equivalent: 

it Doi  )c. "hs2.

A(7r) is an R-homomorphism. 

(2):(1). Suppose k E 'aeS i and that we can write

1Tk = Xx i + (1 - A)x2 with 0<;7y<1 and x 1 	x2 . By Hahn-Banach

separation there is a E A(S2 ) with a(x 1 );>0, a(7 k).1;0. Using

Edwards' theorem 11.1.3 we can find hEA(S i ) with h4Ta, 0

and h(k) = O. By (2) there is b EA(S2 ) with b'>, a, 0 and

h',Tb. It follows that b(-7rk) = Xb(x i ) + (1	 - X)b(x2);?;

Xa(x 1 ) + (1 - X)0>0. But 0 = h(k)>,(Tb)(k) = b(Trk) so we

have a contradiction.

(1):=>(2). Suppose first that a, b E A(S2),

A(7T )(a), A(TT )(b). We show first that [A(7r)(a)vA(Tc)(b)r =

inf A(TC )(c) : c e A(s2 ) , c>,a,	 . Since both functions

are u.s.c. and affine it will suffice, by 1.2.2, to show

that they coincide on 	 If ke. acs i then
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[Mir )(a)v A(r )(b) ]A(k) = [A(Tr)(a)v A(ir )(b)1(k)

= [A(71 )(a)i(k)v [A(-7r)(b)](k)

= a(st k)v ben k)

= (avb)(ir

= (av	 (-Tr k)

= inf fc(Irk)	 A(S2),	 bl

= inf f [A( 7)(c)j(k) : c'a, b]

(we use here the fact that if f is continuous and convex, then
A

f and f coincide on ' eS, 1.3.5). It follows that at each

point of S 1 there is c k E A(S2 ) with a, b<c k and h(k)>

[A("TT )(c k )](k). By continuity both strict inequalities persist

in a neighbourhood U k of k. Applying compactness we can find

k 1 ,..., kn E S i such that U U	 si. Now choose t >0 so
i=1

Uk

that a+ t, b + E	 c,	 (i = 1,	 n). If a+	 b +E.

< c ck - E. then a, b<c<ck • It is now clear that

A(7t- )(c)<h. It remains now to remove the assumption that

A(11 )(a), A(KK )(b)< h.

If A(Tr )(a), A(ir )(b)< h, we construct a sequence

(c
n
)CA(S

2
) such that

licn -	 < 2 n (n =	 1, 2,...)

(a - 2-n ),	 (b - 2-n ) <. cn (n = 0, 1,...)

(c) A(7)( cn)4 h + 2-n (n = 0, 1,...).

By the earlier part of the proof, we can find c o E A(S2 ) with

(a - 1), (b - 1)< c o , A(ir )(c 0 ).< h + 1. Suppose c o , c i	cn

have been defined, then we have

A(7r )(a - 2-(n+1) ), A(i )(b - 2-(n1)),A(7C )(cn - 2-(n+1))

1) )(h + 2-(11+1) ), A( ir)(en + 2	 •

Now use the weak R.S.P. for A(S 1 ) to obtain fn+1 
satisfying

A(
.
7 )(a - 2

-(n+1)
), A(7T )(b - 2

-(n+1)
), A(1T )(c - 2

-(n+1)
)

fro.1 4( (h + 2-(n+1) ), A(W)(cn + 2-(n+1)).
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We know that there is cn+1 with

a - 2
-(n+1) 

b - 2
-(n+1)

, c - 2
-(n+1)

and

A( 71- ) ( c4 1 ) < fn+1.

Now if we apply the weak R.S.P. for A(S2 ) we may find cni.1

with

a - 2-(n+1), b - 2-(n+1) , cn - 2
-( n+ 1)< c	 c	 2-(n+1).

n+1	 n+1' n

With this choice of cn+1 conditions (a), (b) and (c) are

certainly satisfied. As A(S 2 ) is complete and (e n ) is Cauchy,

the sequence has a limit ceA(S 2 ). It is clear that a, b 	 c

and that A(W)(c)4. h, so that the proof is complete.

One reason that the extreme point preserving maps are

easier to handle than the extreme maps is that we can compose

two such maps to obtain a third of the same nature. It follows

fairly easily that the compact simplexes with extreme point

preserving continuous affine maps between them form a category.

We can prove that projective simplexes satisfy (or define them by)

Proposition V.1.6, with "compact convex set" replaced by

"simplex", and with all morphisms required to be extreme

point preserving.

THEOREM V.3.2. In the category of compact simplexes and extreme 

point preserving continuous affine maps, the projective elements 

are the finite dimensional simplexes. 

If S is a finite dimensional simplex, X and Y are simplexes

and * s---*X, 1r : Y--->X are continuous, affine and

extreme point preserving, with iT a surjection, let kQ

Then rf(k)eZ,eX and 1T -1 (*(k)) is a (non-empty) closed face

of Y. By the Krein-Milman theorem this set has an extreme point yk.
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Choose such a yk for each k E ZoeS, and define cp to be the unique

continuous affine map from S into Y with f (k) = yk for each

ye 2,0. Now	 = Toy,	and	 'f has all the required properties.

Suppose now that S is projective. Let kE 'NS and define

S 1 to be the convex hull of ((k,-1), (k,1)1 v (S xf 02 ) in

Ex R. where S is embedded in the locally convex space E. It

is clear that S 1 is a compact convex set, and that 2cS 1 =

i(k,-1), (k,1)3 v	 WheS\ kl )i	 ). We claim that S 1 is a

simplex, to prove which it suffices, by 1.1.13, to prove

that A(S 1 ) has the R.S.P. We may identify A(S 1 ) with the

subspace B of	 0n )(	 xA(s) consisting of all triples (x',x",a)

with 2a(k) = x' + x", with the order (x',x",a) ;>, (0,0,0) if

and only if x', x" ..?,0 and a;0. Suppose (xi,x7,a1)

(z.1,z7,c1), (z,z,c 2 ) then we may find y', yn e (R, with

x4, xy' s;z4,	 and x7, x"y";z7,	 We may now apply

Edwards' theorem to obtain b“(S) with a 1 , a2 >„b>„c 1 , c2

and b(k) = (1/2)(y' + y"). It is now clear that

(xi,x7,a 1 ),	 (x,x,a2 ) >,(y,,y",b);›, (z4,z7,c 1 ), (z,z,c2)

and the assertion is proved.

We show first that 2• ,LS is discrete. Having chosen k E aeS

and defined S
1
 as above, let Tr denote the natural projection

of S
1
 onto S. As S is projective, and It is extreme point

preseriring and affine, there is a continuous affine extreme

point pres rving 
`P
	 S---4 S 1 with Trop equal to the identity

on S. Clearly if xe	 k3 , then f(x) = ( x,0) as (x,0) is

the only point mapped onto x by 7. If (xy) is a net in Ze. S \ S. kl

converging to k,	 (k) = limy ke(xy) = limy (xy,0) = (k,0),

by the continuity of f . As (k,0) is not extreme, we have a

contradiction.

We prove next that F = 1'16 ' is closed. If p E F there
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is a Borel probability measure p representing p and supported

by ZotS. If p( k 3 )	 0 we could express p as a proper convex

combination of k and another point, which is impossible as

p belongs to a face not containing k. It follows that p, is

supported by ` t S	 = aeS \ 1 k3 so that p F co(' t S \ k 3 ).

As f is continuous and affine, 'p(p) = (p,0) for each p E F. By

continuity y (p) = (p,0) whenever p E F. If p E F we can write

p = at q + ( 1 - oC ) k with q E F and 0‘,.04-‘, 1, by Proposition 111.2.1.

Now we have

(p,O)	 (p) =	 (a q + ( 1 - of )k) =	 (q) + (1 - 0( ) ( k)

= oC(q,0) +	 (1 - oc. )(k, * 1 ) = (oCq + (1 - at )k, *(1 -	 )),

using the fact that	 'p (k) = (k,1) or (k,-1). Hence at = 1,

and p e F. I.e. F = F.

	

It follows that 'be.S is closed, for if xe	 \

then x	 ki • as this set is closed. Now XG n	 ck3
k 6 419

and the latter set is a closed face of S. As it is non-empty

this set must have an extreme point, k
o
. But k	 k

	

o	 o

{k3 • so we have the result. As we already know
k e-tS
is discrete , '6eS is a finite set, so that S must be finite

dimensional, as claimed.



CHAPTER VI

TENSOR PRODUCTS 

1 Projective tensor product. 

Let K1 , K
2
 be compact convex sets and C a convex

subset of a locally convex space, then BA(K 1 ,K2 ;C) denotes

the set of all continuous function 7T : K 1 K2
	C such

that for each k 1 E K 1
 and each k

2
 E K

2
 the functions kt---rm(k

1'
k)

on K
2
 and ki---7(k

'
k
2
) on K

1
 are affine. We write BA(K 1' K2

)

in place of BA(K1,K2A).

A projective tensor product of K 1 and K
2
 is a pair

(X,T) where X is a compact convex set and IT E. BA(K ,K .X)1	 2'

such that for each compact convex set Y and each y E BA(K1,K2;Y)

there is a unique	 A(X,Y) with if = *07r.

LEMMA VI.1.1. If (X,ir) and (X',11-9 are projective tensor 

products of K
1
 and K

2
 then X and X' are affinely homeomorphic. 

From the definition of projective tensor product

there exists '`1/*€ A(X,X') with lc' = t ow . Similarly there

is	 eA(x,,x) with	 = 10 0 7e. Hence 7T = (Nkt4)07

and 7 , = (* oe4.1 )071 i . Again using the definition with

X = Y and noting that 7T = ixo7f (where ix is the identity

on X) we have look. = ix because of the uniqueness condition.

Similarly 4-0*, = ix ,, so 1. and f*' are the required affine

homeomorphisms.

To show that such a projective tensor product always

does exist, we proceed as follows. We note that BA(K 1 ,K2 ) is

a closed subspace of C(K 1 x K2 ) which contains the constants

and separates the points of K 1
X K

2 . 
We may thus form its

state space. If (k 1 ,k2 )e K i X K2 then there is a unique
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element of S[BA(K i ,K2 )], that we denote by Ax(k i ,k2 ) such

that Ar(k i ,k2 )(a) = a(k i ,k2 ) for each a €13A(K i , K2 ). It is

easily verified that the function (k i	,k2) is

in BA(K1,K2;S[BA(K1,K2)]).

If a EA(K 1 ) and b 6 A(K2 ) we define a OD b EBA(K i ,K2)

by (a allb)(k i ,k2 ) = a(k 1 )b(k2 )for ( k 1 , k2 ) G K i X K2 . We let

A(K 1 )®A(K2 ) denote the subspace	 {	 : a. € A(Ki),
i=1

b i A(K2 ), n = 1, 2, ... 3 of BA(K i ,K2 ). The maps T 1 :	 1

and T 2 : 131---14 ,0b from A(K 1 ) and A(K2 ) respectively into

BA(K1 ,K2 ) are order homomorphisms (in the sense of page 13).

We denote by /T i the restriction of TT to S[BA(K i ,K2)].

Before we show that this gives us the desired tensor

product we look at the extremal structure of this set.

PROPOSITION VI.1.2. 	 ("CaK	 IeK2 ) = " e ( SIBA(K 1114) 1). 

Each extreme point of S[BA(Ki ,K2 )] is of the form

( k 1 , k2 ) for some ki e Ki by Corollary 1.1.7. Clearly for

tr ( k i ,k2 ) to be extreme we must have k 1 and k2
 extreme, since

the functions in BA(K 1 ,K2 ) separate the points of K l X K2.

Now suppose ( k1 , k2 ) 6242.K 1 x 241{2 , then 7T
-1 

(k i )(1 7T 2 1 (k2)

is a closed face of S[BA(K i ,K2 )]. Clearly its only extreme

point can be lr(k i ,k2 ), so we have IT 1 (k 1 )	 1T; 1 (k2 ) =

, k2 )3 by the Krein-Milman theorem. Thus 14-(k 1 ,k2)

is an extreme point of S[BA(K i ,K2)].

THEOREM VI.1.3. The pair (S(BA(K
12 
K2 )1,1.r) is a projective 

tensor product of K 1  and K2.

Suppose DE BA(K i ,K2 ;Y) we define U : A(Y)--* BA(K1,K2)

by (Ua)(k i ,k2 ) = a( T (k 1 ,k2 )). It is easily verified that U

is an order homomorphism. Let 	 denote the restriction of
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U* to S[BA(K 1 ,K2 )]. If (k 1 ,k2 ) EK i X K2 then for a EA(Y) we

have

Mkdtr)(ki,k2)](a) = 14-(k1,k2)(Ua)

= (Ua)(k1,k2)

= a( y) (k i ,k2))

so that 110-01-7 = r . If also y-'e A(S[BA(K 1 ,K2 )],Y) with

/. 1 01,7- = f then clearly 1.- and L.' must coincide on 1.(K 1 X K2).

By Proposition VI.1.2 this means that 	 andand (\k" coincide

on the extreme points of S[BA(K 1 ,K2 )], and hence coincide

by the Krein-Milman theorem. The proof is thus complete.

We shall henceforth denote S[BA(K 1 ,K2 )] by K 1 0 K2.

It is obviously desirable to know something more about

the facial structure of K 1 ®K2 . Proposition VI.1.2 tells

us the extreme points of this set. More generally we have:

PROPOSITION VI.1.4. Let K 1 and K2 
be compact convex sets, and 

1	 -1
let F. be a closed face of K .  for i = 1 , 2. If F = Tr  1 _17_1 ) -rr221

then F is a closed face of K1OK2 and F = co(-14-(F 1 X F2

It is clear that F is a closed face. By the Krein-Milman

theorem F is the closed convex hull of its set of extreme

points. The extreme points of F are the points Ar(k1,k2)

for ki E'N_Ki which lie in F. Now -W i (AJ(k 1 ,k2 )) = ki , so

3 cF =	 : ki e ZtFil . Since it is clear that

(Fi X F2 ) .F we have F = co(14-(F 1 X F2)).

PROPOSITION VI.1.5. With the notation of Proposition VI.1.4 if

F is a split face of K1 ®K2 then F1  and F2 
are split faces. 

Suppose a e A(K i ) and al,	 0. By 111.2.13 it will
'1

sufficetoprovethat(%_) is affine on K1 . We know
ri
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that ((a ®1W is u.s.c. and affine on K 1 OOK2 since a(D1 is

non-negative on 14(F
1
X F

2
) and hence on F, and by applying

111.2.13 for the split face F. Now fixing k
2 ZeF2' 

the

function g(k2 ) :	 ((a 01) f)6 F ) 4 (-1-r (k 1 ,k2 )) is u.s.c. and

affine on K 1 . On F 1 g(k2 ) agrees with a, and since

ld (V; X BeF2 )Cr we also have g(k 2 ) = 0 on ZeF,I.

Since g(k2 ) and Ca)C n)' agree on aer l it follows
11

from the facts that g(k2 ) is u.s.c. and affine and that

Ca9C, ris u.s.c. and concave, together with Proposition 1.2.2,
11

that g(k2 ) <)	 (a%
F

)
A
 But we certainly have g(k

2
);(aX

F
)4

i	 i

so (a96., )
A 

is affine. This completes the proof for F l . That
1.1

for F
2 is similar.

An obvious qusetion of interest is to determine when

K 1 ®K2 is a simplex. We shall return to this question later.
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2 Biprojective tensor product. 

We have an alternative product to consider. Although

this product is of rather less use than the projective

tensor product it does have the advantage that we can find

out rather more about it. Later we shall see that on many

occasions the two products coincide.

We denote the closure of A(K.1 )0A(K2 ) in BA(Ki ,K2 ) by

A(K
1
)1iA(K

2
). The state space of this, K 1 

K
2' 

is the

biprojective tensor product of K 1 and K
2

.

We again let T i be the natural injections of A(Ki)

into A(K 1 )1A(K2 ) , and now 4T i denotes the restriction of Ti

to Ki K2 . The restriction map P K1 OK2 —*Li A K2 is

continuous, affine and onto by the Hahn-Banach theorem. If

(k 1 ,k2 )E K 1 x K2 we denote by k 1 ®k2 the element P( tr (k i ,k2))

of K i A K2 . We may again describe the extremal structure of

K
1
4 K2 in simple terms.

PROPOSITION VI.2.1. Ze(K i A. K2 ) = f k1 CD k2 : kiE KiS .

That all the extreme points of K
1

44 K2
 are of the form

k i k2 for ki E ZeKi is proved as in Proposition VI. 1.2. If

xE e(K1 0 K2 ) then P-1 (x) is a closed face of K i eK2 . All

the extreme points of this are of the form 10(k 1 ,k2 ) for ki E Ki.

Since the functions in A(K
1
 )0A(K

2
) separate the points of

K 1 X K2' P
1
(x) must be a singleton. Hence x = k 1 Ok2 for

k. E	 K .

More generally we have:

PROPOSITION VI.2.2. Let F F  be closed faces of K K
1-2-2	 1 1---2

-1
respectively, and let F = 7C ( F

1
	 'it  

2
c ( F

2 ). Then F is a closed1 

face of K
1 6. K2 and F = co .0 k

1 k2 : kiE a.. Furthermore 

F is affinely homeomorphic to F 1 e F2j_,
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The proof of the first part of the result is identical

to that of Proposition VI.1.4. Define (D : F 1 4F2-->K14K2

by

( t9 x)(a) = x(a
Iif x F2

) (x F i A F2 , a eA(Ki)(1A(K2)).

We denote the natural embedding of F 1 X F2 into F 1 4 F2 by

(k i ,k2 )I—>k 1 ®'k2 . Certainly tf,	 is continuous and affine, so

that y (F 1 6.F2 ) is a closed convex subset of K i 4.K2 . If

zt ( Fi F2 ) then x = k 1 ®'k2 with ki E 'aeFi , so that then:

A( tp x )( a ) = a(k 1 ,k2 )	 (k 1 opk2 )(a) (a EA(Ki)4gA(K2)).

Thus y x E F. It follows by the Krein-Milman theorem that

y(F 1 F2)C.F.

Conversely if y e atF then y = k 1 eo k2 for ki e ZeFi

as F is a face of K i OK2 . Since k 1 Vk2 E2Q( F 1 A F2 ) we

have that y	 (F1 Li F2 ) Again by the Krein-Milman theorem

we msu in fact have y (F 1 A p2 ) = F.

Finally that f is (1,1) is because A(K, )1	 is dense
iri

in A(Fi ), so that A(Ki)#1A(K..)	 is dense in A(F1 ) CIOA(F2
).

F 1 
X F2

Thus y is the desired affine homeomorphism.

Before turning to split faces we need:

LEMMA VI.2.3.	 Let K 1 •"K2 be compact convex sets, a e A
s
ac ,

"

and b E A  
s
(K

2 
). Then there is a unique c E A

s 1
4 K

2
), which 

-1—

we denote by a tiDb, such that 

caci ek2 ) = a(k 1 )b(k2 ) ((k i.a2 ) E Ki X K212.

Suppose first that a and b are bounded, non-negative,

u.s.c. and affine. Let l ad CA(K 1 ) and [1)01 C. A(K2)+

be nets decreasing to a, b respectively pointwise. Then

act bp} is a decreasing net in (A(K i )1A(K2 ))+ , and is

bounded below since	 accl and	 bel are. It follows that
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the function c on K
1
 4K

2
 defined by

c(x) = inf,e,o x(aocOb li ) (x a K i K2)

is u.s.c., affine and bounded. In particular if ki k2 E Lc& K2

we have

c(k 1 0k2 ) = info ac( ( k 1 ) bF ( k2 ) = a(k1)b(k2).

If a = a l - a2 , b = b 1 - b2 where ai and b i are

bounded, u.s.c., nob-negative and affine, then we may form

a.00b. (i, j = 1, 2). Now defining a Ob = a
l 

gob
1
 + a

2
0191)

2 -

(a2 ®b 1 + a
l 
Ob

2
) we have a function with the desired properties.

In general, let a eAs ( K i ) and b 6 As (K2 ). We may find

an and bn of the form just dealt with such that Ilb -	 1/n

and	 a - an il < 1/n. Also we may find c
n 

e 
As(K1 

K
2
) such that

cn (k 1 0k2 ) = an ( k 1 ) bn ( k2 ) (ki e Ki).

Now if (k 1 ,k2 ) "aeK i X aix2 we have

la(k i )b(k2 ) - cn (k l ek2 )1<:1/n2 + 1/n( all + H bH ).

It follows from Proposition 1.3.2 that (c n) is Cauchy. If

c is the limit of (c n) in As (K i 4 K2 ), this obviously satisfies

the requirements.

Uniqueness follows from 1.3.2 as c is prescribed on

"k(K i A K2).

THEOREM VI.2.4. With the notation of Proposition VI.2.2, F is 

a split face of K i 0 K2  if and only if F 1  and F2  are split. 

The proof that if F is a split face then F 1 and F2

are is the same as that for Proposition V1.1.5. Suppose now

that F and F
2
 are split faces. It will, by 111.2.13, suffice

to prove that if a 6 A(F) then a has an extension 8. E A s (K i 	K2)

such that a = 0 on F'.

If f...> 0 we can find a l ,..., an e A( F1 ) and	 bn E A(F2)

such that
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n

11 a -	 aiebi < E
i=i

(identifying F with F i 4F2 ). By 111.2.13 there exist ‘g.i E As(K1)

and t
1

3. EA 
s 
(K

2
 ) with ai
	 1
= a. on F

1' 1 
= 0 on F', 

1	 1
= b. on F2

and bi = 0 on F.F ,
2
 By Lemmama VI.2.3 we can form i

	

n	 1=1
in A s (Ki il K2 ) which coincides with E api on fk i ®k2 : ki E Fi / ,

n	 1=1
while I	

1 
01

1
. = 0 on ' e(K i 4 K2 ) \

1=1
As As (K i 4K2 ) is complete and the functions in this

space tetain their norm on 2e(K 1 44 K2 ), this argument leads to

the existence of a E As (K 1 4 K2 ) with a = a on •C k 1 ek2 : ki

and a = 0 on bey' = b e(K i A K2 ) \ I eF. It remains to show that

—
a = a on F and s-a: = 0 on r .

By 1.3.2 as 
aIF 

and a IF coincide on aeF they coincide

on F. To show that a = 0 on F', let b 6 A(K i 4 K2 ) with b >0

on K1 A. K2 and b> a on F. Then bia. on ' t.(1( 1 4K2 ) so b	 a on

K i A. K2 by 1.3.2. If xEK 1 dK2 we have

(aXpf (x) = inf b(x) : b EA(K i 4 K2 ), b>a96F3

Vit(x) 0.

Since (a
F
r = 0 on F', we get a = 0 on F t , and the proof is

complete.

We can now turn to the question of when K i /4 K2 is a

simplex.

THEOREM V1.2.5. Let K 1 and K2 be compact convex sets, then

K 1 K2 is a simplex if and only if both K 1 and K2
 are simplexes. 

Suppose K 1 4K2 is a simplex. Choose k2 C ZeK2 and let

F =	 k2K1. Clearly F is affinely homeomorphic

to K
1 . 

By Proposition V1.2.2 co(F) = F is a face of K 1 4 K2 .

Hence F is a simplex by Corollary 1.1.15, so K 1 also is a

simplex. Similarly K2 is also a simplex.
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Now suppose K 1 and K2 are simplexes. By Theorem 11.1.2

it will suffice to show that there is an order homomorphism

E : C(K1 4K2 )--* A s (K i A K2 ) that is the identity on A(K i A K2).

By the same result we may assume the same result we may assume

the existence of similar operators E i and E2 for K 1 and K
2

respectively.

‘'Suppose f C(K 1 4 K2 ), define f." C(K 1 X K2 ) by f(k i ,k2) =

f(k 1 ek2 ). If a EC(K 1 ), beC(K2 ) then aciTh	 : (k1,k2)1--> a(k1)b(k2)

is in C(Ki X K2 ). We denote by C(K i )0C(K2 ) the subspace

of C(K i X K2 ) generated by functions of this form. 1K 

1‘1	 2

1K
	 and this subspace is clearly an algebra, so because

1 
X K

2
the functions of C(K 1 )0C(K2 ) certainly separate the points

of K i X K2 , we may conclude that C(K i )(g)C(K2 ) is dense in C(K 1 X K2).
n

We define E on C(K 1 ) WC(K2 ) by E(	 ai Obi ) =
n	 i=1

(E 1 ai )0(E2bi ), which we may do by VI.2.3. It is easily
i=1
checked that E is well-defined. By the density of C(K i ) (8)C(K2),

the fact that E(1
K1
0 1

K2
) = 1 v K , that E is positive (by

2
1.3.2 and the fact that E. is positive) and the completeness

of A s (K 1 A.K2 ), we may extend E uniquely to the whole of C(K 1 X K2)

so that E is an order homomorphism. We now define E : C(K 1 AK2)

As (K1 A K2 ) by Ef =

It remains to show that if f E A(x i ii K2 ) then Ef = f. By

the definition of K1
4
K2' 

f is a limit of terms of A(K 1 ) eA(K2
).

As E. has such a property it follows that E is the identity

on ,a dense subspace of A(K
1 
A K

2
). By continuity this persists

on the whole of A(K i A K2 ), and the proof is complete.

COROLLARY VI.2.6. Let K
1 1—

K
2
 be compact convex sets, then 

K i 4 K2  is a Bauer simplex if and only if both K 1  and K2 are

Bauer simplexes. 
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le( K 1 AK2 ) is homeomorphic to the product 3,K 1 X 2eK2,

so is compact if and only if both factors aeKi are compact.

The result is now immediate.
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3 Applications. 

In order to apply the theory that we have developed,

we shall need to know when our two products coincide.

THEOREM V1.3.1. Let K1,2 
K
2 

be compact convex sets, and suppose 

that A(K 1 ) has the approximation property. Then K 1 0K2 is

affinely homeomorphic to K 1 AK2.

We wish to know when P : K 1 OK2
---4K 1 46K2

 is (1,1).

Equivalently when is A(K 1 )ODA(K2 ) dense in BA(K1 ,K2 )? Suppose

A(K 1 ) has the approximation property. If f E BA(K 1 ,K2 ) define

F E A(KA(K
1
)) by (Fk2 )(k 1

) = f(k 1, k2 ) for k
i E K.. It is

easily verified that ft-----*F is a linear isometry between

BA(K1, K2 ) and A(K2, A(K1 )). Under this map the image of

A(K
1 )01A(K2 ) is the set of functions in A(K 2, A(K1 )) with

finite dimensional range. Given f, let C = F(K2 ), a compact

convex subset of A(K 1 ). So for each E;>. 0 there is a continuous

linear operator T on A(K 1 ) with finite dimensional range

and II Ta - a II< E for all a E C. Then ToFEA(K 2 ,A(K i )) has

finite dimensional range, and 11 T o F -	 . It follows

that A(K1 )4PA(K2 ) is dense in BA(K 1 ,K2 ), as claimed.

COROLLARY VI.3.2. If K is a compact convex set and S a simplex, 

then SODK is affinely homeomorphic to SA K. 

By Theorem 11.4.8 A(S) has the approximation property,

so the result is immediate.

COROLLARY VI.3.3. If K 14 112  are compact convex sets, K 1 ®K2 is

a simplex if and only if both K 1  and K2  are simplexes. 

If K1OK2 is a simplex, a proof identical to that

in Theorem V1.2.5 shows that K 1 and K2
 are simplexes. If

K 1 and K2 are simplexes then by Corollary VI.3.2 K 1 MIK2 is
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affinely homeomorphic to K 1 A K2 which is a simplex by Theorem

VI.2.5.

We have a partial converse to Theorem VI.3.1.

THEOREM VI.3.4. If K 1 is a compact convex set, then A(K1)1—

has the approximation property if and only if the restriction 

map P : 	 K2 —>K i 	K2  is (1,1) for each compact convex set K2.

We have already proved one implication. Suppose now

that the restriction map is (1,1) for every K2 . I.e. that

A(K 1 )0A(K2 ) is dense in BA(K 1 ,K2 ) for every K2 . Let C be

a compact convex subset of A(K 1 ). Define g eBA(K i ,C) by

g(k,c) = c( k) for c c C, k E K 1 . By hypothesis there is

f eA(K i ) ®A(C) such that II f	 g If < • If y	 and riA denote

the elements of A(C,A(K 1 )) corresponding to f and g respectively,

then ')//- is the inclusion map of C into A(K 1 ) and	 y(c) is

finite dimensional. Let M be a finite dimensional subspace

of A(K 1 ) containing	 tf (C). Then for each c E C, it 4)(e) - ell =

II	 ( c ) - "k( c )11<	 •
Now let f e l „ en3 be a basis for M. Then there

are	 yine A(C) with 'f (c)	 kei(c)ei for c e C. By
i=1

Co	 grollary I.1.12 there are cf. E A(K )* and X.	 with1

(Yi + xi -	 Yin	 E /nil ei ii . Let a(a) = z ai (a)e i for
1=1

a E A(K 1 ) If c F C then
n

11 (5()	 c 11 ‘. ',c aw	 -

H rP (c)	 - ((s(c) n+	 j e )ii	 tp(c ) -

+	 Icy.(c)	 + xi - yi(c)ii=l	 1=1
(c) - ell .

But
n	 n

112: x i e i ll	 = 11( a(d) +	 - 0.0)11
i=l	 i=l
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II((d) +	 Niei) -	 (d)II +IIif (d)	 - a(d)
±.1 I o i °ion - te i(01 e i II +
i=1

II tio (a) - a(d) II

2

choosing any d E C. Hence

II	 c) - c II	 4E. for all c E C.

As a is a linear operator with finite dimensional range, this

completes the proof.

We are now in a position to apply our theory to obtain

an extension of Theorem 11.5.8.

THEOREM VI.3.5. Let F be a closed split face of a compact 

convex set K, and let E be a real Banach space. Let p : K 	 (R. 

be concave, 1. s.c. and strictly positive. Suppose h E A(F,E) 

with II h(k)	 p(k) for each k E F. If either E or A(F) has 

the approximation property then there is he A(K,E) such that 

h =hand  h k	 k for all k E K.

Let S be the unit ball of E* with the weak* topology.

Norm E x	 by H(x,r)11 =	 II x 11 + I r I . The map assigning to

each pair the function that takes s E S to s(x) + r is an

isometry from EX IR onto A( S) . It is clear that if E has the

approximation property, then so has A( S).

We define a E BA(F,S) by a(k, ․ ) = s(h(k)) for k E F,

s E S. By Theorem V1.3.1 and the assumption that either E or

A(F) has the approximation property, a has an extension

a
1 E A(F 4 S) . By VI.2.2 	 : F S --K 4S defined by

(x)(b) 
= x(b IF x s

) (x e K 4S, b BA(K,S))

is an affine homeomorphism of F 4 S onto the subset G =

co fk	 : k EF, s e SI	 of K 4 S. Let a2 E A(G) be the function
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defined by

a2 ( x) = a 1 (x) (xe K AS).

The function x1-* p(TC 1 x) is a concave l.s.c. strictly

positive function on K 4 S. If x e aeG = k	 : k E	 s F atS3

we have

I a2 (x)I = I s(h(k)) I	 h(k)II < p(k)	 = p(Ikix),

where x = k es. Since x H I a 2 (x)I is convex and continuous
A

and x	 p( TC i x) is concave and l.s.c. it follows from

Proposition 1.2.2 that I a 2 I	 p 0 
A

on G.

By Theorem VI.2.4 G is a split face of K4S, so there

is a EA(K S) with -a I G = a and I	 p 041 1 by Theorem 111.2.15.

Define c E A(K,A(S)) by

[c(k)](s) = ‘ii(k g/s) (k E K, s es).

Then for k E K,

H c(k)II = sups e s	 0011
A

SUP SE S 13(7r1(k
	

))

= p(k)•

Now let R denote the isometry of A(S) onto E x1R. , and

Q the canonical projection from EX IR	 onto E. We now obtain

the desired h (= Qolloc) E A(K,E) such that

II h(k)II = II (Q0Roc)(k) II	 lic(k)11	 p(k)

for all k E K. Finally to see that h I F = h, suppose k E F, s E S then

s(h(k) = s((QoRoc)(k)) = c(k)(s) = sii(kcf0s)

= a2 (k410s) = s(h(k).

COROLLARY VI.3.6. Let F be a closed split face of a compact 

convex set K, and let E be a real Banach space. Suppose h E A(F,E) 

and either E or A(F) has the approximation property, then h

has an extension h E A(K,E) with 11 1 11 = II hII. 
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INDEX OF DEFINITIONS 

admissible subspace	 82

affine dependence	 27

affine function	 1, 44

affine set valued function	 29

approximate selection	 30

approximation property	 48

Archimedean face	 65

Archimedean order ideal	 64

a-topology	 93

Banach lattice	 54

base	 7

base semi-norm	 56

Bauer simplex	 33

biprojective tensor product 	 140

boundary affine dependence 	 27

boundary measure	 21

boundary set	 21

boundedly positively generated 	 61

category	 121

centre	 95

characteristic number 	 62

compact convex set 	 1

complementary set 	 41

concave function 	 14

convex function	 14

dilated	 23

direct sum	 85

	 , L-	 86

	 , M-	 85

	 , order	 68



-157-

Edwards' theorem
	

28

exposed face
	

39

extension property
	

62

extremally disconnected
	

122

extreme point
	

1

face
	

1

Archimedean 65

39

41

----, exposed

improper split,

L- 82

----, parallel 73

----, relatively exposed 39

self-determining, 60

--, split 41

strongly Archimedean, 65

facial topology 108

fixed ideal 115

function, affine

affine set valued,

1,

29

, concave 14

14, convex

lower	 (= l.s.c.),	 semi-continuous 14

lower semi-continuous set valued, 29

upper semi-continuous (= u.s.c.), 14

hull 116

hull-kernel topology 117

ideal 9

fixed 115,

-----, near lattice 81

115, primitive

see also "order ideal"

44
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ideal centre	 98

improper split face	 41

inner automorphism 	 113

Katecev's theorem	 37

kernel	 116

Lazar's theorem	 31

L-direct sum	 86

L-face	 82

lower envelope	 16

lower semi-continuous function 	 14

lower semi-continuous set valued function	 29

maximal measure	 21

M-direct sum	 85

measure, boundary	 21

	 , maximal	 21

Michaels' theorem	 37

morphism	 118

M-space	 96

near lattice ideal	 81

order direct sum	 68

ordered Banach space	 50

order ideal	 57

	 , Archimedean	 64

	 , strongly Archimedean	 64

order homomorphism	 13

order unit	 56

order unit norm	 56

parallel face	 73

primitive ideal	 ,115

primitive ideal space	 115
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projective	 121, 133

projective tensor product	 136

property (E)	 46

R.D.P.	 8

relatively exposed face 	 39

resultant	 6

R-homomorphism	 131

Riesz decomposition property	 8

Riesz separation property 	 8

R.S.P.	 8

self-determining face	 60

simplex	 7

	 , Bauer	 33

split face	 41

	 , improper	 41

state space	 3, 57

Stonian space	 122

StOrmer's axiom	 112

strongly Archimedean face	 65

strongly Archimedean order ideal 	 64

structure topology	 113

subgraph	 14

sufficiently many inner automorphisms 	 113

supergraph	 14

tensor product, biprojective	 140

	 , projective	 136

topological family of parallel faces 	 106

topology, a-	 93

	 , facial	 10,
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------- hull-kernel
	

117

	  , structure	 113

upper envelope	 16

upper semi-continuous function	 14

upper S-envelope 	 118

u.s.c. function	 14

weakly filtering	 84

weak R.S.P.	 82

6-face	 23
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