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INTRODUCTION

This work deals with compact convex sets and affine
functions on them. The approach differs from that of Alfsen,
in his book "Compact Convex Sets and Boundary Integrals",
Springer-Verlag, Berlin-Heidelberg;New York, 1971, in that
the measure theoretic material has been kept to a minimum.
Only results needed for the study of affine functions have
been included, and some topics such as simplicial and central
measures omitted altogether. There is some overlap in content,
especially in the earlier part of the work, but often proofs
are different.

The references contain only those papers directly
related to material here which either contain more than is
included here, or else which are not referred to in Alfsen's
book. That should be consulted for a more complete
bibliography.

The references applicable to each chapter are as
follows:

Chapter I - [12], [15] & [25].

Chapter II - [1], [8], [9], [10], [11], [13], [16],
[19], [23], [28], [32], [33], [38] & [43].

Chapter III - [1], [3], [6], [7], [15], [17], [18],
[26], [29], [30], [31] & [40].

Chapter IV - [4], [5], [24], [37] & [41].

Chapter V. - [2], [22], [27], [28], [38] & [42].

Chapter VI - [7], [11], [14], [29] & [34].
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PREREQUISITES

The following is a brief summary of the results from

various branches of mathematics that we shall assume.

Topology.

Apart from the basic properties of metric and topological
spaces, we shall need the definitions of Baire spaces and of
compact Hausdorff spaces. We shall also apply Urysohn's lemma
on compact Hausdorff spaces.

All that we require may be found in "General Topology" by

J.1. Kelley, Van Nostrand, Princeton, 1955.

Measure Theory.

Two results from abstract measure theory that we will
need are the dominated convergence theorem of Lebesgue and the
Rédon—Nikodym theorem. We require these for finite measures
only. We shall need the definitions and basic properties of
Baire and regular Borel measures on compact Hausdorff spaces,
and the Riesz representation theorem for such spaces.

All that we require may be found in "Measure Theory" by

P.R. Halmos, Van Nostrand, Princeton, 1950.

Function Spaces.

We employ the well-known theorems of Ascoli, Dini and
Stone-Weierstrass for the space of continuous real valued
functions on a compact Hausdorff space.

All that we require may be found in "Linear Operators I"

by N. Dunford and J.T. Schwartz, Interscience, New York, 1958.

Functional Analysis.

For locally convex spaces we shall assume knowledge of
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the Hahn-Banach theorem (both in its extension and separation
versions), the Krein-Milman theorem and Milman's converse
theorem., In Banach spaces, apart from elementary duality
theory, definition of both bounded and compact operators and
familiarity with the weak* topology, we make frequent use of
Alaoglu's theorem, the Open Mapping theorem and the Krein-
Smulian theorem.

All that we require may be found in "Topological Vector
Spaces I" by G. Kothe, Springer-Verlag, Berlin-Heidelberg-

New York, 1969,

Banach Algebras.,

Pamiliarity with the definition of a Banach algebra and
of an algebra homomorphism might be useful in places. No

depth of knowledge is assumed.

Ordered Vector Spaces.

The material we need on ordered vector spaces may not
be so familiar, so we shall summarise all that we require here.
Let E be a real vector space. A set P E is a wedge if
+ .
AP P for all A € [R and if P + PCP, If also Pn(-P) = {O}

P is a cone. E is positively generated if E= P - P, If P is a

wedge in E define x>y to mean x - y € P, Then ">" is a partial
order on E such that

(1) x>y implies x + z > y + z for all zeE.

(2) x>y, A>0 implies Ax2Ay.
Conversely if " " is a partial order on E satisfying (1) and (2)
then P = {'x €E : x)O} is a wedge in E such that x>y if and
only if x - y€P. In this case P is a cone if and only if the
order in E is proper; i.e. if x>/y and y>x then x = y. By an

ordered vector space we mean a pair (E,P) where P is a cone in E,
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but we usually just write E, and assume that this has the
order derived from P as above. We use "x > y" and "y £ x"
interchangeably. The order on E is Archimedean if x ny for
all ne n\)+ implies x £ 0.

An ordered vector space E is a vector lattice if for

all x, y€E the pair (x,y) has a least upper bound xv y and
a greatest lower bound xAy in E. I.e. (for example)
Xvy> X, y and 2> x, y implies z > x\Vy. We use the notation
x = xv0, x = (-x)vO0 and |x| = xv(-x). For E to be a
vector lattice it is sufficient, for example, that x+ exist
for each x€E. A vector lattice E is complete if whenever
{x :ote AJC E, yeE and x4<y for all oL € A there is x€ E
with x, £ x for all o € A and X« X z for all o< € A implies
that x4 < 2z (a similar statement with inequalities reversed
then holds automatically).

If E and F are ordered vector spaces a linear operator
T : E—>F is positive if x> 0 implies Tx > 0. If E and F
are vector lattices we call the linear operator T : E—>F

a lattice homomorphism if for each x, ye¢ E, T(xvy) = (Tx)v(Ty).

A lattice homomorphism must be positive.
If E is an ordered vector space a vector subspace FCE
is cofinal if for each x €¢E there is y€ F with x£y. A version

of the Hahn-Banach theorem known as the monotone extension

theorem is of occasional use to us. This states that if E is an
ordered vector space, G a complete vector lattice and F a
cofinal subspace of E then every positive linear operator
from F into G has a positive linear extension from E into G.

All that we require may be found in "Ordered Linear
Spaces" by G.J.0. Jameson, Springer Lecture Notes in Mathematics,
1970, Familiarity with more would be useful, though explicit

knowledge of more is not assumed.
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The following notation will be used throughout with

no further explanation. All other definitions and conventions

will be defined in the body of the text, and are also indexed

at the end.

co(4)

co(A)

convex hull of A.

closed convex hull of A.

closed unit ball of the normed space E.
sup{ |f(a)] : a¢A] where £ is a bounded
function on X and A C X.

the real numbers.

the non-negative reals.,

the integers.

the non-negative integers.

support of the Radon measure p.



CHAPTER I

COMPACT CONVEX SETS

1 Represent‘ation Theorems.

If C is a convex set in a vector space E, a subset F of
C is a face if it is convex and if x, yeC, 0<A <1 and

Ax + (1 = A)y€PF together imply x, y€P. A point x&C such

that {x} is a face of C is termed an extreme point of C.
9,C denotes the set of all extreme points of C. Trivially we

have:

LEMMA I.%1.1. If C is a convex set, and F a face of C, then

every face of F is a face of C.

COROLLARY I.1.2., If F is a face of C then 3.FC 3L,

A function f : C1-—-902 (where C1, C, are convex sets)

2

is affine if x, y€C, and 0< A <1 imply that f(Ax + (1 = A)y) =

1
Af(x) + (1 = A)F(y).

LEMMA I.1.3. If f : C —%Cz is affine and onto, and P is a

1
non-empty face of C., then f-1(F) is a non-empty face of 01.
"’ " -——

If x, yef’1(F) and 0< A <1, then f(Ax + (1 = A)y) =
Af(x) + (1 = \)f(y)e F as F is convex., I.e. £ (F) is
convex, If, now, x, y€C,, 0KAL1 and Ax + (1 - A)y¢ f-1(F).
then f(Ax + (1 - A)y) € F. Hence Af(x) + (1 - A\)f(y)ePF, so

f(x), f(y)€ P, since F is a face of C,., I.e. X, ysf'1(F),

2
so f-1(F) is a face. That f-1(F) is non-empty is because

F is non-empty and £ is onto.

By a compact convex set, we mean a compact convex

non-empty subset of a real locally convex space. If K is a

compact convex set then the Krein-Milman theorem tells us
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that K # @, and that K = co(?.,K), the closed convex hull of
its extreme points. We denote by A(K) the vector space of all
continuous affine real-valued functions on K. With the supremum
norm A(K) is a Banach space. We order A(K) by the cone ggf_
of all functions a€ A(K) with a(k)2 0 for all k€K, If
f e E*, the topological dual of a locally convex space E, and
K is a compact convex subset of E, then f'KEA(K). Thus we
may invoke the Hahn-Banach theorem to assert that the elements
of A(K) separate the points of K. We can use this fact to

say a little more about J.K:

THEOREM I.1.4. Por the relative topology induced by K, 9.K

is a Baire space,

If acA(K), let U = {keK : a(k)<«} and
8 4ot

oo = 1kekK :a(k) ] . If keI K we claim that the

family {Fa’x : keUa’“} is a neighbourhood base for k in K.
The fact that the functions in A(KX) separate the points of K
implies that the intersection of such Fa ” is {k} o As

]

the sets Fa < ore compact, it suffices to show that the family

?

is downward filtering. Suppose keUa,“ N Ub,p , then k¢ K\ U,

« These last two sets are compact and convex,

and k¢ K\ U B
’

hence so is their convex hull, C. By Milman's theorem kefc,
for if it were it would certainly be extreme in C, but

DeC (K Ua « Ju(K\U ), so this cannot be. We may now
9

b,p
use Hahn-Banach separation to obtain f € E* with f(k)< Y,

f(x)> ¥ if x €C. Now take ¢ = fIK' then Fc,xc U, N Uy

B

and keUc,x as required.

Let {On'} ;:__1 be a collection of open dense subsets of

9cK. We must show that if V is open in J3,K and non-empty, then
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oo
L YA 0, # ¢. We may clearly suppose that the family {On(}

s
N K

i . =
s decreasing. Suppose 0, = UnnbeK and V Ila“'a(1

where {Un} is a decreasing family.

We define a sequence of pairs (ai, o(i) as follows. We
already have (a1, 0(1); suppose we already have defined (an, o(n).
Let xeBtKnUan,“nn Urr’-‘l
of x in K, so there exist (a

« Then Ua ,anun-l-T
n'n

°Ln+1) with x€ U

is a neighbourhood

n+1’

F <vu NnU_ ... We choose this (a_,,, X
an+1’°‘n+1 8%, nt1 n+1 nt+

the next term.

8t 1t

) for

The family P is a decreasing family of non-empty

a_,c
n’ n
compact sets, so has a non-empty intersection F. FC Ua o and
oo 171
FC{\Un. It is easily verified that F is compact and convex

n=1
and that K\ F is also convex. It is now clear that 3,FC).K.

If k € 3,F, then kedeKnU = 0, and k € 3.Kn Ua1’°‘1 = V. The
Krein-Milman theorem now asserts that the desired intersection

is non-empty.

Suppose S\ is a compact Hausdorff space, and A is a closed
subspace of C(SL) that containg the constant functions and
separates the points of S\. The state space of A, S(4), is
the weak* compact convex subset of A*, {feA* : f“JL) =
“ fll = 1} (where 1 1is the function on U that is 1 everywhere).

If A is all of C(SL), then S(A) may be identified with
P(SL), the set of regular Borel measures on S\ that are positive

and with total mass 1, i.e. the probability measures on f\.

This set is of considerable interest in what is to follow,
If peP(JL) and D is a Borel subset of JL, we define

a measure p, on the Borel sets of JU by pD(B) = p(DAB). It

is easily verified that Hp is a regular measure, and that if

u(D) # 0 then p(D)™ 'py € B(). If s ¢SL, we denote by €, the
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point mass at W, i.e. £ (B) = 1 if W€ B,

=0 if WwéB,

PROPOSITION I.1.5. If JL is & compact Hausdorff space then

() = L e,
That €, is extreme is easily verified. If p,v € P(JL)

and € = oy + (1 = )V with 0< «<1, then

1= E({w]) = Lp({w})+ (1 - «)v({v])
which is only possible if p({w3}) = v({v7}) = 1, since
p({wty, v ({w})<1. A p and v have total mass 1,
n=Vv =t..

Suppose conversely that p is extreme in P(SL). We show
that there is a closed subset D of L with O<pu(D)<1 if p
is not ty for some W edL, Consider the collection of all
closed subsets of S\ of p-measure 1, If D1 and D2 are two such,
then p(D1r\D2) = 0 or 1, else our claim is justified. If
p(D1nD2) = O then u(D1\D2) = p(Dz\ D1) = 1, so that
pu() > 2 - which is impossible. Thus the family has the
finite intersection property, so we may choose W in the
int‘ersection. Ir u({"*'}) is non-zero we either have the
desired closed set (if p({‘u} )<1) or else have proved the
whole result (if u({"-"&) = 1). Thus we may find, by regularity,
an open set containing W of p-measure less than 1/2. The
complement of this is either a closed set with measure between
O and 1, or else has measure 1, contradicting the definition of
L, In either case we have the desired set D.
Now p # p(D) ™ 'uy and p = u(D) (D) ") +

(1 = p(D)) (ply D)-1p&\ p)» contradicting the extremality

of n, and the result is proved.
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Suppose A< B< C(JL) where A and B are closed subspaces
containing the constants and seﬁarating the points of VL, If
f e S(B), then flAGS(A). The Hahn-Banach theorem allows us to
assert that this restriction map is onto. The definition of
the weak* topology makes it clear that this restriction map

is continuous, and it is clearly affine. We have thus proved:

LEMMA I.1.6., The restriction map from S(A) to S(B) is continuous,

affine and onto.

COROLLARY I.1.7. 9¢(S(4)) < {‘5=-|A : W S .

If £€3,(S(A)), by lemma I.1.3 {pe®(R) : p|, = £ 1
is a closed face of P(JL), and is also non-empty (here uIA
means that linear functional on A which assigns to each
function its integral with respect to pu). Applying the
Krein-Milman theorem, and noting that the functions in A
separate the points of JL, and hence the extreme points of
P(JSL), we see that {pe P(RL) : ”IA = f'} = {%w} for

some ‘\Je‘ﬂ'. The result is now clear.

In particular if we take K to be a compact convex set,
A(K) is a subspace of C(K) of the required form. We can form
S(A(K)), and the restriction map takes P(X) onto S(A(K)). If
k€ K then 1?, the evaluation at k, belongs to S(A(K)). It is
obviously of interest to know if all of S(A(K)) arises in

this way. In fact we have:

THEOREM I.1.8. The map ki——->»\fc‘ is an affine homeomorphism of

K onto S(A(K)).

The map is obviously affine, and is (1,1) as the

functions in A(K) separate the points of K. Continuity is
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because if f€ A(K)* and £ >0, then ‘{k : ,Tc(a) - f(a)'< 8} =
{k : la(k) - f(a)|< E'} is open by the continuity of a. We
must finally show that the map is onto. As {YE : K€K} is a
compact convex subset of S(A(K)), it will suffice to prove
that the map is onto J,S(A(K)).

Let ¢ : P(K)—>S(A(K)) be the restriction map, and
£ €3,S(A(K)). By I.1.3 and I.1.6 ¢~ (£) is a closed face of
P(K). By the Krein-Milman theorem this set has extreme points,
which must be extreme points of P(K). By I.1.5 these are of
the form €, for some k¢ K. I.e. we have found k€ K with

a(k) = f(a) for all a €A(K). Thus ky—>K is onto.

COROLILARY I.1.9. If pne P(K) there is a unique point k€ K with

a(k) = fadg for all ae £(K).

Combine the restriction to A(K) with the inverse of
the embedding of K into S(A(K)) to obtain existence. Uniqueness

is because the functions in A(K) separate the points of K.

This point is termed the resultant of p, and is written
r(u). This notion allows us to give another characterisation

of extreme points of K.

COROLLARY I.1.10. If ke K then k is extreme if and only if

rg“g = k implies p = gki

If k is not extreme, then k = Ax + (1 - A)y with

X, y€K, 0<A<1 and x # y. It is clear that A €_+ (1 - ) Ey # Ek’
and that r() Ex + (1 - 2) Ey) = k. If conversely k is extreme,
then r’1(k) is a closed non-empty face of P(K). Any extreme

point must be evaluation at k'€ K by I.1.5. Clearly this must

mean that k

(k)

k', By the Krein-Milman theorem we may conclude

{e].

that r_

H]
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COROLLARY I.1.11. Every bounded linear functional f on A(K)

is of the form a+-->°<a(k1) - ja(kz) with «, B >0, ks k, 6K

and “f” = &£ + B-

Extend f to a bounded linear functional on C(K) by the
Hahn-Banach theorem, with preservation of norm. I.e. we have
p € M(K), the set of regular Borel measures on K, with
(a) = £(a) and p (X) + p"(K) = [[£]]. Put p" =4V, p" = B A
with < ,B>2 0 and ¥, A €P(K), then ||f|| = «+ P, Take

ky = r(¥V ) and k2 = r{()\) and the result is clear.

COROLILARY I.1.12. Let K be a compact convex subset of the

locally convex space E. Any subspace of A(K) which contains the

constants and separates the points of K is dense in A(K). In

particular the functions of the form k+——f(k) + m for

feE*, me R form a dense subspace of A(K).

Let H be such a subspace, if it is not dense there is
g €A(K)* with g|; = 0, g # 0. By I.1.11 there are < ,B> 0

and k1. k, €K with g(a) = a(k1) - Ba(kz) whenever a e A(K).

2
Consider the constant function 1K6H, then we see that & = F .
Choosing h ¢H with h(k,) # h(k,) we see that X = B = 0 so

that g = 0. This completes the proof.

We shall henceforth consider K to be embedded in A(K)*
in this manner without further comment. We introduce now a
notion that will be of use to us later. If E is an ordered
vector space, a convex set C is a base for the positive cone
in E if any er+ can be written uniquely as Ac for A efR+,
ceC. If E is lattice ordered, C is termed a simplex. It is
easily verified that this definition does not depend on the
particular choice of E. In particular if K is a compact convex

set, K is a simplex if and only if A(X)* is a lattice. Recall
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also that a partially ordered vector space has the Riesz decomposition

property (R.D.,P,) if whenever x, y, 220 and 0S z{x + ¥y

there are z,, 2z, with z, + z_, = z and O\<z1\<x, 0$22<y.

1 2 1 2
Equivalently the space has the Riesz separation property,

i.e, if X4 ng Y0 Yo then there is z with Xqs xzé zSyv Yoo

This we will usually abbreviate to R.S.P.

LEMMA I.1.13. If A(K) has the R.D.P. then K is a simplex,

It will suffice to prove that if fé€ A(K)* then fVvO
exists in A(K)*. Consider the map h : ar—> sup {f(b) : O{b{a}
on A(K)'. Tt is clear that h(a)3f(a), 0. If ac A(K)  and
0<b<a then () I£|[lIpIIS L2l - Thus [n(a)| < || 2]l]lall,
so that h is a real-valued function.
h is additive on A(K)+, for
h(a.' + az) = sup {f(b) : 0\<‘oSa1 + az}

sup{f(b.l +b,) : 0<b,< a,, OF b,< 8.2}

[}

sup {£(b,) : 0<b,€a} +
sup {f(bz) : 0<b2$ 8’2}
= h(a1) + h(az).
h may thus be extended to a linear functional on A(K). Clearly
if g>f, O then g(b)>f(b) whenever b>0, so if a0 then
g(a) = sup {g(b) : 0<b<a} X sup {£(b) : 0K b<a] = h(a).
Thus it remains only to prove that h is bounded.
If a€A(K) then a = ||a||1K - (fla]) 1 - &) where
llall1,>0 and |la|| 1, - a3 0. Thus
[n(@)] < hl jjaj) 1) + n(]lajf 1, - 2)
Slgliciall + Jjcag 1 = 2}
<3zl lall

TI.e. || h||<3]|f|| and the proof is complete.
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We shall see later that the converse of this is also true.
We recall that an ideal in an ordered vector space is

a linear subépace J such that 0 x<y and y €J imply x€J,

and such that every element of J can be written as the

difference of two positive elements of J. We can describe the

ideals in A(K)*. If PSS(A(K)) let F= {Af : A0, feF}.

PROPOSITION I.1.14. The map J+> Jn S(A(K)) is a bijection

from the ideals in A(K)* onto the faces of S(A(K)). The

inverse is F+—>P - ‘f‘.

Suppose J is an ideal, x, y € S(A(K)) and 0< AL 1,
Suppose also that Ax + (1 = A)y€J. Then OSAxK (1 - A)y + Ax
so Ax €J. As J is a linear space x €¢J and thus x €Ja S(A(K)).
Similarly y belongs to this set, so it is a face.

Now suppose that F is a face of S(A(K)). It is only
necessary to verify that 0<x{ye F implies xe?‘, for the
other condition is obvious., Without loss of generality we may

1

suppose y€ F and O # x # y. Then x' = A~ x € S(A(K)) for

some A with 0O<KA <1, soy = Ax' + (1 - A)(y - x) where also
P-A
x', y - x €S(A(K)). Hence, as F is a face, x', y = X €F,
t—A 1 -A
Thus x = Ax'€ F as claimed. As Fn S(A(K)) = F the proof is

complete.

COROLLARY I.1.15. If K is a simplex and F is a face of K, then

F is a simplex,

This is because in a lattice our notion of ideal
coincides with the usual notion of lattice ideal., Thus ; - F

will be a lattice and F is a base for this, so F is a simplex.

Of some importance is the next proposition. We state

part of the proof as a lemma since we shall use it a number of

times later.
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LEMMA I.1.16. ILet W be any cone in a lattice ordered vector

gspace E, If u, weW=»uv w€W then W - W is a sublattice of E,

H

Suppose e1 = u1 - w1, e2 u, - w, with ui, wiew,

2 2
then e:{ = e, + (w1 + wz)ew for i = 1, 2. Phus
e,ve, = (e1' - (w,' + wz))‘v(eé - (w1 + w2))

= e Veé' (w1+w2)éw-?(.

- -

PROPOSITION I.1.17. If K is a compact convex set, the

following are equivalent:

(1) K is metrisable.

(2) c(K) is separable.

(3) A(K) is separable.

(1)==>(2). Let {Un} be a countable neighbourhood base

for K. If -Ifnn ﬁm = @, we may use Urysohn's lemma plus compactness

i i £ < - = - =
to obtain fn,me C(K) with 0 fn,m‘ 1, fn,ml Un 1 and fn,m Um
These functions clearly separate the points of K. We denote by
3 the set {fn,m : Unm Um = ¢} . Let V denote the cone
generated by Jv {11(‘} , it clearly having a countable dense
subset V', the set of all sums of rational multiples of
elements from \QV{HA . Now let W (resp. W') be the set of
all finite suprema of elements of V (resp. V'). It is clear
that W' is a countable dense subset of W, W is a cone, for if
n m
\/Iie W and \/mjew (li’ mjeV), then A 0 implies
i=1 =1
.. n n n m
MV = /(A1) € W similarly (\/1,) + (Vmy) =

i=1 i=1 i=1 j=1
n m
\ARYAS T m;) € W. By Lemma I,1.16 W - W is a sublattice of
i=1 j=1
C(K), and is hence dense in C(K) by an application of the

Stone-Weierstrass theorem. As W' - W' is dense in W - W and

is countable, it follows that C(K) is separable.

0.
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(2)=>(3) is immediate.

(3)==>(1), Let (an)or:.-1 be dense in A(K). Define
p k) = > 27 a (k) - & (k)| /(1 + [a_(k) - a_(k)]),
which is a Zeric on K (the fact that ? separates the points
of K is because of the density of (an);:1 in A(K). The
topology induced by ¢ is a Hausdorff topology on K which is
weaker than the original compact topology on K, so coincides

with it.

Later we shall want to deal with linear operators taking
values in an A(K)-space. In this context the following result

will be of use:

THEOREM I.1.18. Let E be a Banach space and K a compact convex

set. If 1M is a continuous affine function from K into E* when

the latter is equipped with the weak* topology, define

A(Tr ) : E—>A(K) by

(A(mm )(e))(k) = e(T k) (e €E, k€K).

Then A :M+—>A(Tr ) is a bijection from the set of all such

T onto the set of all bounded linear operators from E into A(K).

Further JJA(w )l = sup {“11'(1()“ : keK} o

It is clear that A(7r )e lies in A(X) for each e €E, and
that A(m ) is linear. Also it is easily verified that A is (1,1).
To see that A is onto, suppose T : E—>A(K) is a bounded
linear operator and let T : K—>E* be the composition of
T*'S(A('K)) with the natural injection of X onto S(A(K)) (T*
denotes the adjoint operator to T taking A(K)* into E*, which
is weak* continuous). It is easily verified that W is
continuous, affine, and that T = A(T ).

Finally:
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sup { |[ACT)(e)|| : eeE,]

= sup { || (A(TT)(e)) (k) || 10
sup { |[(A(T)(e)) ()| : e €E,, ke S(A(K))]
K€K}

HAa(wH||

e€E,, k eA(K)i;}

H

i)

sup { ||e(TK)|| : ecE,,

= sup {“Trkn H ke’K}o
We shall also need:

THEOREM I.1.19, With the notation of T.,1.18, A(1r ) is compact

if and only if W is continuous for the norm topology on E*,

By Ascoli's theorem A(Tw )(E1) is relatively compact if
and only if this is an equicontinuous subset of A(K) (the set
necessarily being bounded). I.e. if ky—>k in the given
topology on K then k,——>k uniformly on A(TT )(E1). Thus if
k,—>k in the given topology for K, we have the following
equivalences:

W k, —>7k (in norm)
< e(Tmky)—>e(mwk) (uniformly on E1)
< A(r ) (e)(ky)—>A(T )(e)(k) (uniformly on E1)
&> ky —>k (uniformly on A(m )(E1)).
I.e. A(TT )(E1) is relatively compact if and only if

T7 is norm continuous,

Of particular interest is the case when E is of the

form A(K') for K' a compact convex set:

THEOREM I.1.20, If K and K' are compact convex sets, and

T : K'—>A(K)* is weak* continuous and affine then the

following are equivalent:

(1) A(w ) satisfies ACm)(1.) = 1, and either

() a3 0 implies A(T )ad0, or (b) || A(T)}| = 1.
(2) T (K') & sS(A(K)).
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(1a)==>(1b), for |a||l{ 1=> -1KSa\<1K
:$-1K'SA(T )(a)<1K'
=> || A(T )(a)|| < 1.
(1b)=> (2). If k'€K', then
(k') (1) = AT ) (1) (k")

= (1.,)(k") = 1.

K'

So in particular ||wk'||> 1. By (b)
x|l = sup{|a(wk®)| : acA(K),]

sup { [ (A(T ) (@) (k") | : & ea(®),]

sup {[f(k')l : fEA(K')fi

N

Te

]

I.e. ||Wk'|] = 1. Hence Wk' €S(A(K)).

Phat (2)=> (1a) and (1b) is obvious.

In this case we term A(q7 ) an order homomorphism of

A(K) into A(K'). We shall, without further comment, consider

T as taking K' into K.
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2 Real-valued functions on K.

A real-valued function defined on K is termed convex
if x, y€K and 0KA< 1 imply that Af(x) + (1 - \)f(y) 2
f(Ax + (1 = \)y). If -f is convex, f is termed concave. Thus
if £ is both convex and concave then it is affine.

Recall that £ : K—> R is lower semi-continuous (l.s8.c.)

if {keK : f(k) {x} is closed for all « € R, and is upper

semi-continuous (u.s.c.) if -f is l.8.c. Thus if f is l.s.cC.

and u.s.c. then it is continuous.

If £ : K—>[R, the supergraph of f, Sup(f), is the
set {(k,el.) : k€K, 2 f(k)} C ExXR. The subgraph of f,
Sub(f), is {(k,eL) : k€K, < £(k)} < ExR. It is easily
verified that f is convex if and only if Sup(f) is convex,
and is concave if and only if Sub(f) is convex. Also f is
l.8.¢c, if and only if Sup(f) is closed, and is u.s.c. if and
only if Sub(f) is closed.

We shall first be interested in density results and

various maximum principles.

PROPOSITION I.2.1. If K is a compact convex set, the vector

space of all differences of continuous convex functions on K

is dense in C(K).

Apply the fact that the continuous convex functions
form a cone, are closed under finite suprema, and separate the
points of K since the continuous affine functions do. Now

apply lemma I.1.16 and the Stone-Weierstrass theorem.

PROPOSITION I.2.2. If f is a bounded u.s.c. convex function

on K and g is a bounded u.s.c., concave function on K with

flzexﬁhex then f< g,
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Assume there is k €K with g(ko)<f(ko). The subgraph
of g is a closed convex set in ExR, not containing (ko,f(ko)).
By Hahn-Banach separation there is a closed hyperplane in
ExR separating Sub(g) from (ko,f(ko)). This is the graph of
a continuous affine function on E; let h denote its restriction
to K. Then h> g, f(ko)>h(ko).

Now f - h is convex and u.s.c. The set {kEK : (f - h)(k) =
sup {(f - h)(k') : k'¢ K}} is a non-empty closed convex
subset of K which is easily seen to be a face. This set will
have an extreme point, which must also be extreme in K. Hence

sup { (£ - h)(k) : keK} = sup {(£ - h)(k) : ke K }
< sup {(f - g)(k) : keBQK}
<o.

Hence 0<f(ko) - h(ko)éO - a contradiction.

COROLLARY I.2.3. If f, g are the difference of bounded u.s.c.

affine functions on K and f l 3 kS8 | 3.% then f< g,
e e

Suppose f = 1:'1 - :f2 and g = gy - & where f1, f2, g,
and g, are bounded u.s.c., and affine. By I.2.2 f1 + gzgf2 + 84>

Sof=f1'f2$81"82=8°

PROPOSITION I1.2.4. If K is a compact convex set and f : K—)[R

is bounded, l.s.c. and affine, then there is an increasing

net from A(K) converging pointwise to f.

Consider the family {geA(K) : g(f} . We first show
that the family is upwards filtering. Suppose gq» gzeA(K)
and 8¢9 g2<f. Without loss of generality we may assume that
all the functions f, g, and &5 are positive, Let Mi =
{ (x,¢) : kek, 0 ocsgi(k)'} , and N = Sup(f). That

g4 gz<f implies that N!\(M1U M2) = @. As £ is affine,
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Nnco(M1uM2) = @. As M1 and M2 are compact as well as convex
so is co(M1uM2). Strictly separating co(M1u M2) from N by a
closed hyperplane gives us the graph of he€ A(K) with ¢ g2< h<f,
Again if k_€K and < f(k ), we may find h€A(K) so that h<f and

h(ko)>°< R - sup{g eA(K) : g(f} = f as required.

We now introduce the notions of upper and lower
envelope. Suppose XCK with 3,KCX, and that £ : X—> [t ,00 ]

for some o€ [R., The lower envelope of f is the function

D4

f= supfaeA(K) : alng} .
It is easily verified that \f( is that function with supergraph
the closed convex hull of the supergraph of f. An argument
e d
similar to that used above shows that f = sup-[aEA(K) : a'x< f} .

In particular we note that \f{ is 1l.s.c. and convex,

Similarly if f : X—->[-oo, °<], the upper envelope

of £ is T = -((~-£)¥), an u.s.c. concave function. A number of

trivial results are summarised in:

PROPOSITION I.2.5. Let K be a compact convex set, 3 KXc<K

and £, g : K—>[-o00o,t] for = € [R.
(1) FOO X (keK).
(2) £ g =>F< 8.

(3) (£ + g SF + 8.

(4) (B)" = BEH. (v

In simpler cases the use of the subgraph enables us to

compute upper envelopes precisely:

PROPOSITION I.2.6. let F, be closed faces of K and let b, be
J J

real-valued functions on K such that b

e A(Fg)i and
. J

ile,
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) +
P—j‘K\Fj =0 for j=1, 2,..., m, Suppose also aieA(K) for

i1=1, 2,004y, N. Let £ = g va,,v...va vb v ...vb - If keK

1 443

there is a convex combination k = in-l ngxJ, with
i—.

y.€F., such that
J J

200 = 7 ae, (g )__Z FRNCAR
i=1

Define Q; = {(k, ) : keK, o0 %< a (k)}

{(k,¢) : k€K, o$°¢<b.(k)} .
n m
Then the subgraph of f is the set UQ1V URJ. As Q; and RJ
i=1 J=1
are compact co(sub(f)) is also compact, hence closed, so is

S
equal to sub(f). The result is now immediate.

Finally we note:

PROPOSITION I,.,2.7. Let (filieI be a downward filtering family

f.(k) is finite for

of u.s.c. functions on K such that inf,
jeI—i

all k€ XK. Then

A N
ginfieI fi = inf €T gfiz o
It is clear that (inf f ) inf (f ) . Suppose a €A(K)

and a> inf fi' It will suffice to show that there is j€ I with

a>fj. By assumption for each k€K there is i € I with a.(k)):f’:.L (

By u.s.c. of fi this strict inequality persists in an open
k
neighbourhood Uk of k. Compactness now gives us a finite cover

Uk sev ey Uk of K. Choosing f smaller than each f provides
1 n J ikg

the desired function.

k).
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3 Representation of points by measures,

We have seen in I.1.9 that if py € P(K) there is a unique
k € K such that .fadu = a(k) whenever a€ A(K). This result can
be extended considerably. We shall content ouselves with the
following result.

We denote by ésggl the uniform closure, in the space
of all bounded functions on K, of the vector space of all

differences of bounded l.s.c. affine functions on K.

PROPOSITION T.3.1. If fe A (K) and peP(K) then {fdy = £(r(u)).

Suppose first that f is bounded, l.s.c. and affine, then
by T.2.4 there is an increasing net fy /Af from A(K). We then
have:

f(r(p)) = E{fr(r(u)) = \(u(fv) = p(}(fw) = u(f),

where we write p(h) for jhdu. Clearly this will persist for
differences of such functions. That it persists for the closure
of this space is an immediate consequence of the Dominated

Convergence Theorem.
We state for reference a few facts about AS(K).

PROPOSITION I.3.2, If fG.Ast) then:

(1) £206p 7|, >0,
(2) Ul = supfle(i)l : ke k3.

These are immediate consequences of Corollary I.2.3 for
differences of bounded l.s.c. affine functions. The general case

follows from this by a limiting argument.

We are interested in finding probability measures with a
given resultant that are supported (as far as possible) by the
set of extreme points of K. As an aid to this we define an order

on the space of all regular Borel measures on K, M(K), by
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pdv if u(f)é v (f) whenever f is continuous and convex,
In particular we note that if v € P(K) and either

p>w or p<v then peP(K) and r(p) = r(v e For if a € A(K)
then a and -a are contimnuous and convex so p(a){ v(a) =

-v (-a) -p(-a) = p(a).

PROPOSITION I.3.3. Let p,¥» &€ M(K) then n< v if and only if

A
v (£)€ p(f) whenever f€ C(K).

An argument similar to that used in I.2.4 shows that 't:
is the pointwise infimum of a directed family of finite
infima of elements of A(K); i.e. ? is the infimum of a
family of concave continuous functions, It follows that if
p<> then n(?) 2 v(2) 2 v(1).

On the other hand choosing f continuous and concave,

N
f=f and V(£)S u(f). This implies p<V as claimed.
Our first result on the existence of measures is:

PROPOSITION I.3.4. Let K be a compact convex set, fe C(K)

N
and i € P(K). Then there is ¥ € P(K) with vV > y and Vv(f) = p(f).

By I.2.5 I’ : g——)p,(/é) is a sublinear functional on
C(K). Define a linear functional on (Rf, Vs by vo(o(f) =
Lp($). If L3 0 then V(% f) = Xu(§) = w(=f) = P(x1).
On the other hand if << 0 setting B = -o and noting that
wBDHCuCFE) we have v (otf) = - Pu(P) = -u(FH <
u({F\f) = u(i\f) = §(°Lf). Hence Y, is majorised by @.
Extend vo by the Hahn-Banach theorem to a linear functional
VY on C(K) majorised by @. Then V(f) = u(?’) and V(g)< p(g)
for all g eC(K).

If g€ C(K) and g< 0, then ESO so v(g)éu(g)SO. So
V is positive. Finally as ¥ (g)< p(®) for all geC(K), I.3.2

implies that v » p. By the comment made above it follows that
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v € P(K). The proof is now complete,

As an application of this we have:

PROPOSITION I.3.5. If keK the following are equivalent:

(1) ke oK.
(2) £(x) = £(x) for all fec(K).

(3) £(k) = ?(k) for all f : K—>[=o,©) which are

u.8.¢, and bounded.

(1)=>(2). If k €3,K and f€C(K), I.3.4 implies that
there is v € P(K) with ¥ (f) = £(k) and V >€,. In particular
Y has resultant k, so V = £k by I.1.10. I.e. f(k) = ’f\(k).

(2)=»(3). Let f, be a2 net from C(K) filtering
downward with infimum f, Then inf ’f: is u.s.c. and concave, so
dominates T. Thus f(k) = inf £, (k) = inf £, (k)> £(k) 2 (k).

(3)=>(2). a fortiori.

(2)=>(1). Considering -f we have f(k) = \t{(k). Let
u&P(K) and r(p) = k. By I.3.3 we have

£(k) = ¥ p(H) €F(x) = £(x),
since p > Ek' On the other hand this also implies ik>-u again
by I.3.3. Since the order on P(K) is proper (because of I.2.1),

€ = . Now k is extreme by I.1.10.

COROLLARY I.3.6., If 3, KcX<K and £ : X—> [R is bounded and

A
continuous, then f(k) = £(k) = }’(k) for all k € K.

Let £ 2, extend f to an u.s.c. function f' on K by:

fr(k) = lim sup £(x) (ke X)

xeX x—>k
= L (ke K \X).
Clearly if a€A(K) and a|, 2 f then a3 f'. Thus ?= @, and

the result follows from I.3.5 immediately.
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If £&€C(K), we define the boundary set of f, Bf, to

ve {kek : £(k) = (1)} .

COROLLARY I.3.7. 9¢K = (\{Bf . fec(x)t .

We shall be interested in measures in P(K) that are

maximal with respect to <.

PROPOSITION I.3.8. If yeP(K) the following are equivalent:

(1) p is maximal for <,
(2) w(f)
(3) u(#)

(1)=>(2). By I.3.4 there is V€ P(K) with v > p and

u(f) for all feC(K).

i

u(f) for all convex f € C(K).

v (f) = p,(?). By maximality, p= vV so u(f) = u(?).

(2)=3>(3). a fortiori.

(3)==>(1). Suppose f is continuous and convex, and let

A\
V>u. Then f = f. S0 by 10303
v
u(£) = p(H< v (<) = ule).

Thus p and VvV coincide on continuous convex functions, and

thence on C(K) in virtue of I.2.1.

COROLLARY I.3.9. If p is > -maximal then p(3.K) = 1.

Let C be a compact subset of K such that CnJ.K = #. Let
£€C(K) with f|gg = 0, f|, = -1 and -1< <0, As T = 0 we have
e
”~
0 = p(f) = p(f)< -p(c)go.

It now follows from regularity that u(btl() = 1,

It follows from (2) of I.3.8 that p is maximal if and
only if U(Bf) = 1 for each f€C(K). For this reason maximal

measures are also termed boundary measures.

THEOREM I.3.10. If ke¢K there is pe P(K) that is maximal for

> and with r(p) = k.
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The proof applies Zorn's lemma on the set {peP(K) tp> Ek} .
We must show that any chain {u‘*'} in this set has an upper
bound. Let p be any weak* accumulation point of {p.,(z - by
compactness of P(K). Choose % and a continuous convex f. For
every €> 0 there exists P > o with

| ug(£) = p (£) I €.

As < Mps M (E)Cp(E) s0 e (£)Cp (£) +E "As € was
arbitrary, p.(f)< po(f). Hence p_ < Ho» SO b is an upper

bound for {p,} es required.

If k€K, we denote by Zkiﬁl* {p,eP(K) : r(p) = k}.
The set Q(K) of all maximal measures in P(K) is easily seen to be a
face of P(K), using (2) of I.3.8. We define Qk_(l(_)_z Pk(K)I\Q(K).
Theorem I.3.10 asserts that Qk(K) # ¢ if ke K.

In the metrisable case we have a useful characterisation

of maximal measures which is not valid in general.

THEOREM I.3.711. If K is a metrisable compact convex set, VoK

is a Gg and peP(K) is maximal if and only if n(deK) = 1,

It will suffice to find feC(K) with Bf = K. By
I.1.17 and I.2.1 there is a sequence {8111 - gi'} dense in C(X),

where gz is con;inuous and convex. Let us define f€ C(K) by
— -n | i -1 4
IO Al I
To see that By = ?,K, suppose k€ K\ J,K, so that k = Ax + (1 - A)y
with x, yeK, x # y and 0<A <1, By density of the {g:l - gi}
there are i, n with gi(k)( )\‘gril(x) + (1 - A}gi(y) or else
h(k) = Ah(x) + (1 - A)Yh(y) for all he C(K), which is clearly
not the case if we take h = a2 for a € A(K) with a(x) # a(y).
Now certainly
F(k)<AE(x) + (1 - A)f(y)
SAf(x) + (1 - M)
<F(K),

so k¢Bf,
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COROLLARY I.3.72. If K is a metrisable compact convex set and

ke K there is p e P(K) with r(p) = k and pu(2ek) = 1,

One notion of interest to us is that of a dilated set.
A Borel subset of K, D, is dilated if pe P(K) and r(u)€D

imply that u(D) = 1.

PROPOSITION I.3.13. If F is a closed convex subset of a compact

convex set K, then F is dilated if and only if F is a face of K.

If F is dilated and x, y€K, 0<A<1 with Ax + (1 = A)y€F
then r(}\gx + (1 -2) Ey)eF. It follows that x, YEF as P is

dilated,

Now suppose F is a face. The set {ueP(K) : u(F) 1(}
is easily seen to coincide with (\{ peB(K) : p(a) = 1}

where the intersection is over all a € C(K) such that alF =1,
a1, Thus {ue P(K) : u(P) = ‘l} is closed. As the resultant
map is continuous and affine, r-1(F) is a closed face of P(K).
By the Krein-Milman theorem, r'1(F) = co {%k : keF] . As

{ %k : kGF} - {p €P(K) : pu(F) = 1} and this latter set

is closed and convex, it follows that r-1(F)C {p €P(K) : u(F) = 1} .

A subset G of a convex set C is a g-face if x, y€C,

0<A<1 and Ax + (1 - M)y€G imply that x, y €G.

LEMMA T.3.14. A subset G of a compact convex set K is a o-face

if and only if it is a union of faces of K. If G is a closed

g-face then it is a union of closed faces of K.

It is easily verified that a union of faces of K is a
g-face. Suppose conversely that G is a o-face of K. If k€ G, let
F be a maximal convex subset of G containing k. We claim that

P is a face of K.



-24-

Suppose f€F, 0<A<1 and £ = Ax + (1 - A)y with x#F.
We claim cof {x} v F)C G which will contradict the maximality
of F. Suppose 0<% <1 and k = *x + (1 - X )f¢G. Writing

_ A
\‘“(1-°<);\+ X

we have 0 <¥ <1 and f= ¥k + (1 - ¥)y. As f€G and G is a
o-face, k€ G contradicting our assumption.
If G is closed, and F is maximal as a convex subset

of G, then FCG is also convex, SO F = F is closed,

COROLLARY I.3.15., If G is a closed subset of a compact convex

set K, then G is dilated if and only if G is a o-face,

If G is a o-face, r(p)€ G and F is a closed face of K
with r(p) € FSG, then supp(p) FCG. Conversely if G is dilated

the proof of I.3.13 suffices to show that G is a o-face.

PROPOSITION I.3.16. Let f : K—> R be an u.s.c. positive affine

function, then £~ (0) is dilated.

Using I.3.1 if r(p) € £~ 1(0) then p(f) = £(r(p)) = O.

As £330 it follows that p(f”'(0)) = 1.



CHAPTER II

SIMPLEXES

1 Basic properties.

The spaces of continuous affine functions on a compact
simplex share many of the properties of spaces of continuous
functions on a compact Hausdorff space, In this section we
prove the basic results on compact simplexes,

We first need a result on the upper envelope of a class

of functions:

PROPOSITION II.17.1. let S be a compact simplex and f a bounded

u.sS.c. convex function on S. Then

F(x) = inf{a(k) : aea(K), a>r}

is affine on S.

Note first that the space of all bounded affine functions
on S may be identified with A(S)**, and is therefore a lattice
(cfe I.1.13). Also that the pointwise infimum of a downward
directed family from A(S)** will be affine. It will suffice to
show that f is the pointwise infimum of such a family. We
take for this family the collection, U, of all finite infima
(in A(S)**) of elements of A(S) dominating f.

If a ¢ A(S)** and is u.s.c. on S, then the formula

a+(k) = sup {a(x) : OSxSk}
for k€ S shows that a+ is also u.s.c. The formula a,A8, =
8y - (52 - a1)+ now shows that each a€U is l.s.c. We now see
that U is a downward directed family of l.s.c. functions whose
infimum, 2, satisfies zg?.

If a€U and € >0 then a +& is l.s.c. and affine and
is therefore the pointwise supremum of the family, V, of

functions v € A(S) such that v<a + & . The family V is upwards
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directed with supremum a +€&€ > £ +¢£ . Since f is u.s.c. a
compactness argument shows that there is w€ V such that f<w<a + & ,

. A
Therefore ?(a +§ for each a¢U and all € > 0, and hence f = z.

As a first application we derive the important uniqueness

theorem,

THEOREM II.1.2. If K is a compact convex set the following are

equivalent:
(1) K is a simplex.

(2) There is a linear operator E : C(K)—)AS(K) such

that E20 and Ea = a if ae€ A(K).

(3) Every point of K is the resultant of a unique

boundary measure.

(4) There is an affine map m : K——>P(K) with r(m(k)) = k.

(1)==>(2). Note first that f— £ is additive on
the cone of continuous convex functions on K. For if k€ K, let
n be a boundary measure representing k, so that p(f) = p(':t\‘)
by I.3.8. As £ is affine (II.1.1) u(f) = £(k) by I.3.1. Thus
if g is also continuous and affine then (f + g)'\(k) = u(f + g) =
W(£) + p(g) = 2(k) + (k). Hemce (£ + g)" = £ + &.

If £ is the difference of two continuous convex functions
f1 and f2, we define Ef = f1 - f2. By the additivity of fl-—-)’i\’,
E is well-defined and linear., From I.2.5 it follows that
[|E(£ - @)|| < || £ - gll for all continuous convex f and g. By
the density of such differences in C(X) and the completeness of
AS(K) E may be extended to the whole of C(K) by continuity.
Clearly if a€A(K) then Ea = a,

If £, - f2>,0 (fi continuous and convex), then f1)f

2

~ "~ A A
so £, }fz (I.2.5), i.e. £, - f2>,0 so E is positive on this

subspace., The extension to the whole of C(K) is positive because
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the positive cone in AS(K) is closed.

(2)=—=>(3). If k€K, define A(f) = (Ef)(k). Then A is
a positive linear functional on C(K) taking 1K to 1. We may
identify A with a probability measure on K that we also denote
by A. Suppose pe€P(K) and r(p) = k. If f is continuous and
convex, then

A(E) = (Ef)(k) = p(Ef).

But f = sup{aEA(K) : a<f} (¢f. proof of I.2.4), so
Ef> sup {Ea : a<f} = sup{a : a <f} = f, Thus p(Ef)> u(f).
I.e. we know A >p. It follows that A is the unique maximal
measure representing k.

(3)=>(4). The map taking k to its unique representing
boundary measure has all the desired properties.

(4)=—=>(1). By I.1.11 r extends to a positive linear
operator R : C(K)*—>A(K)*, and m to a positive linear
M : A(K)*—>C(K)* with R(Ma) = a for all a € A(K)*. If a, b€ A(K)*,
R(Mawv Mb) > RMa, RMb so exceeds a and b, On the other hand if
c2a, b then Mc2Ma, Mb so ¢ = R(Mc) 2R(MavMb)., It follows

that A(K)* is a lattice, so K is a simplex,

A measure py on K is an affine dependence if u(a) = 0 for

all a €A(K). The uniqueness result may be restated as :

COROLLARY II.1.3. If S is a simplex then there are no non-zero

boundary affine dependences on S.

We shall denote by My the unique boundary measure
representing k whenever S is a simplex. A consequence of

II.7.1 that we shall need is:
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COROLLARY II.1.4., let S be a compact simplex, f a bounded u.s.c.

convex function, and g a bounded l.s.c. concave function. If

A A
£< g then £< &, and if £<g then £< g.

§ - ? is l.s.c. and affine, so attains its infimum on

¢S (by the Krein-Milman theorem). But on 3,S, ?(k) = f(k) and

Z(k) = g(k), so the desired result follows.

THEOREM II.1.5. (Edwards) Let S be a compact simplex,

£ : S—>[-%,®) be u.s.c. and convex, and g : S—> (-, 0]

be 1.8.c. and concave. If f{ g there is h€ A(S) with fS h<g.

Note first that we may suppose f and g are bounded, for
if not we can replace f by fv(infkes g(k)) and g by g«(supkes f£(k))
without altering the assumptions of the theorem. A separator
for these two will automatically separate f and g.

By an inductive argument we shall construct a sequence
{hn} ne=o Trom A(S) such that for n>1

£ -1 <h°<g + 1
-n -n -n -n
(B4 =27 v(f -2 (b _, + 2 v(g+ 2™,
and observe that this will establish the result as {hn} will
be a Cauchy sequence, the limit of which satisfies the
requirements of the theorem,
A \%

For n = 0, we have (f - 1) <(g + 1) by Corollary II.1.4,
and the existence of ho follows by separation in product spaces
using the Hahn-Banach theorem. The existence of h-n follows
similarly when the induction hypothesis is used to verify that:

(hy_y = 27V (g -2 (b _, + 2 a(g + 27,

1

The second result that we shall prove is a generalisation
of this, Before proving it we need more notation.

If C is a convex set and E a vector space, a map
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@ : C——)ZE is termed affine if, for every c €C, @(c) is a
non-empty convex subset of E, and such that:
AR + (1 =0 B )TBhe, + (1 - A)ey)
whenever 0<AL 1 and ¢,, ¢, &€C.
Jf X, Y are topological spaces, a map § s X——%ZY
is termed lower semi-continuous if whenever UCY is open, then

{xex : ﬁ(x)r\U# ¢} is open in X.

In our context we shall deal with maps from a compact
simplex S into 2E, where E is a topological vector space, which
are both l.s.c. and affine. If § is such a map then so are
the following:

3 : kB (K)
(? + U} : kr—-—)@(k) + U where U is a convex open neighbourhood
| of O in E,
To® : kr—> P(P (k)) where T : E—>F is a continuous
linear operator from E into a topological vector space F,
Not quite so obvious, but more useful, is the following

result:

LEMMA II.17.6. let C be a convex subset of a topological vector

gpace and S, T l.s.c. affine maps of C—->2E, 2F respectively,

where F and F are topological vector spaces. Let f : E—>F be

continuous and lineer, and let U be a non-empty open convex set

in P, If x€C define

Rx = er\f"1(Tx + U).

If Rx # ¢# for all x€C, then R is 1l.s.c. and affine,

That R is affine is easily checked. Let @ # V be open
in E, and let W= { (a,b)€e EXF : £(a) - b€U}, so that W is
open in EXF, Let SXT denote the map x+—— Sx XTx, then it is

clear that SXT is l.s.c. Now the fact that R is l.8.c. is clear
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from the equality:
{xeC : RxnV # ¢‘] = {xGC s (SXTIx)AnWA(VXF) # ¢} o

Before proving the main selection theorems, we show the

existence of "approximate selections",

PROPOSITION IT.1.7. Let S be a compact simplex and E a locally

convex space., Suppose § H S——->2E is l.s.c. and affine, If U is

a_convex neighbourhood of the origin in E, then let (& + U)(k) =

P (k) + U for all k €S, There exists a continuous affine selection

for 5 + U,
We prove tﬁis first for E finite dimensional. Applying
Lemma II.1.6 we see that § + U is l.s.c. and affine, and
hence that m is also. If E = R, define f(k) = inf{r e R:
rem} and g(k) = sup{re R : rem}. That
f is convex and g is concave is immediate from the affineness
of m. We also have that f is u.s.c. for f-1(-°°,°() =
{kes : (P (K) + U)n (-, 0t ) # ¢} is open, and similarly
g is l.s.c. By Edwards' theorem there is a continuous affine
separator, h, for these which will be a selection for m.
Noting that $+U/2< $ + U completes the argument for E = R.
Suppose dim(E)> 1, and let E = [R x F with p, q the
canonical projections onto IR » F respectively. Suppose A, W
are convex symmetric neighbourhoods of the origin in (R s F
respectively with AXWCU. The comments above show that
;}T : k&-—)M is l.8.c. and affine, and the argument
above shows that there is a continuous affine selection for
B-Sf, f. If we now set '\} = qo(?r\ p-1(f + A)), lemma II.1.6
shows that 'I' is l.s.c, and affine. By induction we may suppose

there is a continuous affine selection for ‘} + W, g. It is clear
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that (f,g) is a continuous affine selection for @ + U.

In general, suppose U is convex, symmetric and open. If
YEE let ‘

Uy = {kes : PN (y + u/2) # ¢}

which is open. The sets cover S which is compact, so there is a
finite-dimensional subspace H of E such that the sets Uy cover
S as y ranges over H, If W= HAU/2 and ¥ = (§ + U/2A)(\H,
then 'S_[’ is affine and l.s.c. Now any continuous affine selection

for ‘{‘ + W will also be a selection of § + U.

THEOREM I1I.1.8. (Lazar) Let S be a compact simplex, and E a

Frechet space. let i : S——>2E be l.s.c., affine and suppose

@ (k) is closed for all k€ S, Then there is a continuous affine

selection for @ .

Let P, be an increasing sequence of semi-norms defining
the topology of E. Define a sequence of continuous affine
selections as follows:

-1
h(k)e (k) + {xeE: p,(x,0<2 1

and if hn— is defined,

]
h (k)€ Poyn {x€EB s p_ (x,n _,(k))<2

+ {er : pn(x,0)< 2-n2 s

-n+1 }

this being possible as the intersection is non-empty, for the
semi~norms are increasing. The sequence hn is Cauchy so
converges to a continuous affine function from S to E, which

is a selection as f(k) is closed for each k€S,

At the expense of a more complicated statement we can

improve this result slightly.
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THEOREM II.1.9. Let S be a compact simplex and E a Frechet space.

Let @ : S—> 2E be affine and let @(k) be closed for every k€S,

Suppose also that for every convex symmetric open neighbourhood

of O in E, U, there is O. : S—>2° which is affine and l.s.c.

=
and satisfies § (k)& §‘,jk)C.§_'ZL(k) + U for each k€ S. Then there

is a continuous affine selection for § o

Let P, be an increasing sequence of semi-norms defining
the topology of E, and let Un B = {zeE : pn(z,0)< B} ,
1

end let &  be l.s.c. and affine with dc @n,FC"@+ U,

B B*

Fix «>1, If h is a selection feor (§ + Un )-, then

of

* hd I I
@n-m,p/z(k)r\(h(k) Un,o(ﬂ) # @ for each k€ S, By lemma II.1.6
this latter map is l.s.c. and affine, so its closure has a

continuous affine selection which will also be a ‘selection for

() + Uy g/p) (h(K) + U, )7

Now define a sequence {hnl ;;1 C A(S,E) as follows:
and, if hn is defined,
By ()€ (R (k) + T oon)n (B (k) + U,y 5-n=1))

Z(®(x) + U -n-1)",

nt1,2
It is clear that (hn) is Cauchy, and that its limit will have

values in @ o

If E is a Banach space, the criterion is rather simpler.

Let B, denote the open ball in E, centre the origin and radius o<,

COROLLARY I1TI.1.,70., let S be a compact simplex and E a Banach

space. Let ® S—>2E be affine and let $ (k) be closed for

all k € S. Suppose also that for each B >0 there is

@J : S——)2E which is affine, 1l.s.c. and satisfies @ C§9C§ + Bge.

Then there is a continuous affine selection for L
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2 Bauer simplexes.,

We shall look in this section at one special case that
has inspired much of the general theory. If JL is a compact
Hausdorff space, then M(JSL) is a lattice, so the base of the
positive cone in it, P(SL), is a simplex. When endowed with
the weak* topology as the dual of C(JSL), this simplex is
compact. The set of extreme points of P(JL) is precisely the
set of evaluation measures at points of JL, so is compact and
hence closed. Thus such simplexes are of a special nature. In
fact the property of having closed extreme boundary characterises

such sets of probability measures amongst compact simplexes,

We define a simplex S to be a Bauer simplex if 2&5 is

closed in S.

THEOREM IT.2.1. If K is a compact convex set, the following

are equivalent:

(1) K is a Bauer simplex.

(2) Every point of K is the barycentre of a unique

probability measure supported by J.K.

(3) K is a simplex and X3 51 is a continuous map

from K into P(XK) endowed with the weak* topology as the dual of C(K).

(4) QGA(K) for all continuous convex functions f

defined on K.

(5) A(K) is a lattice.

(1)==>(2). This is because now py is supported by
K = Szf‘if and only if p is a boundary measure., The uniqueness
theorem for simplexes completes the argument.

(2) =>(3). That K is a simplex is because the boundary

measures for K are certainly supported by 3., so are certainly
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unique if (2) holds. Also pr—>r(p) is (1,1) and continuous
from P(-}:ﬁ) onto K. The inverse map, X+—> By is thus continuous.

(3)=>(4). ? is affine by IT.1.1. As ?(k) = (£,
the map kw——;%(k) may be decomposed into k+—> ukh—4>uk(f), and
is therefore continuous.,

(4)=>(5). If 849 azeA(K), the definition of upper
envelopes makes it plain that q.v\a2 is the least upper bound
of a, and a, in A(K), where a2,V a, is calculated in C(K).

(5)== (1), That K is a simplex is because A(K) is a
lattice, hence has the R.D,P, and hence A(K)* is a lattice. It
remains to show that ®.K is closed. Suppose k1¢ K, let
k.' = (1/2)m + (1/2)n. By the Hahn-Banach theorem we can find

8., 8, €A(K) with

1
a1(m) = az(n) =1, 2, (n) = az(m) = 0.

If a,va, is calculated in C(X), then (a1v az)(k1) = 1/2, yet

(a,v 2,)" (k)1 s0 k¢ B, = {kek : $(k) = £(k)} where

f= a,va,. As BQKCBf for all continuous f we see that

K = ﬂ{Bf : f=a,va, ..va, aieA(K)’} o If the supremum

o exists in A(K) it must be equal to mwhich

is therefore continuous, Thus (5) tells us that each Bf, and

of 8,45 8

hence 3,K, is closed.

COROLLARY I1I.2.2. The Bauer simplexes, S, are precisely those

compact simplexes affinely homeomorphic to a set of probability

measures on & compact Hausdorff space endowed with the weak*

topology. Namely S may be identified with P(d¢S).

An alternative characterisation is by means of extension
properties for real valued functions defined on the extreme

boundary.
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THEOREM 1I.2.3. If K is a compact convex set, the following

are equivalent:

(1) K is a Bauer simplex.

(2) Every continuous function f : aix—afR can be

extended to a function of A(K).

(3) Every bounded continuous function £ ;: 3K—>R can

be extended to a function of A(K).

(4) Every uniformly continuous function f : 3¢5———>TR
can be extended to a function of A(K).

Moreover if K is a Bauer simplex the extension of (2) is

unique and norm preserving,

(1)=>(2). ke—>p, (f) is the desired extension.

(2y==>(3) is trivial,

(3)==>(4) is also trivial because uniformly continuous
functions are bounded.

(4)=>(1). Let a, a,€A(K), and let a€A(K) extend
a,Vv a2|'3gK‘ Clearly a is the l.u.b, in A(K) of 8,y 8, 80 (5)
of Theorem II.2.1 gives the result,

The last statement follows trivially from the Krein-Milman

theorem.

In fact this extension result still holds for functions

which take values in a compact convex set,

THEOREM IT.2.4. If S is a Bauer simplex, and K a compact convex

set, and f : 9.S—>» K is continuous, then f has an extension to a

continuous affine map f : S—>K.

Define f(s) to be that point of K such that a(?(s)) = us(aof)
for all a€ A(K). It is clear that f : S—>»K is affine. If

s €3,5, then = £ sop (aef) = a(f(s)) for all a€ A(K) so
Mg Pg

S
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?‘(s) = f(s), Finally for each a € A(X), s»—-aa(;’(s)) = ps(aOf)

is continuous by II.2.1 (3). It follows that f is continuous.

Faces of Bauer simplexes are easy to describe and have

some nice properties.

THEOREM II.2.5. If S is s Bauer simplex, then a subset F of S

is a closed face of S if and only if there is a closed subset

D &3¢S such that F = E(D). In this case we have D = 3 F. In

particular a closed face of a Bauer simplex is a Bauer simpleX.

If P is a closed face of S, then 3.F = Fa,S is closed.
By the Krein-Milman theorem F = co(d,F). If, on the other hand,

DT 3.3 is closed and 0<A<1, k,, k, €S with Ak, + (1 = M)k, € co(D),

1* 72

suppose “’k1 is not supported by D. Then )\uk1 + (1 - Mukz
must assign positive mass to 3.5\ D as both measures are
positive. But the resultant is in E;(D) so this is impossible.
I.e. k1, kzeF as claimed., Finally if F is a closed face of S

then F is a simplex by I.1.15 and J.F is closed since 2.F = Fn?23,S.

THEOREM II.2.6. If S is a Bauer simplex and F is a face of S

then so is f.

Let J be the set of all p€P(S) with support in 2¢S and
resultant in F. Let B = U {supp(p) : pe 3} C28. By IL.2.5
it suffices to show that F = co(B). Certainly if k& F, wy is
supported by ?.,S, so supp(pk)CB and k€ co(B)., I.e. F< co(B)
so certainly Fcco(B).

Suppose, conversely, that k€ P, If x¢& supp(pk) let V be
a closed convex neighbourhood of x with pk(v) # 0., We show
x€F, so that BCF and hence co(B)ZF. If (V) = 1 then

k €V so that FAV # @#. On the other hand if p (V)<L 1 let

by = (N7 )y end py = (0 = w (V)7 ) (g yy- Now
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uk = uk(V)u1 + (1 - uk(v))l)?’ so k = uk(v)r(u1) + (1 - uk(v))r(p.2)-
As F is a face of S, r(p1), r(uz) €PF. It follows now that again

we have FAV # . The proof is now complete.

We finish this section by translating Theorems II.1.5

and II.1.8 into analogous theorems for compact Hausdorff spaces.

COROLLARY II.2.7. (Katelev) Let JL be a compact Hausdorff space,

f ;N —> [-0,0) be u,s.¢, end g : L —> (- », o] be 1l.s.c.

If £<g there is he C(JNL) with f< h< g,

Tdentify JU with deP(JL). If £ : P(U ) —s [- oo, ) is
defined to be equal to f onJL and - on P(0L )\ L, then f is
u.s.c. and convex, Define similarly g : P($L)—> (- =, o] by
g o = & and Elpaa e = & If h separating f and g is

continuous and affine, then vfaL,L is the required h.

COROLLARY I1I.2.8., (Michaels) IetJL be a compact Hausdorff space

and E a Frechet space. If § t L —> 2E is l.s.c. and i(v) is a

closed convex non-empty subset of E for every “we JL, then there

is a continuous selection for § .

N~

$ . P(JL)—-—»ZE is defined by §(v) = @(v) if weJdl,

.

and @(‘u) = E ifw e P(QL)\JL, § is l.s.c. and affine, any

[N

continuous affine selection for § when restricted to Jb will

satisfy all that is required.
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3 Faces,
In this section we shall look at faces of general simplexes.
Although we have no precise description of closed faces in

general, we do have some useful characterisations of them.

THEOREM II.3.1. Let S be a compact simplex and F a closed

convex subset of 3. F is a face of S if and only if 2.F< J.S.

The "only if" is obvious. Suppose f is continuous and
convex, as well as ? and Bf we shall utilise %F = inf'{a :
£| pSaea(®} and Bp= {keP: (k) = £(0)} . Tt is
clear that '}Fs?lF. Suppose & € A(S) and that a| % f| . As S

A
is a simplex, f is u.s.c. and affine and coincides with f on

A A
¥eSe Thus alaeF>’ fI 3P and by Corollary I.2.3 a|F>, f|F. Thus
%F)ﬂp, and hence Bg = Ban for all f that are continuous

and convex.
Suppose F is not a face of S, so that k€ F and
k = (1/2)k1 + (1/2)k2, k

y kK, €8S, k1 451‘“. Let My be a boundary

1 2

measure on F representing k, so that My is supported by Bﬁ
for all continuous convex f, by I.3.8. By the last paragraph,
regarded as a measure on S, My will be supported by Bf for all
continuous convex f, so is a boundary measure by I.3.8. As S is
a simplex, By dominates all measures on S representing k. But
let a €A(S) with a(k1) =1, alFso and take f = av 0. Now

m(f) = ol1/2= (1/2)(E, + ek Y(f), contradicting the

1 2
maximality of By e

COROLLARY II.3.2. If G is a closed g-face of S, or equivalently

if ¢ is a closed dilated subset of S, then co(G) is a face of S.

As G is closed, DQ(EB(G))C.G by Milman's theorem. As G
is a o-face, any extreme point of G is an extreme point of S.

The result now follows from Theorem II.3.1%.
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Let us now establish some properties of closed faces of
compact simplexes. A face F of S is said to be exposed if
there is a€A(S)+ with alp = 0 and for all k€S \ F a(k)> 0.

+
P is relatively exposed if for all k€ S\ F there is a €A(S)

with a|p = 0 and a(k)> 0.

THEOREM II.3.3. Every closed face E’iof a simplex S is relatively

exposed, F is exposed if and only if F is a Gg¢. In particular

every closed face of a metrisable simplex is exposed.

Choose k€ S\ F, By Hahn~Banach separation there is
acA(S) with aj,<0 and a(k)> 0. Define f = av 0, which is
continuous and convex, and let le = 0, ng\F = A, where A is
the supremum of a on S, which is l.s.c. and concave, As f{g
there is h €A(S) with f{ h€g, by II.1.5. This h has the
properties that h‘F = 0 and h(k)> a(k)>O0, so F is relatively
exposed.

Clearly if F is exposed, it must be a Gg. Suppose that
Cn are compact subsets of S\F and that S\F = nQCn. A simple
compactness argument gives hne A(S)+ with hn|F = 0 and
r:§|0n> 0. We may also suppose "hn“ = 2P, The function

Z hn has the desired properties,
n=1

We can establish a characterisation of closed faces in
terms of the order structure of A(S). Recall that an ideal was

defined on page 9.

THEOREM II.3.4., Let H be an ideal in A(S), S a compact simplex.

The set P = {kes : h(k) = 0 for all he H} is a closed face

of S8, and the set {aiA(S) : aLF'-’ 0‘} is the closure of H and
}

is also an idesal,
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10 X5,
0<A<1 and Ak, + (1 - A)kzeF, let h€ H with h(k1)>0 else

That F is closed and convex is clear. If k

F is certainly a face, If h'€H, h'> h, O then we have
h'(Ak.‘ + (1 - )\)kz)))\h(k1)>0 - a contradiction.
That HC {a € A(S) : alp = 0} is clear. Let 0¢ a ¢,

0 and f(a_)>0. If hel ,

then there is f€ A(S)* with le

£'(h) = sup {£(n') : 0Kh'Sh] = 0 as H is an ideal in A(S).

Thus f+‘H/= O as H is positively generated. It follows that

f+ is a positive multiple of evaluation at some point of F.

As f+(ao) )f(ao)> 0, a  is not in the set {a eA(s) : aIF = 0} .
If a €A(S), a|g = O we need only find bea(s)’ with

bIF = 0 and b>a to complete the proof. This can be found

by using II.1.5 to separate the function that is Q on F and

«* on S\F from avoO,

We have one other topology that we can define on a
simplex., Namely if S is embedded in A(S)* in the usual way,
then S can be given the norm topology of A(S)*. If S is a
Bauer simplex this is simply the usual norm of measures. For
this topology we can extend the result of II.2.6 to all

simplexes.

THEOREM II.3.5. let F be a face of a simplex S, then the

norm closure of F is also a face of S.

We note first that a face G of S is norm closed if and
only if E is a norm closed face of §, for suppose G is norm
closed, xn’ u>0, fne F and g € S. Suppose )\nfn—> ug, then
[\, = ul = “I)"nfn” - Il ug "I £ ”xnfn - pg“—)O. Hence
ety - well < lloty = At ll + gty - well = Ju - A )+

| A 2, - ve|l —> 0. T.e. ygeuG = p6CG. Thus it will suffice
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to prove that the closure of f is a face of 5.
Let f be in the closure of F, and O {g<f. Choose f£'¢F
with || f - £ < €/3. Then we have og+ (f' - g)a0Kf', g.
As f)g, we see that (f' - £)S(f' - g), thence that
(f* = £)A 0L (£ - g)AOKO.
If acA(S) then a = || 8.“15 - (“ a“ TS - a), so we can
write a = b - ¢ with b, c €A(S)" ana |b| + Jlell €£3]la]| + Thus
if h€ A(S)* we see that
| (ha0)|| = sup{|(nno)(a)] : [[eli< 1}
Q 3 sup{l(hAO)(a)l : lla“ <1, a),o}
=3 sup{inf{n(b) : oSbsa'} s lall €1, a0}
<sllndl,
as 0{ b a implies || bfj ” a“ .
Thus || (£' - £) a0l {3]||fr - £{|<3(€/3) = €. 4s the
norm is additive on S (and hence on -S), we see that
” (£ - g)AO“{ €. As we have seen that 0Sg + (£' - g)A OSf'G?
it follows that g + (f' - g)A 0 e"f*, 80 g belongs to the norm

closure of F and the proof is complete.

We introduce now a notion that will achieve great
importance later, If F is a subset of a compact convex set K,

we define the complementary set F' to be the union of all the

faces of K that do not meet P, If F' is convex then it is
readily seen to be a face, in which case it is termed the
complementary face of F. F is a gplit face if either it is @ or K

(in which case it is termed an improper split face) or if F!

is convex and each k€ K\ (FUF') can be written uniquely as a
convex combination k = Ax + (1 - A)y, with xe P, y€ F' and

0<A<1. It is clear that if F is a split face then so is F'.
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THEOREM II.3.6. If F is a split face of a compact convex set

then F is norm closed.

Embed K in A(K)* in the usual way. The function, h,
taking k= Ax + (1 - A\)y (xeF, yeF', 0<A<1) to A, and that
is 1 on F, O on F' extends to a linear functional on A(K)*
that is bounded on the unit ball, and is hence norm continuous,

Now F = Kn h'1(1) is norm closed.
For simplexes the converse of this result is also true,

THEOREM II.3.7. Let F be a face of a compact simplex. F is

split if and only if F is norm closed,

The proof of II.3.5 shows that if F is norm closed then
80 is f. We identify the simplex, S, with the state space of
A(S). Fix k€S, and let k.' = sup{m €F : m{k} which exists
as S - S = A(S)* is a complete vector lattice. If m€ f, let
m= A Ko, O$}\m, k €F. If m<k then xmgu for k = m = pn with
u>20 and n€ S. Now we may write
k=m+pun= (A + p)
where )‘m + p = 1 by the uniqueness property of the definition
of a base. Thus we may define & = sup{km : m< k} , and choose
m, with A > < - €, For any me F with mogmgk, m-m = Emcm

0
where ¢ €¢F and £ =2 <E. I.e. “-m - mo“< & if

m~ Mm
mos m<k and m¢ f. Thus the net {m} is Cauchy and converges to

a 1limit in P. This is clearly the supremum k1.

10 k1 then

0<x¢ k1 + x <k, contradicting the definition of k

(k - k1)/\k1 = 0, for if 0<¢x€k - k

J.e. the face generated by k - k, does not meet \F'“, for if

1
0¢x£k - Kq» x€F then x< k as k1>,0, so x$k1 and x = O,



We now have a decomposition of the required form:
k -k

k’HkH("‘L)*Hk'kII(_‘J—-)'
[ [ - Kl

It remains to prove the uniqueness of such a decomposition.

Suppose k = Am + (1 - A)n, mé€F, neF', then clearly xmgk",

so k - k, (1 - A)n. We have then
(1 -Mn2( - Mn - (k- k)20

so (1 = A)n - (k - k1)€§'. But also k1>,k - Am =

]
(k = am) - (k - k1) = (1 ~A)n - (k - k1)2>o, so we have

F'aF # {O} unless pm = k,, thus proving the result.
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4 Real valued continuous affine functions.

In this section we deal with real valued continuous
affine functions defined on a compact simplex. The results of
section 1 provide our tools. We prove a variety of extension
theorems, and conclude by proving that A(S) has the approximation
property.

If G is a o-face of S then a function defined on G will
be termed affine if its restriction to every face contained

in G is affine.

THEOREM II.4.1. Let S be a compact simplex and G a closed

o-face of S. Suppose f : S—> [-o,%) ig u.s.c. and convex,

g : S—> (=02, o] ig l.s.c., and concave, h : G——-)rR is

continuous and affine, If fl : S thlG then there is h € A(S)

such that HIG = h and £ h<g.

Define f(k) = f(k) if k€ S \@,

h(k) if k€ G.
We show f is u.s.c. and convex, To see that T is convex it will

suffice to consider k, €5\G, k,€ G and 0<A <1, for if both

2
elements lie in either G or S\ G then the desired inequality
is an immediate consequence of our assumptions. As G is a o-face,
Ay + (1 - M)k, €S\G, so that
f(?x.k1 + (1 - ?\)kz) = f()\k1 + (1 - )\)k2)
A.f(k,') + (1 - )\)f(kz) (as £ is convex)

N
< Af(ky) + (1 = Mh(ky)

AF(ky) + (1 - x)'f(kz).
Suppose xelR, consider
{xes: Fx)y «} = {resve : £y Y« v {keq : h(k) Y «J

= {kes . f(k)>/o¢} v {k@G : h(k)}/"C}
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(as h>,f|G) which is closed because f is u.s.c., h is
continuous and G is closed.

Define similarly g(k) = g(k) if ke s \G@,

h(k) if k€ G.
It may be shown in a similar manner that E ig l.s.c. and concave.
Now choose h €A(S) with £ Eg g, using Theorem II.1.5, then

this will have the desired properties.,

COROLLARY I1I.4.2. Let S be a compact simplex and F a closed

face of i:t;, f1Lf2, £4 and £5 €A(S) and h€ A(F), If

_1:1‘1“ £, £ h=<51‘F‘—52‘F then there is h e A(S) such that

_13|F= hand f., f . ChSg,, &

Take f = f1Vf2 and g = giNE&, in II.4.1.

COROLLARY IX.4.3. Let S be a compact simplex, F a closed

+
face of it, h&€A(F) and p : S—> R 1.s.c. and concave,

1f | h(k)l € p(k) for all k€ F then there is h ¢ A(S) with

B|p=h and |B(I0)| € p(k) for a1l kes.

Take f = p and g = ~p in II.4.1.

An immediate consequence of this is that any continuous
affine function from a closed face of a compact simplex into the

reals has a norm preserving extension to the whole of the simplex.

COROLLARY IT.4.4. Let K be a compact convex set. K is & simplex

if and only if A(K) has the R.D.P.

If K is a simplex then II.4.2 tells us that A(X) has the
R.S.P. and thence the R.D.P. Conversely if A(K) has the R.D.P.

Lemma I.1.13 tells us that K is a simplex.

Another corollary of II.4.1 is presented now., The interest

here is in the converse which is valid if K is metrisable.



-46-

THEORFM I11.4.5. Let K be a compact convex set. Consider the

property:
(E) PFor every compact subset D of 3.K and every h €C(D)

there is h with bl = h and || Bl| = || nll.

D
Every simplex has this property. If K is metrisable this

is equivalent to K being a simplex,

That simplexes have this property follows from IT.4.1
with £ = -||h||, g = || || . Assume now that K is metrisable
and has property (E), we show that K is a simplex.
Let k€K and let p,v be two maximal probability measures
representing k. We show that y =V, which will prove that K is
a simplex, As K is metrisable 3.K is a Gg and p(9eK) = Vv (deK) =
By regulerity, for any E‘>»O there is a compact subset D of d.K
such that
p(dD>1 - &, vD)D>1 -¢ .
If g€ C(K) there is a € A(K) with ajp = 8|p and ” a“ £ “ gl -
Now we have:
| u(e) = v (&) < IDsdu - feav| + UK\ngu fK\ngvl
' ad“ - ad”l + ‘Ik\ngdp| M Ijk‘ngvl
‘ adp - advl +~‘jk dp‘ + ifK\DadVI
l-{.K\ngd“l +|{ gy pse]
Satlel -
As this holds for all € > 0, n(g) = v(g) for each g€ C(K).

Hence p = v and the proof is complete.

The assumption that K be metrisable for the last
equivalence in this result is essential. In fact Alfsen has
given an example of a compact convex set with property (E)

which is not a simplex.
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We have looked so far only at extensions of single
functions. We now prove an extension of a theorem of Borsuk-

Dugund ji-Arens.

THEOREM IT.4.6. Let F be a closed metrisable face of a compact

gsimplex S. There is a linear operator T : A(F)—>A(S) such that:

(1M Elgza (ac€ A(F))
(2) a>0=>Ta20 (acA(F))

(3) Mg =1,

(4) fira]l = llall (aea(F)).

If we construct a continuous affine map ¢ : S—> F

such that Y‘F is the identity, and define (Ta)(k) = a(yk),
then it easily verified that T has the desired properties.

Let {fn} 0;__1 be a dense subset of A(F), which exists
as F is metrisable (I.1.17), and let ‘T be the locally convex
topology induced on A(F)* by {fnl ::1. The natural injection
of F into A(F)* is a homeomorphism for the given topology
of F and the ‘T -topology on A(F)*. The topology ‘v is metrisable
as it ig defined by a countable family of semi-norms. Let E be
the ‘* -completion of A(F)*, so that E is a Frechet space. We
identify F with its canonical copy in E, which is compact and
hence closed. Now define a map § : S—> 2E by

) =7 (k€S \F)
{} x\m.

[}

That § is affine is clear. That it is lower semi-continuous is
because if UCE is open, then { kesS : §(k)nU # ¢’} is
either empty (if UnPF = @) or is else (S\ F)uv (Pan U). As the

‘™ ~-topology on F coincides with that given, there is VCS which
is open and with VaF = UnPF. Now (S\F)v (FAU) = (S\F)v V is

open as required. Now any continuous affine selection for
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@ will suffice to complete the proof, such existing because

of IT.1.8.

We shall conclude this section by showing that A(S) has

the approximation property. I.e. if CZA(S) is a compact set,

and E>0, then there is a bounded linear operator T : A(S)—> A(S),
such that dim(Ti(A(S)))<°° and for all c € C we have
l|me - cll € €.
Before proceeding with the proof of this we need a
result on the extension of compact operators. We remind the

reader at this point of Theorem I.1.19.

PROPOSITION II.4.7. let XCY be Banach spaces and S a compact

simplex. IJf T is a compact linear operator from X into A(S)

and ELO, then there is a compact extension T of T taking

Y into A(S) with || T (1 + )]l 7l].

Let B denote the unit ball of X*, We define

. )l 3—2 vy
3ce) = {gevr s gp=1, e+ )l .

Obviously d is affine and ®(f) is closed for every f€ “ 7|| B.
Let UCY* be open and choose £ ¢ {re| |3 : B(£)nu # ¢}
(if none such exists we have nothing to prove). As “foﬂ £ ” ||
and U is open, there is g € $(£ )nvU with [g < (1 + €)] 2| .
Let V be an open neighbourhood of g, contained in
Un {geY* : ” gl] <1+ ¢ )“T"} . Since the restriction map
from Y* onto X* is open, {hlx : heU} is open in X*, Clearly
foe{nlys hevln ffeflec{relfr]jz: B)nu#g], so
this latter set is relatively open in ” T” B. We have thus
shown that ® is lower semi-continuous.

Now let T : S—|| Tl| B be such that (Tx)(k) = (Wk)(x)

*
(x€X, k€S), The function §°l‘ : S——->2Y clearly satisfies
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all the conditions of Theorem I.1.8, so has a continuous
affine selection VY : S———>{ge v |lel] £ (1 £ )" T"} .
The operator T defined by (Ty) (k) = (\f kK)(y) (yeY, ke 3)

now has all the desired properties.,

THEOREM II.4.8. Let S be a compact simplex, then A(S) has the

approximation property.

Suppose B<A(S) is compact. Choose 1> £ >0 and let
{x1, xz,..., xn} be an £ -net for B, with linear span H.
If h belongs to the unit sphere in H, choose fhe H* with
|£,m] =1, |[£,]l =1, and 1et v, = {nren : ||n|
|fh(h')l>1 - E} . By compactness, a finite number of these
open sets cover the unit sphere in H. Let the corresponding
linear functionals be {f1, fz,..., fm} « Now let 1: be the
m-dimensional space with the 1° -norm. Define a map V : H—> 1°°
by Vh = (£,(h),..., £ (h)), so that || Il 2 vl 20 - €) ||
for all h H, I.e. " V[[21 -% , soin particular V is (1,1).
Let V™! denote the inverse of V mapping V(H) onto H with
1<“ V-1” 0 -t )-1. By IT.4.7 v~ has an extension T
mapping 1> into A(S) with ||T|| (1 + €)/(1 - €). On the
other hand by the Hahn-Banach theorem there is a norm preserving
extension U of V taking A(S) into 1:. Now consider TeU which
has norm at most (1 + € )/(1 - € ), certainly has finite
dimensional range, and is the identity on H. If b€ B and
Hx - bjJ|€ € then
| (rowy o) - [ <[ remy(®) = (rom)xDIl + | (2oI(x) - b
<lioollls = =l + fxy - vl
e+ &)1 -¢)+1),

which can be made as small as desired. This completes the proof.
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5 Banach space valued continuous affine functions,

In this section we shall look at continuous affine
functions on a compact simplex, with values in a Banach space.
There are two distinct cases to consider, the first being
when the Banach space involved is ordered. In such cases there
are three types of property that interest us. The first
concerns the normality of the spaces of functions, such
results Being trivial. The second concerns the positive generation
of the space, and the third is various forms of dominated
extension theorem. In the non-ordered case, only the last
type of result has any meaning.

E will denote a Banach space., If K is a compact convex
set, then A(K,E) will denote the space of all continuous
affine E-valued functions on K. If a€ A(K,E) we define
I 2]l = sup {“ a(k)| keK} , for which norm A(K,E) is a

Banach space. We call E an ordered Banach space if it

possesses a closed cone, P, In this case we give A(K,E) the
cone {aeA(K,E) : a(k)EP for all keK} . Bx will denote
the open ball in E of radius o« and centre the origin,
P, =P+ By
We look first at the ordered case. E is said to satisfy

G(ol) (oL 21) if x €X and x €B, implies there exists y € By

1
with y>x, -x.

THEOREM IT.5.1. Let E be an ordered Banach space, S a compact

simplex and % > 1, E satisfies G(o¢ ) if and only if A(S,E)

satisfies G(x),

Suppose E satisfies G(°{ ) and a € A(S,E). It will suffice

to show that if || a]] < 1 and € >0 there is b€ A(S,E) with
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bya, -a and ||b]] & « + €, Define B : 5—s 2F by
B(k) = {e¢E : eYa(k), -a(k), |e||< < +€} ™.

It is clear that B(k) is closed and convex for all k €S, and
is non-empty as E satisfies G(ol). If we show that B is 1l.s.c.
and affine, then choosing a continuous affine selection for B
will provide the desired b.

Suppose k, k' €S and 0<A<1. Let e ¢ B(k), e'€ B(k'),
we must show that Ae + (1 - A)e'e B(he + (1 - A)e'). Choose
eneB(k) (resp. e! €B(k')) with “ en“<o( +¢ (resp. | e! “ '

o + £ ) and “en - e||\< n ! (resp. “er'l'- e'ugn-"

Yo It is
clear that )\,en + (1 - )\)er'l € a(Ak + (1 - A)k') and that
| Ae, + (1 = Merlisalle Il + (1 -2) ffer [|[<ot+ &, as also
Il (e, + (1 = M)el) = (he + (1 = e || L{Ale = el +
(1 - e - eD| < nt,

we must have Ae + (1 - A)e'€B(Ak + (1 - A)k'),

Now suppose DCE is open, k €S and that B(ko)nD #d.
Clearly we must be able to find d_€B(k )nD with |l d || <
% + %, Let [|d || = («<+ €)-§, and suppose {a:|a- all
{m7} <p. et U be the open set { kek : |la(k) - a(x )| <
min {'m, sy /2} . By assumption there is f€ E with
£ £(a(k) - a(k_)) and Il £ll < (1/2)min{") , 81 if xeu. Now
a=a_ +eyxa) and o <l fl + £l St + & - (S/2)
so d € B(k). But also [|d - a || < m/2 so d€D., Now if k€U,
B(k)nD # ¢#, so that B is l.s.c.

The converse is obvious.

Ve first partially generalise Theorem IT.4.1. Note
first that in a general ordered Banach space the notion of
lower (or upper) semi-continuity seems to be of little use. We

accordingly restrict our attention to continuous functionms.
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THEOREM II.5.2 Let E be an ordered Banach space, S a compact

simplex, and F a closed face of S, Suppose f : S—>E is

continuous and convex and g : S—>E is continuous and concave,

If heA(F,E) and f| Sh<g|, then there is he A(S,E) with

If Q : S—>2F is defined by Q(k)

B|p
{n(x)} (xcP)

= E (ke S\F),

|

then Q is l.s.c. and affine. The maps k;——>{f(k)} and
kr—>{g(k)‘} are l.S.c., S0 by the proof of Lemma II.1.6

He(k) = Q(k) n (£(k) + Pi)n (g(k) = Pu)
defines a 1l.8.c, map from S into 2E. It is clear that He is
affine, If

H(k) = Q(k)n (£(k) + P)n (g(k) =~ P)
then H(k) is closed and affine. If we note that HCH, CH + Ba
for all oL> 0, we may apply II.7.10 to obtain a continuous
affine selection for H, which will satisfy all the required

conditions.

We can similarly generalise II.4.2, although we need
slightly more assumptions on E. Note however that this does
not follow from the last result in the same way as we cannot
take a "pointwise supremum" in E. First we prove a lemma, let

A(a,b,c,d) = (2 + P)a(b + P)a(c = P)n(d - P)

A&(a,b’°9d) = (a + Pg()f\(b + P,L)f\(c - P.L)f\(d - P*).

LEMMA II.5.3. If E is positively generated, has the R.S.P., and

P is normal there exists B >0 such that for any a, bgc, d,

ﬂ(a)bpc;d)cA(a);b)c’d) + Bo(#

If x €Ay (a,b,c,d) then

a - 2 b_zsx<c+23, d + 2z ("zi“<OC).

1° 2 4
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For some constant ¥ > 0 (depending only on E) there is
ZR 24, Zpr 235 Zy 0 with ||z|]< ¥, Hence a, b, x - z§c, d, x + z.
As E has the R.S.P. there is y such that
a, b, x - z£y<Le, 4, x + 2z,
so that y €A(a,b,c,d) and since P is $ -normal for some S>0,
H y - X H é 8“2" \{ SYt, If we take F =¥8 the result is

proved.

THEOREM II.5.4. Let E be an ordered Banach space with the R.D.P,

and with P generating and normal., Suppose S is a compact simplex

and F a closed face of S, Let f,, £,, g, and g, lie in A(S,E)

and h € A(F,E) be such that f1‘F’ fz‘F§h€g1\F,_52|F. There is

heA(S,B) such that h| = h and £, £ < hSg, &,
{n)} (xem

= E (kesS\F)

If Q : S—>2% is defined by Q(k)

then Q is affine, l.s.c. and Q(k) is closed for each k€ S. The
assumptions of the theorem tell us that

H(k) = Q(E) n (£,(K) + P) A (£,(k) + P)a(g,(k) - P)n (gy(k) - P)

is non-empty for each k€S, Clearly H is affine. If we also

define

Hy(k) = Q)N (£,(k) + Bx) n(f,(k) + Pu)n (g4(K) - Po) n(g,y(K) - Pu)
then lemma II.1.6 shows that Hy is l.s.c. and affine. Now

lemma IT.5.3 tells us that HQH«CH + Byp for all &7>0. We

may now apply I.7.10 to obtain h.

We may also enquire when A(S,E) is a lattice. It is
easily verified that for this to occur E and A(S) must be
lattices, so that we are dealing simply with C(2,S,E). Now if
we assume that P is normal and that E is a lattice then if
£ € C(3,S,E) the function £ : ky—> (k) is easily verified to

be continuous, so that C(2.S,E) is a lattice.



-S54~
We may combine II.5.1 and II.5.4 as follows. We recall

that an ordered Banach space E is termed a Banach lattice if it

is a lattice and |x|<|y| implies ||x| < |yl « If E is an

ordered Banach space E* may be ordered by the wedge {Efe E*

f(x) 20 for all x eP} . Davies has shown that E* is a Banach

lattice if and only if E has the R.S.P. and E also satisfies

both G(1) and N(1) where N(X } is the condition:
x<y<x=>|y) < X||x]| -

The following corollary is easy to verify.

COROLLARY II.5.5. Let E be an ordered Banach space and S a

compact simplex. E* is a Banach lattice if and only if A(S,E)*

is a Banach lattice.

Before we leave ordered Banach spaces completely, we

present a simple result on the existence of positive extensions.,

PROPOSITION II.5.6. Let S be a compact simplex, F a closed

face of S and E a Banach space. If h € A(F,E) there is he€ A(S,E)

with H|F = h and h(S) = h(F).

{n0)} (xem
h(F) (ke S\ F).

Take H(k)

This satisfies I.1.8 and any continuous affine selection of H

will satisfy the requirements.

COROLIARY ITI.5.7. let S be a compact simplex, F a closed face

of S and E an ordered Banach space, If he A(F,E) and h >0 there

is h e A(S,E) such that Bl = h, b0 and IRl = |Inll.

F

We conclude by generalising II.4.3 to the case of

functions with values in a (non-ordered) Banach space.
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THEOREM II.5.8. ILet S be & compact simplex, F a closed face of S

+
and E a Banach space. Let p : S —> R \LO} be 1l.s.c. and

concave, and suppose h ¢ A(F,E) with H h(k)” € p(k) for all ke F.

There is h ¢ A(S,E) such that K%FE h and “ K(k)“ < p(k) for all ke S.

(a0} (xem
= E (keS\F)

Define Q(k)

so that @ is l.s.c. and affine. The map k\-—){e €E : || e“ < p(k)}
is l.s.c. (as p is l.s.c.) and affine (as p is concave and
strictly positive). If we let

H(K) = (k) n {e €B & |l e|[< p(x) ]
then H(k) is closed and H is affine. Now define

He(k) = Q)n (fe€E : [lell <p(i)} + BY)
which by II.1.6 is l.s.c. and affine. Noting that HCH, CH + B,
for all >0 we may apply I.1.8 to obtain a continuous affine

selection for H which satisfies all that is required of it.



CHAPTER III

GENERAL A(K) SPACES

1 Faces and order ideals.

Before the main material of this section we devote a
little attention to the formation of norms in ordered vector
spaces, We have already defined the notion of a base B for
the positive cone in E, If E is positively generated then
co(Bv -B) is an absorbent convex set. Its gauge is the base-

seminorm induced by B, || "B. If there is a Hausdorff vector

topology T on E for which B is compact then H "B is a norm

and E is “ [!B-complete. To see that it is a norm suppose

|| £||® = O then for all neN there are 0  X_<1, a_, b_&B
with nx = o%an + (ocn - 1)bn. By choosing an appropriate

subnet we may suppose o(n,-——)O(, an-——>a €B and bn——)beB

(T -convergence). Now n'x—>a + (ol - 1)b (‘T -convergence)
which is only possible if x = 0. To see that E is " ||B.-comp1ete
suppose (qn) is a Cauchy sequence in E. For each €>0 there

is N(E) such that n>m»y N(E) implies that q €q *+ € co(Bv ~B).
The sequence (qn) is || ||3.3-bounded, so there is y with

qneuco(Bv -B) for all n. let Q. be a subnet of (qn) ‘" -converging
to q in pco(Bw -B), which exists as pco(Bw -B) is T -compact.

As E£co(Buv -B) is closed, qeq + ¢ co(Bv -B) whenever m2>N( ¢ ).

I.e. q —q for I "B

« Corollary I.1.11 shows that the norm
in A(K)* is the base norm induced by S(A(K)).

e €E is an order unit if for each x € E there is 2> 0
with -)e{x<$)e. If e is an order unit then [-e,e] =
{er : ~e{x¢ e} is absorbent. Its gauge is a semi-norm

on E, If E is Archimedean then this is a norm, for if Axe [-e,e]

for all A> 0 then - £e {x {fe for all £> 0 and x = 0. This

is the order unit norm induced by e, ” "e‘ Let S(E) =
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{femr : £(e) = || £ll = 1], the state space of E, and map
E—>A(S(E)) by x}-——-}':\t where x(f) = f(x). m——-y? is a positive
map and is clearly norm-decreasing. In fact it is an isometry
for if x €E and "x”e = 1, consider the linear span of x and e

(see Figure 1). Clearly there is a linear functional q on this

span with ”q“ = lq(x)l = q(e) = 1. Extend q with preservation
of norm to q on E, Now ”5‘{“ >/ H{(E)l = Ia(x)l = |q(x)| = 1.
If E is " He-complete then E is isometric to A(S(E)). This

is an order isomorphism also for if “le<1 then x>0 if and
only if ||x - e]|, 1 if and only if ||X - || <1 if ana
only if X »0. Thus if x€E, x30 if and only if p(x)> 0 for
all p € S(E).

An order ideal in an ordered vector space is a linear
subspace J such that 0<x <y ¢J implies x €¢J. Thus being an
order ideal is a weaker property than being an ideal. In this
section we look at the relationship between faces of K, order
ideals in A(K) and quotients of A(K) by such ideals. Throughout
this section it will be convenient to consider K embedded in
A(K)* = E in the usual manner. If a €A(K) we may also regard
a as a (weak*) continuous linear functional on E, this we do
with no further explanation. E will be ordered by the usual
cone, and will normally be considered with the weak* topology
as the dual of A(K), but at times also with the dual norm
topology.

We now make some definitions. If GZ&K we write

¢t = {aeA(K) A O} ,

and if BCA(K),

il
il

B* = {keK : a(k) = 0 for all acB]

and B° 0 for all a<B} .

{:x €E : a(x)

The next result is a straightforward verification.
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PROPOSITION III.1.1. If GZK, G'L is a closed order ideal in A(XK).

If B A(K) then B is a closed convex subset of K. If also

every element of B can be written as the difference of two

positive elements in B then B is a face of K.

If J is a vector subspace of A(K), the quotient
+
A(X)/J will be ordered by the wedge &IO[A(K) ], where
Y o A(K)—>A(K)/J is the canonical projection., It is clear

that kp(1K) is an order unit for A(X)/J.

+
PROPOSITION IIT.1.2. The wedge ¢ [A(K) 1 is a cone if and

only if J is an order ideal.

If J is an order ideal, let H be an equivalence class

+ + +
in @[A(K) ] - ¢[A(K) ]. Then there are a,, a,€A(K) such
that a

-a,€H, so that Osa.'(a + a_€J, Thus a, €J and

1° 1 2 1

H = J, so the wedge is a cone.
1t ¢ [A(K)'] is a proper cone, let agc< b with a, bed.
Now ¢ (c) € p(a) + P[A(K)' ] = ¢[AK)"] and p(c) €
P (8) - ¢ [AK) ] = - p[AK)T]. Hence ¢ (e)e $[AK) In-p[A(K)'],

so c€d, and J is an order ideal.

Even if J is an order ideal, A(K)/J need not be Archimedean

ordered, In the case that it is we have the following:

PROPOSITION III.1.3. If J is an order ideal in A(K) and A(K)/J

is Archimedean ordered then J = J‘L‘L.

That JZJ* is trivial. Suppose a € J. As A(K)/J is
Archimedean, it can be given the order unit norm induced
by \ID(1K). Let q be a state of A(K)/J such that q(Kf (a)) # 0.
It follows that qo\ is a state of A(K) which vanishes on J.

T.e. qoy € J*, so a¢J’L‘L. Hence JDJ**.
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s
If FcX, F is the set {keK:aeA(K)&;aIF:O

implies a(k) = O} LIf P = F , P is said to be self-determining.

The following result is a straightforward application of the

Hahn-Banach theorem.

PROPOSITION III.1.4. If FcK then F = LK, where L = (F)°

is equal to the closed linear span of F in E.

Not all faces of compact convex sets are self-determining:

THEOREM IITI.1.5. There is a compact convex set with a non

self determining closed face.

Let E = L,([0,1]) with the usual order. Define
F= {x¢E: 0¢x<1]
{xer: 20, lxlig1},

and let ac¢E, a};O be not essentially bounded on [0,1]. F and G

G

are weakly compact and convex, and so is K = co(Fu(a + G)).
As all the members of aff(F) = {px + (1 -y x, ¥ F,;JQ(R]
are essentially bounded and those of (a + G) are not,
aff(F)n(a + ¢) = @# and F is a face of K.

If £ is a bounded affine function on K>such that
le = 0, then f = 0, this certainly showing that F is not
self-determining. As aff(G) = E, aff(X) = E and f has a unique
affine extension to the whole of E, which we also denote by f,.
As f vanishes at 0¢PF, f is linear, But f is bounded on (a + G),
and hence on G - G, which is a norm neighbourhood of O in E.

Thus f € E*., But 1lin(F) = L is norm-dense in E, so f = O.

Proposition III.1.4 shows that if F is a closed face of
K, and 1in(F) is closed in E, then F is self-determining. This
prompts us to look at closed convex subsets of K which have

this property.
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Suppose F is a closed convex subset of K, give 1in(F)
the relative order induced by E, so that F is a base for the
positive cone in lin(F). Let “ “F denote the base norm

in 1in(P) induced by the base F, and || || the subspace norm

induced from E.

THEOREM IIT.1.6., If P is a closed convex subset of K then

the following are equivalent:

(1) PFor the subspace norm lin(F) is boundedly

positively generated., I.e., there is A > 1 such that for all

qe lin(F) there are L P gzelin(F) with g,, q2>o and
Ao dl + lta, 1< Allall.

(2) 1in(F) is weak* closed in E,

(3) 1in(F) is norm closed in E.

(1) implies that the norms |l || and I ”? are equivalent,
for if 1in(F) is A-generated then ” “ é “ ”F< AMlle Now
the set 1in(F)m co(Kv -K) = (Aco(Fu =F)) A co(Kv -K) is
weak* compact, and the result (2) follows from the Krein-Smulian
theorem,

That (2)=>(3) is trivial.

If (3) holds, note that 1in(F) is complete for the
base norm, and that || ||| HF. By the open mapping theorem
we now have || ||[FEA[{ || for some A, so that (1) is now easily

seen to hold.

let F be a closed convex subset of K. It is easilt
seen that A(K)'F may be algebraicly identified with A(K)/F .
The quotient norm on A(K)/F corresponds to the norm

lall g = inf {||B]] : Een(x), 5|, = 2]



-62-

on A(K)lF. The characteristic number of F is defined to be
?F = sup {"va “q/ “a“F. : aeA(K)'F, a# O} ,
where ”a“F:: sup{la(k)l : ke F} .

The set F is said to have the extension property if

A(R) = A(K)‘F’ i.e. if every a€ A(F) has an extension a € A(K).

LEMMA IIT.%.7. Let F be a closed convex subset of K, let

1in(F) be given the base-norm induced by F, and (F’")0 be given

the norm induced from E., Then we have the following isometric

isomorphisms:

AF)* 2 1in(F), (A(K)|)* = (rF)°

and
pp=SUp {Hlel_:l x|l : xe1in(®), x £ 04,
The first result we know already. Noting that A(K)IF ":‘-.A(K)/F’L,
we have

(A(K)/F)*

1}

{qu(K)* : q(a) = 0 for all aeF‘L}
= {er : q (a) = a(x) = 0 for all aeFA'}
= (F)°,
where Xw—»q_ is the natural injection of E into A(K)*,
The last result follows from these isometries and the

Hahn-Banach theorem.

THEOREM III.1.8. If F is a closed convex subset of K, then the

following are equivalent:

(1) P has the extension property.

(2) '%"F <°0-
(3) 1in(F) is boundedly positively generated in the

order and norm induced from E.

(1)=>(2). A(F) and A(K)IF = A(K)/F"‘ are complete for
their respective norms. If A(F) = A(K)‘F the fact that “a“ F\<" a“ Q

together with the open mapping theorem shows that there exists
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A such that ||a Hq A llal|p for all aeA(F). I.e. p<A< oo,

(2)=>(3). (2) implies that the subspace norm on lin(F)
is equivalent to its base-norm by III.1.7. As 1lin(F) is
complete for the base-norm, 1lin(F) is closed in E. Now (3)
follows from III.1.6.

(3)=>(2). (3) implies that 1lin(F) is norm closed
by III.1.6, so the E-norm and the base-norm on lin(F) are
equivalent, and €F<oo by III.1.7.

(2)=>(1). (2) implies that the quotient norm on
A(K)lF is equivalent to the uniform norm, so that A(K)lF is
uniformly closed in A(F). As A(K)lF is dense in A(F),

A(K)]F = A(F).

COROLLARY III.7.9. If F is a closed face of K and 1lin(F) is

boundedly positively generated then P is a self-determining

face with the extension property.

Note in particular that if every function in A(F) extends
to an element of A(K), then we can find a bound A such that
if a€A(F) there exists a € A(K) with ;|F = a and (|la||< Ala]|.
In fact we can take any A fF'

Even if we can identify A(K)IF and A(F) as topological
vector spaces, we may not be able to identify A(K)/FJ‘ and
A(F) as ordered spaces. We show next that if F = J‘L the

relevant condition is the Archimedicity of A(K)/J.

PROPOSITION III.1.10. Let J be any order ideal in A(K), and

let F= J"., Now A(K)/J is Archimedean for the quotient ordering

+ +
if and only if for each ane[A(K),FJ there exists c € A(K)

with ¢ lF = aoL

Endow A(K)/J with the order unit norm induced by \p(1K).
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If p is a state on A(K)/J then pey is a state on A(K)., T.e.
there exists k € K such that a(k) = (pe y)(a) for all a €A(K).
Since a(k) = p(y(a)) = 0 if aeJ, keJ = P,
+

Let a C-[A(K)[F] , so that a_ = blF for some b eA(K).
If p is a state of A(K)/J and k the corresponding point of P,
then

p( (b)) = b(k) = a (k)2 0.

Hence % (b)>0, so by the definition of the quotient ordering

+
there exists c€A(K) with ¢c=b (mod J). I.e. clp = bIF = a

and one implication is proved.

Suppose now that the extension property is satisfied,

and that
kp(a)én-1kp(1K) (n=1, 2,..4)
we show that ﬂp(a)é O. There exist bneJ such that
aén-11K + b (D=1, 2,004)
Hence
a(k)Sn-1 (n=1, 2,000, k€F)

and so a‘FQO.
+
Now there exists b€ A(K) such that blF = (-a)IF, so

that ¢ (a) = - ‘p(b)éo, and the result is proved.

An order ideal JZA(K) will be called Archimedean if
(1) A(K)/J is Archimedean ordered.
(2) J is positively generated.
If also,
(3) J° is positively generated,

then J is termed strongly Archimedean.

PROPOSITION III.71.117. An order ideal JZA(K) is Archimedean if and

only if it is the kernel of an order homomorphism of A(K) into

some Archimedean order unit space.
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"Only if" is trivial as i (A(K)) is an Archimedean
order unit space. Conversely if "/'* : A(K)—>A' is an order
homomorphism with kernel J, then J is a positively generated
order ideal and A(K)/J is order isomorphic to '\}v'(%A)C.A'. It

follows that A(K)/J is Archimedean.

We look now at the faces which correspond to these two
properties,
+
A closed face F of K is Archimedean if a€ A(F) and

a has any extension b€ A(K), then a has an extension, a, in
- +
A(K)+ with a}b. If furthermore every a €A(F) has such an

extension, then F is strongly Archimedean.

THEOREM III.1.12., The map J+—>F = J is a bijection of the

Archimedean order ideals of A(K) onto the Archimedean faces

of K, the inverse being Fr— F,

Assume J is Archimedean, so that J is positively,
generated., III.1.1 now tells us that F is a closed face of K.
Let a € A(K) with a‘F>,O. ITI.1.11 implies that there is

+
‘n1 € A(K) such that b1|F = alF
positively generated there is b26J+ with b2>,a - b,. If

. Hence a =- b1C—J, and as J is

¢=1b, + by, ceA()' + I CA(K)" and ac. Since b,€J and
a - b1€J, c|F = b1lF = a|F so F is Archimedean.

Suppose now that F is a closed Archimedean face of K,
then certainly J = F" is a closed order ideal in A(K). Certainly
F satisfies the assumptions of III.1.10 so A(K)/J is Archimedean.
It remains to prove that J is positively generated. lLet a €J,
then there exists ¢ GA(K)+ with ¢> a and ch = aIF = 0. Now
a=4c¢ - (c-a)eJ+- J+.

FPinally we must show that F = J"'. Clearly FCIh, Suppose
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ke K\ F, then as F is closed the Hahn-Banach theorem yields
a € A(K) such that

a(k) <0<a(x) for all x €F.
Now there is ce A(K)+ with ch = a|F, so a - ¢ €J. But

(a - ¢)(x)<0 so k ¢J*. The proof is complete.

THEOREM IIT.1.13. The map J—>F = J is a bijection of the

strongly Archimedean order ideals of A(K) onto the strongly

Archimedean faces of K, the inverse being Fh—a»F*.

If J is strongly Archimedean, J° = (Jo)+ - (Jo)+ = 1in(F)
is closed in E. Now IIT.1.6 and ITII.1.8 imply that F has the
extension property, so is strongly Archimedean.

If F has the extension property, I1I.1.8 shows that A(F)
and A(K)‘F are isomorphic. Passing to the dual and using III.1.7
we see that 1in(F) = (F*)° = J°. Hence J° is positively

generated and the proof is complete.

Archimedean faces share the exposedness properties

of closed faces of simplexes:

PROPOSITION III.1.14. An Archimedean face PCK is relatively

exposed.
If ke K\ P, by Hahn-Banach separation there is a ¢ A(K)

+
such that a(k)<0, a|F>,O. Now there is c¢c ¢ A(K) such that

c»a and ch = aIF. Now ¢ - aeA(K)+, (¢ - a)lF = 0 and (¢ - a)(k)>O.

COROLLARY IITI.1.15. An Archimedean face of a metrisable compact

convex set is exposed.

Proved as in II.3.3.

A routine application of Edwards' theorem, II.1.5, proves

the following:
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PROPOSITION III.1.16. Every closed face of a simplex is strongly

Archimedean with characteristic number 1.
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2 Split faces,

This section looks in detail at the important class
of split faces introduced on page 41. Recall that XF is the

characteristic function of F.

PROPOSITION IIY.2.1. If P is a closed face of K then for all

AN
keK there are A = X (k), x€F and ye F' such that

k=Ax + (1 - My.

A A
Hence 'X,FJU) = F, 'X,FJ(O) = F' and K = co(FuPF'), In

particular F' is a Gg-set.

Proposition I.2.6 allows us to find x€ F, y€K with
A
k=Ax+ (1 -2A)y and A = %F(k)' If A = 1 we can choose any
y€F' to achieve the desired decomposition, so suppose A<L1.

A\
As ')CF is concave:

"N A A N
= B 20+ (- X =+ (=) Xl
so %F(y) = 0. Suppose y ¢ F', so that there is u€F, ve€K and
A
0<4pu<1 with y = yu + (1 - p)v. Applying %F‘ again gives
A
0%u+ (1 = ) Up(v)2p o,

a contradiction, so y €F'.

The rest of the implications are now clear.

We shall need to know later how different split faces
interact. First we prove a simple lemma. Recall that an

ordered vector space H is an order direct sum of subspaces

Iand J if H= I®J and for i€I, jed, i + j2O0 if and only

if i3> 0 and j)O.

LEMMA I1I.2.2. let F, F' be convex subsets of K. Then F and

F' are a complementary pair of split faces of K if and only

if E is an order direct sum of lin(F) and 1in(F').

If E is such an order direct sum, then it is easily
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verified that F and P' are split and complementary. We prove
the converse. Suppose k€E, then k = &k, - & k, with <,p>0
and k1, kZE’K’ Decomposing each ki between F and F' shows
that k €1in(F) + 1in(F'). We must now show that this decomposition
is unique. Suppose Xy x{ EF, Yis y;}eﬁ” (i=1, 2) and
0L 4, o'y By £'5 %, ¥, & &+ Suppose also that

XXy = PxXpt Tyg - Byp = ooUxp - f'EXRYO¥Yy - S5
Then

xx, + p'xy + ¥y, gyy = oLxp+ X, ¥yl + Sy,

I.e.
SRk AL L

oL
(ot + g+ ¥+ g L+ B+ T+ g -

o'x] * Pxt ¥yl + Ry,
L'+ R+ Y+ S .

(o' + ﬁ + ¥+ 8)]

As the terms in square brackets belong to K, which is
a base for the positive cone in E, ( + B'+ ¥ + §' =
x'+ P + ¥'+ & . Now the fact that F and F' are split,

together with the identity

X, + 1y ! ¥y + S'y'
—x fB?)(ou B+ (¥ + §)

o+ B+ ¥+ g

oLXy+ p'XIF Wy, + gL,
and the similar one, imply that
o' + B

T+ 8= 3 +3%

<+ B

and hence
'y ? — ty?
o(x1+ @xz— ocx1+ sz
+ LRV - tyt 4+ .

Yy, &'y ¥y v 8y,

- = tyt ' - = - '
I.e. oxy = Px, = o'x} - p'x}and ¥y, - &y, = ¥y} - &}
Thus the sum is direct. It is clear that a positive element of

E has a positive decomposition, so has only a positive
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decomposition. The result is now clear.

PROPOSITION IITX.2.3. If F and G are proper split faces of K,

then every k€K can be decomposed as

- (V8
k= olyqkyg b X kg, * O ko, * 0k,
where oL . .20, 2ol . =1, k,.€FnG, k..€c PaG', k.. cF'AG
1] 1] 11 12 21

and kzﬁeiF'n.G'. The oci.'s are uniquely determined, as also
< J

is k., . provided &X. . # 0.
13 1J
o“o o“o
The existence is obtained by decomposing k between

F and F' and then decomposing the components between G and G'.
We establish the uniqueness. By the last lemma, 0(111(11 + 0412k12
is uniquely determined. But then so are cL,Hk11 and 0(12k12,

. K3 u T .
and similarly 21k21 and 0(22k22. Now these determine D"ij

and k. .(unless ol ., = 0).
ij ij

PROPOSITION IIT.2.4. If F and G are split faces of K then so

are FA G and co(Fy G). FPurther (FAG)' = co(F'w G') and

co(FuG)' = F'nG'.

If F or G is improper the result is trivial. By the
last result it suffices to prove that (FaG)' = co(F'vG'), to
show that FNG is split. The second result follows from
consideration of the complementary faces.
Suppose ke co(F'U G') and that k = Ax + (1 - A)y with
xe PAnG, A # 0. Decomposing y by III.2.3 we obtain
k= Ox+ (1= 2)uy) + (0 = MKy, + 0,55,
* Xpp¥ap)e
Putting & = A + (1 - 2}, ., we have § # O since A # 0. Now
u = S-Wxx+ (1 -Ahxﬂy”)anG,
and the decomposition
+ o

k= Sut (1= M(Kypry + olygyp + pY)



-71-
is of the form of III.2.3. As ke co(F'uG'), we must have § = 0,

so that ke (FnG)"'.

We have a useful characterisation of split faces.

THEOREM III.2.5. If P is a closed face of K, then the following

are equivalent:

(1) P is a split face.

(2) Up is an affine dependence whenever p is an

affine dependence supported by FyF'.

(3) Lp is an affine dependence whenever p is a

boundary affine dependence.

(1)=>(2). Suppose y = TP N where p; are probability
measures. Let of = “’i(F)’ and suppose first that 0 < o(i< 1
. -1
for i = 1, 2. lLet Xy be the resultant of o(i (u,iF) and vy
-1 .
that of (1 « oLi) (piF,), so that xieF and yiQF'. As
p was an affine dependence we have
°(1a(x1) + (1 - 0('1)a(y1) - 0(28.(}(2) - (1 - 0(2)3-(3’2) =0
for all a €A(K). I.e.
- = o - OL
oyxy + (1 =%y, %ot (1= By,
But P is split, so 041 = 6(2’ X, = X, and Yy = Ype I.e. if
a € A(K)
(up)(a) = Ka(xy) - a(x,) =0,
and Hp is an affine dependence.
If e.g. 0(1 = 0, then e<2<1 else the common barycentre
of B, and My will lie in FaF' = . Let x, be the resultant of

Hys and suppose 0 <<>L2<1. Defining x, and y2 as before we

2

obtain
y-' = 0(2X2 + (1 - °L2).Y29

so that o, = 0 and Y9 = Yoo It follows that bp = 0. Similar

2

proofs suffice in the other possible degenerate cases.
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(2) =>(3). Let py be a boundary affine dependence,
then |p,|(‘j\(p) = jul( ‘]{F). It follows thatA
lul (R\(FUF") = Jpl({kek = W) DU Y) = o,
so (2) gives the result.
(3)=>(1). Let ky, k, €F' and p, be a boundary
probability measure representing ki. Suppose 0<A <1 and
)\k1 + (1 - ))k2 =o{m+ (1 - o)n with 0{XL1, meF, neF'.,
To show that F' is convex we must prove & = 0, Let em’ en
be boundary probability measures representing m, n respectively,
so that @m is supported by F and en by F'. Now V =
7\u1 + (1 - }\,)uz - o(em - (1 - o()en is a boundary affine
dependence, so Vo= - ocem is an affine dependence. This
must imply &« = 0, so F' is convex.
Now suppose
Mg # (1= 23y = A% + (1 =25y,
where OSAish xieF and yieF' for i = 1, 2. Without loss
of generality we may assume )\1>O. For i = 1, 2 let p,, vV,
be boundary measures representing Xis ¥y SO that \Ji(F) = 0.
The measure
™ = (Aquy = Apy) + (T =2V, = (1= 2A5)Y,)
is an affine dependence, thus so also is
e = Ay = Aopy)e.
T.e. A, = }\1>O, and y, - p, is an affine dependence, so p,

and o have the same resultant. Hence X, = x2 and Y= Yoo

It follows from the proof of III.2.1 that if P is a
split face then 5\(? is affine. In fact if k= Ax + (1 - A)y
with x¢ F, yeF' then ‘)?F(k) = M. This does not however
characterise split faces., We digress slightly to characterise

faces with this property, which we shall need later.
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A closed face F of K is termed parallel if F' is a face,
and the relation
AgXg + (1 =2y = 2%, + (1 = 2A,)y, (x,€¢F, y €F', 0K, K1)
implies that A1 = A2.

PROPOSITION IXT.2.6. A closed face F of K is parallel if and

N
only if ()(,,, is affine,
L
N

If ‘)(F is affine and k = Ax + (1 = \)y with x€F, y ¢ F!

A A A
then ’)(,F(k) = A%F(x) + (1 -12) ')(F(y) = A, so the face F is
parallel.

Now suppose F is parallel and that k = Lk, + (1 =~ e(,)kz.

1

We may write
k=2Ax+ (1 =Ny

ky

k,

A A
where x, X4 xzeF, Ys ¥qs y2€ F* and A = %F(k)’ u = XF(k‘I)’

H

px, + (1 - py,

Vx2+ (1 - V)y2

A
v = ‘XF(ke) by III.2.1. Now we have

oL X, + (1 - ot )vx

k={ oLt (1 =-ol)V 2](““'+(1’&)v)+

SO =) T (o0 o) M = p) + (1 - o)1 =)

=ftp+ (1=-l)via+ [(1=p)+ (1= L)1 =V)]b,

where a¢F and b €F'. Hence A = Lp + (1 =X )V, j.e.
A

A
%F(k) = xQF(k‘l) + (1 -« ¢ )&,F(k2), so %F is affine.

We return now to split faces.

LEMMA TIIT.2.7. Lin{(F)n E1 = co(Fu-F) if P is a split face.

That 1in(F)n E1 Dco(Fu-F) is obvious. If k €1lin(F) n E1 ,

k.€¢K and 0 €« <1 since

= &L - - i
then k k, (1 °<)k2 with k., k,

Ik l< 1. Writing
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k=o(x, + (1 -2)yy) = (1 - o)(px, + (1 - ply,)
where xic-F, yieF' and 0KA, pg1, and noting that k € 1in(F),
we see that
(1= My, = (1= (1 - py, = O
We must have « (1 = A) = (1 = < )(1 - y) by the uniqueness
property of bases. Hence A + (1 - L)y =1 - 2x(1 - 2)K 1.

It follows that k = eLAx1 - (1 - o()uxzeco(Fu -F).

COROLLARY IIT.2.8. F has the extension property if F is a

closed split face.

Lin(F)r\E1 is weak* compact, so lin(F) is weak* closed

by the Krein-Smulian theorem. Now apply III.1.6 and III.1.8.

As 1lin(F) is closed, 1lin(PR) = (F*)o. Let B (respectively P')

denote the projection of E onto lin(F) (respectively 1lin(F')).

PROPOSITION III.2.9. 1lin(F') is isometrically isomorphic to (F-)*,

(F*)* is isometrically isomorphic to A(K)*/(F‘L)o =
A(K)*/1in(F). Also A(K)*/1lin(F) is isomorphic to 1lin(F').
That this map is an isometry is because || P'||< 1. This is
because

P'(E1) D co(F'v -F')
2 co(P'(Kv -K))

P'(co(Kv =K))

i

P'(E,).

The proof is complete.

Because of this we may endow 1lin(F') with the topology
U(lin(F'),F*), and then apply the Krein-Smulian theorem to
this space. This will be our main tool to prove the basic

extension theorem below, We must first prove a lemma.
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LEMMA III.2.10. Let 1in(F') have the o(1in(F'),F") topology,

and let Q, R be closed subcones of F'x® in 1in(F')x{R which

do not meet the positive [R-axis. Then Q + R is closed.

Under the norm ||(a,s)|| = ltall + Is], (FYxR is a
Banach space. By III.2.9 its dual is 1in(F')XR with the
norm ||(y,t)|| = max { il » |t|} , the pairing being defined
by
{(a,8),(y,t)> = <La,y> + st.
The product topology on 1lin(F')xR is just the o(1in(F')x[R,F " x (R)
topology. By the Krein-Smulian theorem it will suffice to

prove that (Q + R)AE, is compact.

1
Since (0,1) is a positive distance from Q and R, there
is k>0 such that
t L kllyll if (y,t)e QUR. (*)
If (y,t)€(Q + R)n E1, we can write
(y,t) = (u,t) + (v, B)
where (u,2)€Q, (v,f )€R and max {“u + v, X+ Elr} < 1.
As the norm is additive on F' we have ||ul|, [|v] £ 1,
and by using (*) twice we see that
K2k |lyf| 22X + (B -klv]])
2-lel+f] - x|v]|
2 -(1+ k),
so that ||(u,°()|| < max{1, 1+ k'} = 1 + k. Similarly
Il (v, )| €1 + k. Thus (y,t)esS = (1 + k)(QnE, + RnE,),
which set is compact. Hence (Q + R)qr\E1 = SnE, is compact and

1

the proof is complete.

THEOREM IIT.2.11. Let F be a closed split face of K, Biascey 8 o b e A(X)
g4

and a €A(F). Suppose € > 0, a.£{b and a.' Sa Qb' . Then there
O i il B O ®

exists 8 € A(K) extending a with ai<= a b +¢&
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By IITI.2.8 a, has at least one extension, so we may
suppose a = O by subtracting this extension from the a5, b.
Now -ai, b>,0 on P, we claim that these are l.s.c. on F’ for
O'(\I;',FL). If oL € W\ , we must show, for example, that S =
{y ¢F o b,y > {d} is U(F',F'L)-closed. It will by the
Krein-Smulian theorem suffice to show that
{res: (yignl
{y eF 1 <y> <, {1,y><n ]

is compact for each n. But we claim that Sn = P'({keK :

L}

S
n

H

o,k K, < 1,k>& n}). The inclusion "c." is clear. Suppose
kck, {b,k><t and <1,k>< n, then < b,Pk> > O because
Pk ¢ F, Thus { b,P'k> = {b,k> - <b,Pk> { « ., Similarly
< 1,P'ky {n, so the reverse inclusion is proved. Finally we
note that P' is continuous, for if he¢F" then P'-1( {y ¢lin(F') :
| <n,y> 1 g‘l'} ) = {xeA(K)* : | <h,xD| K 1} since <h,x> =
{h,p'x> + <{h,Px> and heF . Thus S,» being the continuous
image of a compact set is compact.

We now know that the a; are u.s.c. and linear, and b
is l.s.c. and linear. Let Qi be the subgraph of ai on P!,
which is hence closed. The last lemma shows that ZQi is
closed. lLet G = {(y,(b,y) + &) :yeco(P'V {O} )} , and
note that the compact convex set G_C.{(x,t) st 2<b,x> + i}
whilst each Q, and hence ZQiC{(x,t) : t S(b,x)} . By
Hahn-Banach separation there is a closed hyperplane separating
G from ZQi, which we may suppose passes through the origin
since ZQi is a wedge. This hyperplane is the graph of a
function h ¢ F- such that

a;< h{b +¢& on F',

As h'F = 0, <¢h<b +% on K. The result is now proved.

8y
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COROLLARY ITI.2.72. A closed split face F of K is strongly

Archimedean with characteristic number equal to 1,

If a€ A(K), alF)O apply III.2.11 with r =2, a, = a,
~ <+
a, = o, a = a|F and any constant b>a. Now aoq A(K) and

this shows that F is Archimedean.

"

To see that 1, suppose a_€A(F) with -1<a 1.
F o] o

Take r = 1, a, = =1, b = 1 in IIT.2.11, to obtain ‘a“o extending

1
a_ with HEOH {1 +¢% for any £>o.

We shall later see that we can in fact obtain norm
preserving extensions.
We can also utilise ITI.2.71 to obtain another

characterisation of split faces.

THEOREM IITI.2.13. A closed face F of a compact convex set K

+
is split if and only if for each a €A (F) [or A (F) , A(F),

A(F)+, A(K)'F, (A{K)IF)+] has an extension EGAS(K) such that

E—‘F' = 0. If such an extension exists it is unique. In

- ”~
1|F' a, 3.1 KA 0 then a = a1L

The uniqueness follows from I.3.2 as 3 ,KCFUF', Assume

particular if a>0 and a

+
F is split and let a ¢ A(F) . Tt will suffice to show that 31

is affine, i.e. that the family {beA(K) : b >a, >0} is
downward filtering. Suppose b1'F’ b2'F>a and b1, b2> 0. Ve
may suppose (b, - 2¢ )IF’ (b, - 2 E)|F>a and b, - 2% ,

b, - 2¢ >0 for some € > 0. By Theorem III.2.11 there is an

extension a of a with b, - 2¢, b, - 2e > ad>-¢. I.e.

b,, b,ya + 2¢> ¢ . Applying ITI.2.11 again there is c € A(K)

1 72

with b, b >,c>,§ +¢ > 0. Clearly ch>a and ¢ >0, so we

2
have proved the result.
If a is u.s.c. and affine, as well as positive we may

apply Propositions I.2.4 and I.2.7 to obtain the result. We
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may now obtain the desired extension for differences of such
functions. In general we may find a sequence a of such differences
with || a - al|—> 0. Using I.3.2 and the fact that 3, KCTFuF'

we may conclude that

e

18 = Zall = 1P = Ball ok = 0% = %nlloek = 1120 = 2l -
So (&) is Cauchy in A_(K). If & = lim & this has the
desired property.
Conversely suppose all functions in (A(K)lF)+ have such
extensions, Choosing a = 1 we see that &F is affine, so F
is a parallel face by III.2.6. Suppose Ax1 + (1 - 7\)y1 =

Ax, + (1 - A)y2 with 0<{)»<1, x, ¢F and y; €F'. If x, £ X,

i
there is b GA(K)+ such that b(x1) # b(xz). If b is the extension
of blF that we assume exists we have that }\,b(x1) = ;(Ax1) =
b(Ax,) + B((1 = M)y,) = B = A)y,) = B(Ax,) + 0 + 0 = Ab(x,),

contradicting the definition of b.

We now prove a second extension theorem, generalising

Corollary II.4.3 for simplexes.

PROPOSITION IIT.2.14. Let F be a closed split face of K, h €A(F)

and p : K-——)R a strictly positive l.s.c. concave function.

If |h{k)] < p(k) for all kePF, then h has an extension \HGA(K)

such that |h(kx)| <p(k) for all k ¢K.

We may suppose p is bounded, without loss of generality.

Let RF : A(K)—>A(F) be the restriction map, and let G =

{a eA(K) : Ja(k)] <p(k) for all kGK}. G is open as p.is l.s.c.

As ‘RF maps A(K) onto A(F) by IIT.2.8, we see that GIF is open
in A(F) by the open mapping theorem. Furthermore GIF is
absolutely convex. Suppose h¢-G|F. By the Hahn-Banach theorem
there is a measure VvV on K, supported by F, such that

v (h)Y 12 |v(a)| for all 2 €G|pe (**)
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Define a norm,
IE I, = sup £1£00)]/ pk) + kex
on C(K), which is equivalent to the supremum norm as p is
bounded below and is assumed to be bounded above., The dual
norm on M(K) is
”u”p = ”pp“
where (pp)(f) = p(pf).
By (**) the linear functional g: a—)v(RFa) is
1l -“p-bounded on A(K), with ”‘%“pgh Extending % with
preservation of || ”p-norm to a bounded linear functional
on C(K), we have a measure p € M(K) such that
E(a) = p(a) (for all a eA(K), |pp| = EN,< e (0
Since p is concave |B(k)| {p(k) for all k€K, where H is the
extension proved in Theorem I1I.2.13 to exist in AS(K). It
follows from this and (***) that
] = lew (™) < 1.
(***) and (**) imply that
s‘KEdp [K};dv

fphav 1,

contradicting (***), I.e. heGIF and the result is proved.

THEOREM III.2.15. Let F be a closed split face of K, h€ A(F)

and p : K—> fR a strictly positive l.s.c. concave function.

1f |h(kx)l €p(k) for all k € P, then h has an extension h €A(K)

such that IE(k)l{ p(k) for all ke€K.

Again we may suppose p is bounded. Applying III.2.14

we may obtain an extension h, € A(K) with |h1(k)| {2p(k) for

1
all k €X. Now define q, = 2p,\[22(p - 2‘1Ih1l)], which is
certainly l.s.c., concave and strictly positive on K, and let

h, be an extension of h to A(K) with |h,|<q,.
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Assume for induction that we have defined q, and a,
(2€m <n) such that
m-1
. m -r
|h | <2paf27(p -2 2|2 )] =q (m=2,..., n).
n+1 < r-_:;‘ . .
Let q ., = 2pAf2” (p - ;2 |ar])], which is l.s.c., concave
and strictly positive by the induction hypothesis. Now let

h extend h with lh

n+1 a1l < e

We have a sequence (hn):-1 C A(X) such that
(1) hnIF = hn
(2) p(k) - Zz‘rlhr(k)l>o for all k€K
r=
(3; | || € 2 sup, o p(X).
The series Z 2-rhr converges uniformly to a limit ?1 €A(K).
r=1

Clearly HlF = h, and (2) implies that lB(k)lép(k) for all

k € K, This completes the proof,

COROLLARY III.2.16, If P is a closed split face of K and h € A(F)

= h and H;ﬂl = ||h]].

there is h € A(K) with h

|y

We finish this section with an order theoretic characterisation
of split faces. As closed split faces are Archimedean, their

annihilators are Archimedean ideals in A(K).

PROPOSITION IIT.2.17. Let J be an Archimedean ideal in A(K)

and let Y : A{K)—>A(K)/J be the canonical homomorphism. The

face F = J© is split if and only if for every © > 0 and any

+
a,', a-,-,GA(K) :
- (4

[0, ¢(a)]nf0, p(a )]<y¢([0,a, + € ]m[0,ay+ E ),

where [b,c] = {d : b<a<el .

+
This formula means precisely that for every aOGA(F)

+
such that a there is ¢ € A(K) with CIF = a,

oS 8q|p 2lp

cga1 +¢ and cga2 +% . If F is split, this follows from

+
IIT.2.11, Conversely if this holds, the family {a eA(K) a>c}
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+ +
is downward filtering for all c €A(F) , i.e. if bIF cA(F) ,

A
b K\P = O then b is affine. By III.2.13 F is split.

Such ideals have been termed near lattice ideals. It has

been shown that it is not in general possible to take & = 0

in this formula.
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3 Banach space properties of A(K).

In this section we look at various properties of Ranach
spaces that are of interest, and relate these to properties
of K. The first result that we prove is an anologue of the
Kakutani~-Stone-Weierstrass theorem for C(JL). We describe
the closure of certain subspaces of A(K), and derive a
sufficient condition for a subspace to be dense. In fact we
discuss two different conditions, and discuss their uses later.
L will denote a subspace of A(K) containing the constants.
If k€K we define
p(k) = {k'eK : f£(k') = £(k) for all £€L} .
L will also be assumed to have the weak R.S.P., i.e. if
£ f2<h1, h, then there is g with f, f2< g< hy, h,, and
to satisfy:
For all € >0, k€J,K and f €L with f(k) = O there
is gel with g2 f, 0 and g(k)< €.
Such a subspace will be termed an admissible subspace

of A(K).

LEMMA IITY.3.1. If L is an admissible subspace of A(K) and

k € 9.k then T(k) is a face of K.

Suppose k, = (1/2)(k, + k3), k, € T(k), k2¢m(k). As
L contains the constants, there is fe 1 with f(k1) = 0,
f(k2)>2£>0. Now as k, € T(k), f(k) = O there is g €L with
g(k) = g(k)< &, glk,) 2f(k,)>2¢, and g(k3)>,0. Now

g(k,) = (1/2)g(k2) + (1/2)g(k3f> € , a contradiction.

Such faces will be termed I-faces of K. If f¢ C(K) we

define

f(k) = inf {g(k) : Laght]}.
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LEMMA III.3.2, If L is an admissible subspace of A(K), fe€C(X),

and k¢ 9.K, then f is constant on T(k) with value sup {f(k') :

k' er()} .

If k'€ T(k) then F(k') = inf {g(k') : Lag>f} =

inf {g(k) : Ld g>f} = F(k), so T is constant on T(k).
Clearly f(k))sup {f(k') : kt eT(k)} . Given p eP(X), a
proof similar to that of Proposition I.3.4 yields Y€ P(K)
with ¥ % p and V(£) = p(f). As r(v) = r(p), v € P (L) =
{Ler(x) : n(1) = 1(X) for all 1€1} whenever p €P, (1).

Now T(k) = inf {g(k) : Lo3g»f} = max inf{u(g) : Lag>r}

u ePk(L)

= max (F) = m (£) S sup { £(k') : k' e (k)]

per (1) ¥ Tper (1) ¥
because if pé€ Pk(L) then supp(p)&T(k).

THEOREM III.3.3. Let I be an admissible subspace of A(K). Then

L= {feA(X) : £ is constant on each L-face} .

It is clear that f& 1 implies that f is constant on
each L-face. Suppose f is constant on each L-face.

The femily § = {gel : g<-f} is upward filtering.
For let 8qs 85 € E and u = g1V 8,e As I has the weak R.S.P.
the family 3 = {v eL : v>u}is downward filtering, so u
is u.s.c. and affine. Moreover if k€ J.KK, u(k) = u(k) by IIT.3.2,
so that u(k)g -f(k) for all k€ K. But f + u is u.s.c. and
convex so attains its supremum on J,K, so

u(k){ u(k)< -£(k) for all keK.

Thus for all k¢ K there is v. ¢ 3 with vk(k)<-f(k). Now for

k

all k' in a neighbourhood Gk of k we have

u(k’)(vk(k')<-f(k).
By compactness there are finitely many kie K such that
u(vk AV Nese AV, = w{l-f,

1 2 n
Now as I has the weak R.S.P. there is g ¢L with u = g,v g2< gl w<l-f,
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I.e. 8 is upward filtering.

Thus 8 converges to an u.s.c. affine function f. We
claim f = f. It being clear that f >f, suppose g2 f. ITT.3.2
shows that g(k)> T(k) if ke d.K, so g(k)> f(k) for all keK
by the Krein-Milman theorem. Now we may apply Dini's theorem

to see that f is in the closure of L.

COROLLARY III.3.4. If 1L is an admissible subspace of A(K) which

separates the points of 9.K, then L is dense in A(K).

In order to state a slightly different form of this,

we define a subspace L of A(K) to be weakly filtering if

f, g€l, a€A(K) and £, g<a imply there is h€ L with f, g<h<a.
It is easily verified that for such an I, containing the
constants, T(k) is again a face of K if k¢ BeK.

This condition may be used directly to prove the

following result, shortcutting most of the last proof.

THEOREM III.3.5. Let L be a weakly filtering subspace of A(K)

containing the constants. Then I = {feAﬁK) : £ is constant

on every L-face} .

COROLLARY IIT.3.6. Let L be a weakly filtering subspace of

A(K), containing the constants and separating the points of

deK. Then I is dense in A(K).

The first formulation has the advantage that it only
involves properties of 1 itself, whilst the second uses the
relationship between L and A(K). However the latter is rather
more general, the weak R.S.P. condition limiting the usefulness
of Corollary I1II.3.4 to the case when K is a simplex.

We turn now to direct sum decompositions of A(K)-spaces.
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Recall that E is a direct sum of subspaces E1, E2 if each

X €E can be written uniquely as x, + x, with xie Ei

write E = E1@E2. We shall also write E = E1®E2 if E is a

« We then

direct sum of subspaces isomorphic to E If E is a Banach

i.
space, we say that E is an M-direct sum of E

1 and E2, and

write E = E1EBME2, if also x; € E, implies “ x, + x2|| =
max {||x1||,||x2||} . It is easily verified that each E; must
be complete,

We first prove a lemma.

LEMMA IIT.3.7. Let K be a compact convex set, C a closed

subset of K such that K = co(C) and E a locally convex space.

If a is a continuous function from C into E which has a unique

affine extension 2 to the whole of K, then @ is continuous.

Let $: cxCcx[0,1]—> K map (y,2,A)—>Ay + (1 = M)z,
and ﬂ}: C xXC X[O,1]-——>E map (y,2,A)+—> ra(y) + (1 - A)a(z).
Clearly both @ and SP are continuous. The assumption that
a has a unique affine extension to K, 3, amounts to saying
that 'Ir(§-1§(y,z,7\)) is a singleton for each point of
cxc x[0,1].

If D is a closed subset of E, then ) = @(«}'1(1)))
is closed. This is because @E is continuous so that @E-1(D) is
closed in CXC X[0,1] and is hence compact. Then §(§~-1(D)) is

- I3 3 >
compact in K and hence closed. Thus a is continuous as claimed.

PROPOSITION ITI.3.8. Let F1J F. be closed, complementary
<

split faces of K. Then A(K) = A(F1)€BMA(F214

Suppose aiisA(Fi), the fact that Fi are complementary
implies that K = co(F1\JF2), and that Fi are split implies there

is an affine function a on K which coincides with ai on Fi‘
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Namely if k¢ K and ki

then a(k) = Aaz(k.')“ + (1 - A)az(kz) is the required function.

€F,, 0K A< 1 with k = Ay + (1 - A‘)k2

Lemma III.3.7 implies that a is continuous., This shows that
A(F1)®A(F2) is a subspace of A(K), and it is clearly all of
A(K). The uniqueness of the sum and the condition on the norm

are both direct consequences of the Krein-Milman theorem.

We shall see that this is the only way in which

M~-direct sum decompositions can arise. We do this via the

dual space. We say that E is an L-direct sum of E.,, E2 , and

write E = E.' @LEZ’ if E is a direct sum of E1 and E2 and

” x, + x2” = Hx1“ + ”x2“ whenever x. ¢ E,.

. o o
LEMMA III.3.9. If A= A, €DA,, then A* = A, DA,

That A? + A;’ CA* is direct from the definitions. If

f ¢A*, define f f(x) if x €A

on A by f1(x)

1 2
=0 if x€A1.
As Ai are closed, f1 is bounded and lies in A?. We may
similarly define f2 er, and find that f = f1 + f2. I.e.

A* = A? + Ag. The sum is direct because if f vanishes on

both A1 and A, it must be identically zero.

2
Let f, € A°, fZGAg then
||£1 + £,]] = sup {](f.’ + f2)(x)l : xe4, |lx|| €1}

sup {|f1(x1) + fz(xz)l : xie Ai' ”xl“ g11
sup {|f,(x)] + |£5(x)] = x; €Ay, || x5 |1 €]

”f1 ” + “f2“'

% _ 20 o
J.e. A* = A.' QLAZ'

PROPOSITION III.3.10. If E is an ordered vector space equipped

with a base norm, and E = E E2, then Ei are ideals in E.

Let x, €E, and suppose that Ogy1 + yzsx1, with y, €E,.
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Let z, + z, = X4 = (y1 + y2)>/0, with zieEi. As the norm is
additive on the positive cone of E, we have
W=l = Wy + o)l + Nz * 2,

ol + ol = Hzdl * lzdls

since E is an L-direct sum of the Ei' As the sum is direct,

Yo ¥ 2, = 0, so that x, = y, + z,. Then we have
ol * 1zl 2ol = Jixl
= |1y * 2

Sl * |zl -
T.e. ¥, = z, = 0, and thus E1 is an order ideal. Similarly E2

is an order ideal.
We must now show that Ei is positively generated. Let
B= {x€E : x%0, ||x|| =1 . We claim that E, nB and E,nB

are complementary split faces of B. Let x €B, then 2x = X, + X,

with x;, €E, and 2 = 2ilx|f = || x| *+ || %,1| - If either x, =0
then x belongs to E11\B or E2¢\B. If neither term is zero, we
have

x = ({|x, 1} 72)(x, 7)) %, 1) + Clixpl 72) (=7 %50 )
with ||x,/|[x, ||| =1 and [|x,|| /2 + ||x,|| /2 = 1. It is now

clear that the faces are complementary. That the faces are split
follows from the fact that the sum is direct. If Si = co((Eir\B)
-(Eir\B)), then it is readily seen that Si generates all of Ei’
for if this were not so, S = co(S1\182) would not generate all
of E. But S contains the open unit ball of E so generates the

whole space. Hence each Ei is an ideal as required.

THEOREM III.3.71. Suppose A(K) = A, A,. Then there are
'

complementary closed split faces F1 and F, of K such that
(-

A, is isometric to A(F.).
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Ag is closed, hence so are the sets Fj = Ager (i # 1,

i, j=1, 2). By III.3.9 and III.3.10 P, and F2 have linear

spans for which A(K)* is an order direct sum of these two

subspaces. It follows from III.2.2 that F1 and F2 are

. o+ -
complementary split faces of K. Now Ai = (Ai) = FJ =

{a ¢A(K) : al = 0} is isometric to A(Fi) by the proof of

F

J
I1I.3.8.

We turn now to isometric injections of A(K1) into A(Kz).

We look first at the case when this is an isometry onto. Again

we first describe a way in which isometric isomorphisms can

arise, and then show that this is the only possible type.

PROPOSITION III.3.72. Iet K be a compact convex set, and

P and G be complementary closed parallel faces of K. Let

£,€aff(G) and let G' = f2g - g :geGl. Then K' = co(Fua')

is a compact convex set, and A(K') is linearly isometric to A(K).

It is clear that K' is a compact convex set. Define
T : A(K)—>A(K') by
2 lp, = 2l
Ta(2g - g) = -a(g) (ge@)
(as F and G are parallel this has an affine extension to K'
which is continuous by III.3.7). Clearly T is onto, and is an

isometry because each a attains its maximum modulus on Fu G,

THEOREM IIT.3.13. Let K, K' be compact convex sets such that

A(K) is isometrically isomorphic to A(K'). Then there are

closed, complementary parallel faces F, G of K such that if

g.E aff(G) and G' = {j2g‘ - g : g2eG} then K' is affinely

homeomorphic to co(FVwG!').,
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Let A = A(X) = A(K'), then K and K' are affinely
homeomorphic to proper closed faces of A*, the closed unit
ball of A* with the weak* topology, such that co(Kw=-K) =
co(K'Vv=-K') = A% (identifying K, K' with their images in A?).
It will suffice to prove that two such faces are related in
the manner desribed.

Let F = KAaK', G = Kn(-K'). If k €2 K then k eco(K'u -K"')
by assumption. As k is extreme in A¥, kc¢K'v =K' so ke FwG.
Now the Krein-Milman theorem assures us that K = co(FuG), It
is similarly seen that K' = co(Fwv-=G). It is clear that
F, G are closed faces of K. Suppose

My, + (1 - Mgy = pf, + (1 - s,
fie F, gieG and 0S%,u$1. If we operate on this identity
by the function that is identically 1 on K' (and hence 1 on F,
-1 on G) we see that |
A= (1 =A)=p-~ (1 =0yl

I.e. A = u, so the faces are parallel. Now choose goe;aff(G)
then 2g° - G does not meet F., As F and G are parallel there
is an affine extension of the map that is the identity on F
and that is gg——>2go - g on G. By III.3.7 this is continuous.
As this is clearly (1,1) and K is compact, it is a homeomorphism

and the proof is complete.

COROLLARY IIT.3.14. Let K be a compact convex set and S a

simplex., If A(K) is linearly isometric to A(S) then K is affinely

homeomorphic to S.

As S is a simplex F and G are split (by II.3.9). Thus
there is a (1,1) continuous (by III.3.7) affine map of
K = co(Fv-G) onto S = co(Fu@G). I.e. K is affinely homeomorphic

to S.
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We close by describing isometric injections of A(K)
into A(S), for S a simplex and K an arbitrary compact convex
set. There are three basic ways in which these can arise:

Let T : S——>K be a continuous affine surjection,
and define A(7t ) : A(K)—>A(S) by (A(7)a)(k) = a(mwk) for
a €A(K), k€S, A(Tm) is a positive linear operator taking
1K to 1S’ which is an isometry as T is onto.

let S = co(FuvG) where F, G are disjoint closed faces
of S, and define e €¢A(S) to be 1 on F and -1 on G (this exists
as F and G are split by II.3.9 and using III.3.7). If a €A(S)
we define eoa to be that element of A(S) with eca(k) = e(k)a(k)
for all k €3,S (again by II.3.9 and III.3.7). The map
ar—>eoa is a linear isometry of A(S) onto itself,

Let F be a closed face of S, and let H : A(F)—>A(S)
be a norm one linear extension operator, not necessarily
positive or preserving the constants. Then H is an isometry.

We show that every isometric injection can be decomposed

into (basically) these three.

THEOREM III.3.15. Let K be a compact convex set and S a simplex.

Suppose T : A(K)—>A(S) is an isometric injection. There is

a closed face F of S and a continuous affine surjection

RN : F—>K; a function e ¢A(F) that is 1 on some closed face

of F and -1 on .its complementary face (which is also closed);

and a linear extension operator H : L. —>A(S) where L =Aj;Ta|F :

a cA(k)l CA(F) such that

Ta = H(eo(A(T)(a))).

Let P (respectively F ) = {k €S : (T1K)(k) = +1 (resp. -1)} ,

+ -
then P and F are the sets where the continuous affine

K

+ -
and hence are faces. By II.3.7 F and F are split faces, so

function T1_, attains its supremum and infimum respectively,
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co(F U F)=F is a face by III.2.4. We claim that the map
a\-—)Ta|F is an isometry. If not suppose “TalF“ <|la}|l, and
that a attains its maximum modulus at xoeK, where a(xo) = H a”
(the proof when a(xo) = -“a” is similar). Then we have:

llall + 1= Jla+ ] = [[2ta+ D

<lzall + ffenl

Alall + 1,
for off F, |T1] <1 and on F |Ta|<1 by assumption. As this is
impossible af——>Ta|F is an isometry. let e = 1 on F+ and
e = -1 onF with e €A(F). Then it is clear that ar—> eo(Ta'F)
is still an isometry, and now 1Kt-—>1F so this is an order
homomorphism from A(K) into A(F). By I.1.20 there is a
continuous affine W : F—>K such that this operator is A(m ).
T is onto as A(T ) is an isometry. It is clear that
TaIF- eo(A(7t)(a)). H is now define by H(Ta'F) = Ta when

a € A(K), and the proof is complete.



CHAPTER IV

FACTIAL TOPOLOGIES

1 Split face topology.

We have seen that the collection of closed split faces
of a compect convex set K is closed under finite convex hulls

and finite intersections. More is in fact true.

PROPOSITION IV.1.1. The collection of closed split faces of K

is closed under finite convex hulls and arbitrary intersections.

That the collection is closed under finite convex hulls
has already been proved, III,2.4. This result also means that
it suffices to prove that the intersection, F, of a downwards
filtering family of closed split faces {Fd} is a closed
split face. It will be enough to prove that if a € A(F)+ the
set {a eA(K) : a> 0, a|F>ao} is downwards filtering, for
then the pointwise infimum of the set lies on AS(K) and extends

a,s SO F is split by III.2.13. Suppose a,, a belong to this

2

set. Let g be defined on K by g'F = a = 0. By T.2.2 we

o’ glK\F
have
A v
g(k)<(a1/\ a2) (k) for all k€F.
The set U = {kC-K : g(k)<(a1/\ a2)v(k)} is open and
contains F. By compactness there is an o such that E CU,
and by Hahn-Banach separation there is aeA(Fa() such that
A v
gln <a < (a,aa)}|; .
lF.,L 1 2 |F_L
Hence we must have
glp <a<aylp s &p - |
As the inequalities are strict we may apply III.2.11 to obtain
. - . - A
b e A(K) with blF.( = a, 0<b<a,, a,. Since b}Fx =ad glF“

this proves the directedness, and the result, -

It follows that the sets FNJI,K for F a closed split

face of K form the closed sets of a topology on d,K, the
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SQ-togglogx. The collection is trivially closed under
intersections, and under finite unions because:

(F1 A K) u(F2 A K) = co(F1 VF2) N K.

PROPOSITION IV.1.2. 9.,K is compact for the R-topology.

Let (S&) be a collection of Qi-closed sets in AK,
with the finite intersection property. If S84 = Fy N for
Fy a closed split face of K, then the family (Fy) has the
finite intersection property. It follows that F = QP;‘ # 4.
Now @ # J,FC.F, = S, for all o, so QS,,L;I #, and the

proof is complete.

It is certainly not however true that aex is in general
Hausdorff., We shall return to this point later. We first
derive some useful extension properties of functions defined

on K.

THEOREM IV.1.3. If f : 3.,K—>R is bounded and Q-u.s.c., and

+
a €A(K) then there is a unique u.s.c. affine function

¢ : K—>R such that

c(k) = f(k)a(k) for all k € d¢K.

If £ : de K—>R is M -continuous and a ¢ A(K) there is

c €A(K) such that

c(k) = f(k)a(k) for all ke DeK.

We assume first that f(3,K)C[0,1], and we shall
construct a descending sequence (cn) of u.s.c. affine functions
which converge to f(al,b ) on d.K.

<K
FOor n = 1, 2,000y i =0, 1, 2,00., 27 let
-n,
c, ;= {keder : £0)B2} .

By hypothesis there are closed split faces Fn i of K such that

,

1}

C. . =9eKAF
n

n,i T Define bn,i(k)

-n
, 2 "a(k) (k an’i)

]

0 (l(E:K\Fn i)'

9
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A
Let a =Db

i i i by IIT.2.13. As b_ . is
n,i n,i’ which is affine by III 3 n

s 1

u.s.c. we have

-n
an,i(k) = 2 “a(k) (k GCn'i)
i 0 (k€d K\ Cp )
Now define c, = Eg%an,i’ a sequence of u.s.c. affine functions.

Now cn‘aeK\'f(aléeK)’ hence (I.2.2) (cn) is also a descending
sequence., Now ¢ = inf cn gsatisfies the conditions of the theorem.
If £ is bounded, choosing a suitable multiple and
adding a suitable constant enables us to reduce the result
to this case., The uniqueness follows from I.2.2.
Now suppose f is () -continuous, and let -A{ agA.
By the first part of the proof there are u.s.c., affine
functions c, and c, on K such that for all ke3.K,
e, (k) = £(k)(a(k) + ), c,(k) = -£(k).
The function c = c, + Acz is u.s.c. and affine and
satisfies
c(k) = f(k)a(k) (kedK).
If g is u.s.c. and concave with g>’f(al3¢K) then g¥c (I.2.2).
It follows that ¢ = (f(ah&K))’\. Similarly 4 = (f(ahex))v is
affine.
Now ¢ - d is an u.s.c. affine and positive function.

As c 3K = dlBeK’ ¢ = 4., It follows that ¢ is continuous as

required. Uniqueness is trivial.

Taking a = 1K we obtain:

COROLLARY IV.1.4. If f : 3¢X—>{R is Q-continuous, then f

has a unique extension to an element of A(K).

THEOREM IV.1.5. Llet K be a compact convex set, then the

following are equivalent:
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(1) K is a Bauer simplex.

(2) The (R-topology on d.XK is Hausdorff.

(3) The Q -topology and relative topology on

de¢K coincide.

(1y=>(2). If G&I,XK is relatively closed, then by
I1.2.5 G = B(EE(G) and co(G) is a closed face of K, and is
split by II.3.7. It follows that G is (M -closed. Thus (2)
is certainly true.

(2)=>(3). PFirst we show VK is closed in K. If

ke d.K\dK, let F, be the smallest closed split face containing

k
k. As Fk # {k} s by the Krein-Milman theorem there exist

distinct extreme points u and v of Fk. Let U and V be &—open
subsets of 3,K with ueU, veV and UnV = @, which is possible
by the Hausdorff assumption. lLet G and H be closed split faces

of K such that J,G = 3wK\U and JH = 3K\ V. Now J3,GUJIH =

'bf_K, so k¢ 3K =3,Guw3 ,HCGuVH., Suppose k€ g, then FkCG
and BeFkC AeG. To€e uy, VEJQG = 9,K\ U - a contradiction. Now
the identity map from 3.K with the relative topology into
d.K with the ® -topology is continuous, (1,1) and onto. As
J¢K is compact for the relative topology, the topologies
coincide.

(3)=>(1). By IV.1.4 every continuous function on
deK extends to an element of A(K). Thus K is a Bauer simplex

by IT.Z2.3.

The set of extensions to A(K) of Q-continuous functions
on ¥K is a linear subspace of A(K) that we denote by 'X(K).
We establish a characterisation of this subspace.

The centre of A(K) is the set of all b€ A(K) such that

for every a €A(K) there exists c¢c € A(K) with
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c(k) = a(k)b(k) for all ke K.
From IV.1.3 it follows that this will contain I(K). We shall
see that they are in fact identical. First we deduce a few
properties of the centre. We recall that a lattice ordered
Banach space is an M-space if |x||y| => [|x||<||¥|] and
H [x] vyl “ = max {”x“ , “y”} for all x and y. We insert

first a well-known lemma,

LEMMA IV.1.6. Let 1¢C be a closed subalgebra of the space

of all bounded functions on a set X, B(X). Then C is a

sublattice of B(X).

It will suffice to prove that f ¢C implies |f| € C. Let
I= {’f(x)2 : X eX} , and let Pn be a sequence of polynomials
such that Pn(z)———> ﬁ uniformly on the compact interval I.
let gn(x) = Pn(f(x)z) (xeX). Then it is easily seen that
(gn) is a Cauchy sequence converging to ge& C satisfying

g(x) = k(x)? = [£(x)] (xeX).

I.e. g = |f]| €cC.

PROPOSITION IV.1.7. The centre of A(K) is a commutative

Banach algebra and an M-space for the order and norm induced

from A(K), and the multiplication (a,b)—> aob € A(K) where

(aob)(k) = a(k)b(k) (k €deK).

Further the lattice operations satisfy

(avd)(k) = a(k)vb(k) (ke dK).

Suppose bn converge in norm to b €A(K), where each
bn lies in the centre of A(K). We show that b is in the centre
of A(K). If a c¢A(K) let cneA(K) with cn(k) = a(k)bn(k) for
all ke d.K. As functions in A(K) attain their supremum on 2 X,

we have
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llen = call = Nlen = cnlla o <HPn = ulliialls

and the right hand side tends to zero as m, n—>oo, If

c = limn €9 then c(k) = b(k)a(k) for all k ¢ 3.k, so that

b is in the centre of A(K).

If a, b belong to the centre of A(K) we must show that
aob € A(K) with (aob)(k) = a(k)b(k) for all k€ J.K also lies
in the centre of A(X). If p ¢A(K) there is p' € A(K) with

p'(k) = b(k)p(k) for all k€ JK.
But now there is p" e A(K) with

p"(k) = a(k)p'(k) = a(k)b(k)p(k) = (aeb)(k)p(k)
for all ke Y. Thus ae¢b lies in the centre of A(K).

The result about the order structure follows from
the fact that acA(K)' if and only if 8|y, x20s thet
| a]] = 'lalléeK and Lemma IV.1.6 applied to the restriction

of A(K) to K.

THEOREM IV.1.8. The map awvr—> al_aeK is a bijection from the

centre of A(K) onto the set of (L-continuous functions on deK.

We have only to show that if a belongs to the centre
of A(K) then a"éeK is QL -continuous. It suffices to prove
that a"be,K is u.s.c., since -a also lies in the centre of A(X).
J.e. to prove that for all < ¢ (R

Cy = {ke 3€K : a(k)zd} = FAdeK
where F is a closed split face of K., Without loss of
generality we assume O0<&<1 and 0L X K1,

By Proposition IV.1.7 the function

a = [(a+ (1- oL)‘IK)/\‘IK]n
lies in the centre of A(K) for n= 1, 2,... As the operations
are pointwise on J.K,

1 (keC)

i

llmn an( k)

0 (kedK\C,).
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Also (an) is decreasing on J,K, and hence on K. Define
b(k) = inf an(k) for all ke¢K, so that b is u.s.c. and affine,

whilst also 0<b< 1. Hence

1}
0}

are faces, the former closed and the latter a GS' As C, = FacK

F

i
]

{kex : b(k)

and ¢ = {keK : b(k)

it remains only to prove that F is split.
Ag ¢ is u.s.c. and affine, and coincides with QCF on

VK, ¢ = ‘),ZF By III.2.1 F' = ')'Z;,’(o) = G, and by III.2.6
F is a parallel face, Suppose

AX £ (1 - Ny =Hrx'+ (1 - Ny (£)
with x,x'¢PF, y, y'€G and that y # y'. Let fEA(K)+ be such
that f(y) # f(y'). Let dn(k) = an(k)f(k) (k € 9¢K) and dneA(K)+.
Again (dn) is decreasing on d¢K and hence on K. lLet d = inf dn
and again 4 = (£¥ )| %K", so that d = f on F and d = O on G.
Applying d to (£) we obtain Ad(y) = Ad(y'). Henece f(y) = f(y')

contrary to assumption. The proof is now complete.

COROLLARY IV.1.9. The centre of A(K) is precisely A(K).

An alternative characterisation of A(K) is available to

us. We define the ideal centre of A(K) to be the set of all

linear operators T on A(K) which are order bounded, i.e. for
+
which there exists A€ R with -AI{T<AI, where I is the

identity on A(K). Trivially we have:

PROPOSITION IV.1.10. The ideal centre of A(K) is an Archimedean

ordered Banach space with order unit JI.

We may thus endow the ideal centre of A(K) with both

the operator norm,” "op’ and the order unit norm induced

by I, || ll;. In fact we shall see that these norms coincide.
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THEOREM IV.1.11, The map T+—>T1__ is an order preserving
49

bijection of the ideal centre of A(X) onto I(K). Further for

all T we have “T UOP = IITJJI = ”T1K'lo

We regard e € A(K) as both an affine function on K and
as a linear function on A(K)*. We identify K with the state
space of A(K), noting that if ked,K then k lies on an
extremal ray of K, i.e. if 0{m<k thenm = ok for some oL € R
(compare Proposition I.1.14). T* will denote the adjoint
operator on A(K)* which is also order bounded, as may be
easily verified, and is positive if and only if T is.

To see that T1K€ X(K), suppose a € A(K). We claim
that if ke 3K, (T1,)(K)a(k) = (Ta)(k), showing that T1K€7&(K).
We may suppose T is positive by adding an appropriate multiple
of I. Then 0 {T*k <k if k>0, so in particular if k¢ DX

then T*k = Ak. It is clear that A = || T*k|| . Now if k € 3K

(P10 (a(k) = 1, (T*K)a(k)

|| T*x || a(k)

]

a( [l T*x|l k)

a(T*x)

i

= Ta(k),

as claimed. As the map f+-> T_, where (Tfa)(k) = f(k)a(k) for

f
all k€ d,K is obviously the inverse of T\—4>T1K this latter
map is onto.

It is clear that the map is order preserving. We prove
the assertions about the norm. From definition of the operator
norm we have

T [l op 211 P15l (@
As (T1K)(k)a(k) = (Ta)(k) for all ke d9.K we have
[(Ta) (k)| < [a(k)]]| T1;]| for all ked K.

so that
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lirall < lITtgllliall .

I.e.
“T“op <||T1K“ ¢ (@@)
If a 20 from the definitions we have
= |11l 2k < (Ta) (k) < |1, || a(k) for all k€ deK
so that
STl TS TS ITgll T
and
T U] (000)
Finally,
-t IIéT < Tl LI
SO
NN ST ST '
and

Tl <N e (ecoe)

Combining (@), (@@), (@@8) and (@@@@) proves the equalities.
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2 The split face topology for simplexes.

By 11.3.7 every closed face of a simplex S is split,
so in this case the @.-closed subsets of 3,5 are precisely
the sets Fn 3,5 for any closed face F of S. This should
endow the centre of A(S) with some extra properties, and it
indeed does., The first thing that we note is that the

&stopology is T, (i.e. every singleton is closed). If S

1
is a Bauer simplex then the Q-topology and the relative

AV.N
topology on .S coincide., In fact now A(S) = A(S). It is
slways true that Y\(S) # @ as the constants always belong to
X(S). However there need be no other members of \R(S), even

in the case of a simplex. We are however able to provide

alternative characterisations of \K(S).

THEOREM IV.2.7. Let S be a compact simplex, a € A(S). The

following are equivalent:

(1) 2|35 is QL-continuous.

(2) a is in the centre of A(S).

(3) a belongs to some subspace of A(S) that is an

algebra under the operation of multiplication pointwise on deS.

(4) For all Ae R, the pair (a,A1.) has a supremum

in A(S).
(1)=>(2) is Theorem IV.1.3, (2)=—>(3) by Proposition IV.1.7
and (3) =>(4) by noting that we may adjoin the constants to
the subspace of (3) and then close it and it will remain an
algebra. Now (4) follows by Lemma IV.1.6., We must prove (4)==(1).
If e R, the set {ke 35 : a(k){} is equal
(as the lattice operations are pointwise on 3 .S) to {ke S ¢
(avot)(k) =] = 3,5a {kes : (avo)(k) =o£} . gince
the latter set is the set where avot attains its infimum

it is a closed face of S. Thus a'B g is QL -1.s.c. Also
e
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{xedes s amDe] = {keds : (ave)(k) = a(i)} =
DeS n{kes : (ava)(k) = a(k)} and again the latter set is

a closed face since av« 3 a. Thus is L -u.s.c. and

a
|25
hence Q-c ontinuous.

COROLLARY IV.2.2. Let S be a compact simplex, then

(1) There is a largest lattice ordered subspace

of A(S) containjng the constants,

(2) There is a largest subspace of A(S) that is an

algebra for the operation of pointwise multiplication on Jd¢S.

Further both these subspaces coincide with A(S).

We turn now to some properties of the &-topology for
metrisable simplexes. We first need some more information
about Q—convergence. If keSS, Q(E) will denote the smallest

closed face of S containing k.

PROPOSITION IV.2.3. If k&S, y €Qe(Q(k)) and (x) is a net

in ¥¢S converging to k, then (x.) QR -converges to y.

If not there is an QL-closed subset D of deS such that
X, € D frequently whilst y ¢D. If D= 2.SAF for F a closed
face of S, then (x,) is frequently in F so k = lim x € F.

Hence y e Q(k)CF, and as y is extreme yeD - a contradiction.
A partial converse to this is provided by:

PROPOSITION IV.2.4. If (x ) is a sequence in 3¢S converging

to k, and (xg) is a subnet of (x ) Q-convergzing to ye .S,

then y e Q(k).

If y ¢ Q(k) there exists N such that n> N implies
X, #y. Let R = {xn : n)N} Vv Q(k), a closed subset of S.

Since {'xn’} < K, R is dilated and hence F = E-:)-(R) is a face
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of 5, by II.3.2.
If y¢R then y¢ F else y would be an extreme point of
F and hence in R, I.e. 3,S\F is an () -neighbourhood of y.
Since (x‘;) (@ -converges to y, eventually Xg ¢-F. But (xF) is

a subnet of (xn) so is eventually in R,y a contradiction.
Before proving the main result we have a lemma:

LEMMA IV.2.5. Let S be a metrisable simplex, and R<C 3.S be

(R -compact. If a<A(S), a>0 and a(r)> 0 for all reR, then

there exists €¢>> O such that a(r)> ¢ for all r <R,

If not then for each n there is r €R with a(rn)<‘l/n.
Choose a subsequence (rm) converging to k in K, then
a(k) = 11mm a(rm) = 0., Choose a subnet (rp) of (rm) which
&-converges toy R, possible as R is (R -compact. By IV.2.4
y€Q(k). Since a(k) = O, alQ(k) = 0 (as a »0) and hence a(y) = O,

a contradiction.

Suppose S is metrisable, then A(S) is separable (I.1.17)
SO we may suppose {ai : i=1, 2,...} to be a dense subset

+
of A(S) . Define

U(1,n) = {ke 35 : a, ()>1/n] .

THEOREM IV.2.6. Let S be a metrisable simplex and k¢ d¢S. The

following are equivalent:

(1) Xk has a countable Q -neighbourhood base.

(2) k has an &-neighbourhood base of &-compact sets.

(1)=>(2). Let Q be a closed face of S not containing k,
then we must find an &-compact ( ~neighbourhood of k disjoint
+
from Q. Choose a €A(K) such that aIQ = 0, a(k) # 0, possible

by Edwards' theorem. Let Qn be an increasing sequence of
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closed faces of S such that {BQS\Qn} is a basis of
@,-neighbourhoods at k. We claim that for some N,
{yeds : ay<imicay. (££)

If not, for all n there is xne .S such that a(xn)<:1/n and
xnéQn. Choose a subsequence (xm) converging to x €K. Then
(xm) Q -converges to k, so k €Q(x). Since a is continuous
on K, a(x) = 0 and hence a(k) = 0, a contradiction.

Now {ye DS a(y))1/N'} is () -compact, for if
(Dy) is a family of (L -closed subsets with the finite
intersection property, let F, be closed faces of S with
Dy = Fyn {ye S ¢ a(y))‘i/N} . The family of all sets of
the form Fyn {yes : a(y)>,1/N} has the finite intersection
property so NF, n {y'es : a(y)}>1/N} # #. As a attains its
supremum on ('\FK at an extreme point we have (\D.b. =
NEgn {yedes a(y)21/N} # #. also {yedes : am> 18}
is an @.-neighbourhood of k, since it contains BQS\QN.
As a‘Q = 0, this is the required Q -neighbourhood.

(2)=>(1). We claim that the set {U(i,n) : i, ne E+}
contains a (necessarily countable) neighbourhood base of k.
If Q is a closed face of S not containing k, let aeA(S)+
with alQ = 0 and a(k) # 0. let Q' = {xes : a(x) = O} .
a closed face of S containing Q, whilst k¢ Q'. Since Q'\ .S
is an @.-neighbourhood of k, there is an Q.-compact
&‘—neighbourhood R of k such that RnQ' = @#. Then a|R> 0, so
alR:>2/n for some n by Lemma IV.2.5. Choose i so that
I a; - a]| < 1/n, then ai|R>1/n so RCU(i,n). Since R is
an Q-neighbourhood of kx so is U(i,n). Also ai‘Q<1/n so

QNU(i,n) = @ completing the proof.

We have in fact proved:
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THEOREM 1IV.2.7. Let S be a metrisable simplex, then the

following arewequivalent:

(1) The Q -topology is first countable.

(2) The M -topology is second countable,

(3) The (M-topology is locally compact.

(2)=> (1) a fortiori.
(1) =>(3) by IV.2.6.
(3) =>(2) because under the assumption that every
point of 2,S has an Q-neighbourhood base of &—compact sets
the proof of (2)=—>(1) of IV.2.6 shows that {U(i,n) : i, n=1, 2,...}

contains an Q—neighbourhood base for the &-tOpology on J,S.
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3 Parallel face topologies.

The characterisation of A(S) given in Theorem IV.2.1
do not remain valid when S is replaced by an arbitrary compact
convex set, as may be seen by considering, for example, a
square. In this sectionme extend the notion of a facial
topology to enable us to produce a result similar to IV.2.1.
The role of split faces will be played by certain families
of parallel faces (see the definition before III.2.6).

We define a family ?3 of parallel faces of a compact
convex set K to be topological if it is closed under finite
intersections, finite convex hulls, intersection of downward
filtering femilies and if it contains ¢ and K.

We deal first with ways to construct topological

families.

LEMMA IV.3.1. Let\3 be a family of parallel faces of K, closed

under finite intersections, finite convex hulls and containing

# and K. Iet S(3P) be the family obtained by adjoining to

?3 the intersection of downward filtering families of ?3. Then

$(3J) is a topological family of parallel faces of K.

That each member of %(3J) is a parallel face is

because
A

A
= AnfY, ) = inf (Ap)
ok Fou
(by I.2.7) when F = f\E* for (Fy) a downward filtering family

A

in 9. By ITI.2.6 (')LF&)A is affine, so (X F)A is affine and
F is a parallel face by III.2.6 again.
Suppose F = (A\Fd, G = fB\GF are in $(3). Then
FnG = (\EanGge ().

AxB
If M = co(FuG), then
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f\co(F,*v GF)E' S(3) and NDOM,
AxB
Let x €N, then for all &, there is y&,sc-F , zomg €G

and Ay o €[0,1] such that x = Mg Ta,p ¥ (1= Ay )2 g We
may construct a directed set with terms in A XB such that

Ay ’——n e[0,1],

=Ay + (1 - 2)z. Hence N = M, and §(3J) is closed under

Yy B»-——-)ye F and z p —>»2 €G, and then
1 L]
finite convex hulls.
Finally let Fx e $(3) with F, downward filtering.

For each of , let (Fl“) be a downward filtering family

i, €Ty

from 3 with intersection F,. The family {(\F J} is

=17
contained in 9, is downward filtering, and has intersection

L] L] . e ‘a *®
Q B Toee (NP e §()
Finally that ¢ and K lie in §(3) is because they were

given to lie in 3 .

An obvious topological family of parallel faces is
the family of all split closed faces of K. One way to

construct new topological families is the following:

PROPOSITION IV.3.2. 1let K, K' be compact convex sets and

P : K—>K!' be a continuous affine surjection such that

T

P (DeK)TeK'. If J is a topological family of parallel faces

of XK', then {‘P -1(F) : Fe 3} is a topological family of

parall‘el faces of K.

That ¥~ (F) is a parallel face again uses TII.2.6.
(')(,Y,-1(F))A = inf { h : neA(x), h)’X\DJ(F)}

inf {goy: g €A(K"), 8% %y

(X op-

Now (%‘P-“(F))A is u.s.c. and concave, ((XF)A°‘F is u.s.c.

/N

and affine., Both take value 1 on B3,Kn \?'1(1?') and @ on
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-1 by T.2.2 Xow=1, ) i
’BQKI\\f (P), so are equal by I.2.2. I.e. ( ¢~ 1(m) is
affine and \p-1(F) is a parallel face.

The intersection properties are trivial., We must prove
that the family is closed under finite convex hulls. let
F, G€ J so that also co(FuG)e 3. It is clear that M =
co(y "M v v 71(6)) & “Nco(FUB)) = N. If x¢ 3N then
xedK as N is a face of K. Hence ¢ (x)¢€ d.K'n co(FuG), so
Y (x)e J¢FuJG. Hence x ¢ \p—1(F) n 30-1(G)C.M. By the Krein-Milman

theorem it follows that M = N, so M belongs to the family.

The reason for introducing topological families is

of course the following:

PROPOSITION IV.3.3. If D is a topological family of parallel

faces of XK then the sets Fnd.,K for F¢ 3 are the closed

sets for a compact topology on .K.

Such a topology will be termed a faciasl topology on

d.K. We can extend to this context Corollary IV.1.4.

THEOREM IV.3.4. Let v be a facial topology on JdeK.

(1) let T : B¢K—>R be a positive T -u.s.c.

function., Then f has a unique extension f : K—>[R which is

positive, u.s.c. and affine.

(2) et f : K—> R be * -continuous. Then f

has a unique extension fe A(K).

(1) Suppose 0Kf£ 1 and let n be a positive integer. The
set
{ke 3ek : £(x)%i/n}

is T -closed, so is of the form 'BeKr\Fi n for Fi n® parallel
’

9,
face. Define

A

n
Po = 2, /Uy, O

i,n
Then \p  is affine, u.s.c. and |p (k) - £(k)| < 1/n if ked.K.
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It‘follows that H\Pn - \Pm“ <1/n + 1/m using I.3.2. Now
(Pn converges uniformly on K to ? which is u.s.c. and affine,
As it is clear that‘}lng = f we are through. The uniqueness
follows from I.2.3.

(2) Choose a, be R so that £+ a0, b - £20. Then
u= (f+ af. and v= (b - ff‘ are positive u.s.c. and affine.
Now u - a and b - v are affine and respectively u.s.c. and l.s.c.,
and coincide with f on 93 ,K. Hence fzu-a=b-vis

continuous (I.2.2) and extends f. Agaia I.2.3 gives the uniqueness.

If '™ is a facial topology on 3,K, let H, denote the
set of all extensions to A(K) of ‘T ~-continuous functions

on K. The following result is easily verified.

PROPOSITION IV.3.5. If v is a facial topology on 9.K, then

He is a commutative Banach algebra and an M-space for the

order and norm induced from A(K), and multiplication

(a,b)v—> aeb where

(aob)(k) = a(k)b(k) for all ke deK.

FPurther the lattice operations satisfy

(awvb)(k) = a(k)v b(k) for all k &€ JeK.

We can use facial topologies to strengthen the
equivalences of IV.1.5. The proof is the same, using Theorem IV.3.4

instead of Corollary IV.1.4.

PROPOSITION IV.3.6. The following conditions on a compact

convex set K are equivalent:

(1) K is a Bauer simplex.

(2) There exists a Hausdorff facial topology on d.K.

A
Let A(K) be the union of all the subspaces Hy of A(K),
as ‘™ ranges over all facial topologies on J,K. We can use this

set to extend the characterisations of Theorem IV.2.1 to the
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A
non-simplicial case. We emphasise here that A(K) need not be a

linear subspace of A(K), as for example when K is a square.

THEOREM IV.3.7. Let K be a compact convex set and a A(K), then

the following are equivalent:

(1) There is a facial topology T on 3.K such that

< -continuous.

2|3 x—=2

(2) There is a subspace of A(K) containing a

which is an algebra for the operation of pointwise multiplication

on d¢.K.
(3) For all finite families of pairs of reals
n
- N i\_/1(o(ia + Bi) exists in A(K).

(1) =>(2) is IV.3.5 and (2) =—>(3) follows from
Lemma IV.1.6 after adjoining the constants to the subspace
and closing it.

(3)=>(1). The set I" of all functions of the form
‘\n/(oiia + @i) is a cone that is closed under suprema, By
i;;ma I.1.16 T = is a sublattice of C(K) containing the
constants and a., The same will be true for W ='7:—:_Fr. We
may identify W with A(S(W)) and as W is a lattice S(W) is a
Bauer simplex and W is isemetrically order isomorphic to
C(JL) where JL = 3,(S(W)).

Let I be the natural injection of C(JL) into A(K),
then the associated continuous affine function ™ : K—>P(SL)
is easily seen to be onto and extreme point preserving. By
Proposition IV.3.2 the family {-n '1(F) : P is a closed face
of P(SL)] is a topological family of parallel faces of K,

The functions of W are easily seen to be continuous for the

associated facial topology, and hence (1) is true since ae€eW,
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COROLLARY IV.3.8. Let K be a compact convex set, then the

following three sets coincide:

(1) AK).

(2) The union of all the subspaces of A(K) which

are algebras for the operation of pointwise multiplication on JeK.

(3) The union of all the vector lattices contained

in A(X) which contain the constants.
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4 Hull-kernel topology.

For a class of compact convex sets, the &-topology
on J,K is closely related to a "hull-kernel" topology that
is similar to that for algebras. If ke J,K we let Fk denote
the smallest closed split face containing k. We first study

a "structure topology" on the family {Fk : k€ aeK} . We

consider compact convex sets which satisfy Stdrmer's axiom:

If {Fg : X € A} is a family of closed split faces

of K then EE(U.,( Fx) is a closed split face of K.

PROPOSITION IV.4.1. Let K satisfy Stfrmer's axiom. The set

E = {F, : ke'af_K} can be topologised by the closure operation

S—>5 where S= {FPe 8 : Pco{G : Ges}y .

The map k——>F is continuous and open from the
n

Gl-topology of VK to this topology of € . Moreover for this

topology ‘E is TuL
Clearly 7 = g, %- = E and SOS for all SC €. If
HeT then by definition HC ool /G, so that co\JHC o\ /G,

- _ GES HeS _  _GeS
and hence S = S, It remains to prove that SwT = SuT. That

SuTCSuT is trivial. Suppose er SwvT where k¢ 3,K. Then

chg u G and so k € co U G.
Ge SuT GeSUT
Since k€ 3.K we can apply Milman's theorem to obtain

ke () GC\ JGu\/G. By symmetry we may assume k¢ UGC.&;(UG).
Ge SuT GeS GeT GeS GeS
By Stdrmer's axiom the right hand term of this last relation

kc'c"JUG =S, I.e. SUT = SuT,
- GeS
and it follows that S+—3S is a topological closure operation.

is a closed split face. Hence F

Let S be a closed subset of E and consider the set
A
§= {kedk : F es}. We shall have

F € SR Ccol Je&keco\ g,
GesS GeS
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where the last equivalence follows by Stdrmer's axiom. Now
A —

S = J.Kaco(JG is closed in K for the Q-topology. I.e.

GeS
we have proved that k+——>F is continuous.

k

To prove that kn—-—-)Fk is open, suppose UC?QK is @ -open,
so that U = 3, K\ F where F is a closed split face of K. We
must show that {Fk : keUl} is an open subset of g.

Suppose H € E \{Fk : keU} , then H =AI§‘x for some
xe 3 K, and we must have x € F for else x€U and then H = Fx c
{Fk : keU} « Hence H = Fx F so we have shown that
poco\{n : me £\ {F : xeu}}.

If keU then k§co N n : 1 e E\{r : ke U} ) because
of the last inclusion. It follows that chl:FEU{H :He €\
{Fk : keU}} whenever k €U. By definition of the topology
on E this suffices to prove that {Fk : ke U} is open.

Finally let F, G belong to E and suppose FCFG. Then
16T = {He € . HCG} so that F¢ { G} . Hence E\-{—’_ET
is an open neighbourhood of F not containing G, which shows

that the topology is To'

This topology we term the structure topology on E .

A continuous affine bijection of K which leaves
invariant all the faces {Fk : k ebzx}is termed an inner

automorphism of K. The set of all such will be denoted by U.

We say that K admits sufficiently many inner automorphisms

if for each k € 3,K,

F, = co {at(k) : o€ v} .

PROPOSITION IV.4.2. If K is a compact convex set satisfying

Stdrmer's axiom and admitting sufficiently many inner automorphisms,

then k+—>F is open from 9.K with the relative topology onto
N

E with the structure topology.
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let V be open in K, and we shall show that {Fk : KE Va 3KJ
is structurally open in g. If this is not so, suppose

there is G = F, for k_€ Va 3K such that Gceco U4H : He
(o]

€\ {r, : kevarx]} . We may transform this to
ceco(3kn U {H : B € EN{F : xevadk1l),

and then by Milman's theorem k ¢ K AnU{H : He ¢\ {Fk : ke Vn Kt} .

As V is an open neighbourhood of ko in K, there is thus k1
such that

ke VadkaUfa : 1€ €\ {p, : KE Va 3K} § .

We now choose x € 3,K such that k, € VA 3Kn F  and such that

4
F_# F, for all k eVn K.

It follows from the existence of sufficiently many
inner automorphisms that

k,ecofel(x) : ke v},

and by Milman's theorem

kie {at(x) : ol € U} .

Since V is an open neighbourhood of k1, there is
yevVn {o( (x) : oL e U} . Now ye 3K since every oL € U maps
2K onto itself, so y€ Vn3.K and hence xer. This clearly
implies thatrgx = Fy, which is a contradiction, so the proof

is complete.

We may apply these last two results to obtain a
characterisation of Bauer simplexes amongst all simplexes

promised in Chapter I.

THEOREM 1IV.4.3. If S is a simplex the following are equivalent:

(1) S is a Bauer simplex.

(2) If F is a face of S, then so is F,

(3) S satisfies Stgrmer's axiom.
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(1)=—(2) is Theorem II.2.6.

(2)=>(3). Let {Fy} be a family of closed faces of S
(automatically split by II.3.5), we must show that c_o.(UFo()
is a face of S. By (2) it will suffice to prove that co(\UFEy)
is a face of S.

n n

If k = ;)\iki eco(\UR, ), where 12.—.1}‘1 =1, A,>0 and
ki@ F°Li for i =1, 2,¢¢e, n, let G = co(Fc.(1 coe F“n) s0
that k€ G, By I11.2.4 G is a (split) face of S so that if
k= px + (1 - p)y where x, y ¢S, 0<pu<1 then x, y€ GCTco(UE,).
It follows that the latter set is a face as required.

(3)=>(1). As S is a simplex, F, = {k} whenever

k

k€ 9,5. It follows that the map k+——>F is a homeomorphism

k
of 3.3 onto % when E has the structure topology, and .S
has the (W -topology (IV.4.1) or the relative topology (IV.4.2,
the existence of sufficiently many inner automorphisms being

trivial). It follows that the @.-topology and the relative

topology on 3,S coincide. Now S is a Bauer simplex by Theorem IV.1.5.

We turn now to the hull-kernel topology. We call an
ideal J in A(K) fixed at k€ d,K if a(k) = O for all aeJ, By
the duality of near lattice ideals and closed split faces

of X, we have:

PROPOSITION IV.4.4. If k& J¢K there exists a largest near

lattice ideal J, which is fixed at k. In fact J, = {aeA(K) :

We emphasise that Jk is only maximal amongst near lattice
ideals fixed at k, and is not necessarily maximal. Such an

ideal we term a primitive ideal. The family {Jk : ke ’AQK'}

is termed the primitive ideal space of A(K), Prim(A(K)).
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LEMMA IV.4.5. If K satisfies Stdrmer's axiom, and {F«} is a

family of closed split faces of K, then
—— -
co((/F) = ([NFy)

(co(\ /~, A}

—— <4
Tt is easily verified that co(\/ B)C(\F ). To

prove the reverse inclusion, let k€K \-cT)'(Lo(/ F)e B
Hahn-Banach separation there is a € A(K) with a(k)> 0 and
a<0 on E-O-(UFQL). By Theorem III.2.11 there is b€ A(K)

such that b>a and bl = 0. Now b € QF:' and b(k)>O0

(U E.)
so that k(R Hence co(\YR) = (QF,,LJ')'L. The

verification of the second inequality is now trivial.

If 9 Prim(A(K)) we define its kerhel to be the set
k(9 )<Ca(x),
K(g)= MN\Jd.
Jed
If K satisfies Stdrmer*s axiom then Lemma IV.4.5
tells us that k(4 ) is a near lattice ideal of A(K). If
I is a near lattice ideal of A(K) its hull, h(I), is defined by

h(1) = {Je Prim(A(K)) : TCI}.

PROPOSITION IV.4.6. If K satisfies Stgrmer's axiom the

operation 9 +—> h(k(9 )) is a closure operation on Prim(A(K)).

P> FJ' is a homeomorphism of € with the structure

topology onto Prim(A(K)) with this topology.

1f SC§, define 9 = {F'L: Fe S}. By Lemma IV.4.5
we shall have

— A £ L
co(\UF) = (MNF) = (NI =xd).
Fe 8 Fes Jed
Hence we have the following equivalences if G¢ &

Ge §EL&D6ccol UF)
¢S
¢=>Gc:k(ﬂ )
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&Sk(9)Ce
&G ¢ h(k(d)).

This shows the desired homeomorphism.

We call this topology the hull-kernel topology on

Prim(A(K)). Combining this last result with Propositions

IV.4.1 and IV.4.2 we obtain:

THEOREM IV.4.7. If K satisfies Stdrmer's axiom then the

hull-kernel topology of Prim(A(K)) is T , and the map ki—>J,

E+9

is continuous and open from the (l-topology of 3.,K to the

hull-kernel topology of Prim(A(K)).

THEOREM IV.4.8. If K is a compact convex set satisfying

Stérmer's axiom and admitting sufficiently many inner

automorphisms, then the map ki—>J, is continuous and open
N

from the relative topology of d.K to the hull-kernel topology

of Prim(A(K)).

Hence Prim(A(K)) is a Baire space in the hull-kernel

topology.

The last remark follows from the fact that BQK is a

Baire space for the relative topology (I.1.4).



CHAPTER V

MORPHISMS OF COMPACT CONVEX SETS

1 General morphisms.

If K1 and K2 are compact convex sets, we term a

continuous affine function W : K1——9-K2 a morphism of K1

into K2. We look first at the possibility of extending

functions defined on the set of extreme points of K1 with

values in K2 to a morphism of K1 into K2. We deal first with
the case that K2 is a subset of the reals,
Let S be a cone in C(X), for X a compact Hausdorff

space, containing the constants, separating the points of X

and closed under finite suprema. The upper S-envelope of f

is defined by
A '3
fs(x) = 1nf{g(x) : g>/f, ge-S} .
Define a pre-order on M(X) by u(sv if and only if
p(f)gv(f) for all f€ S. The following result may be proved

similarly to I.3.8.

+
PROPOSITION V.1.1. If S is such a cone and peM (X) the

following are equivalent:

(1) p is < _-maximal.
(2) p(E)

(3) wE)

u(f) for all fe C(X).

p(f) for all f€S.

Proved similarly to I.3.10 is:

PROPOSITION V.1.2. If S is such a cone and v € M(X) there is

a £ .-maximal yeM(X) with y>_Vv.

Finally before the main result we have:



-119-

LEMMA V.1.3. let K be a compact convex set and f : ng——>R

A v —
be such that f and f conincide on X = 3¢K. Let A = {alx : aeA(K)]

and X be the smallest cone closed under finite suprema

containing A. Similarly let B be the linear span of A and

- A v
f=f|X=f|

x2 and take ? to be the smallest cone containing
1

B and closed under finite suprema. Now

%-K = gg for all g € C(X).

Clearly éﬁ SQK' To prove the converse suppose x € X and
€> 0. Now there is aoe A(K) and A€ R such that
— —-— A

g < a |x + M, ao(x) + )\f(x)<g§(x) + E/2.
There are three possibilities: if A 0O choose a, € A(K) with

-— A —

f=1|yCag a,(x)<E(x) + &/2n.
If A< 0 choose a, ¢ A(K) with

v — —
a xSy =%, £0x) + £/2) <a,(x).

If A = 0 any choice of a, will do. In any case we have

1
g L(a + %a1)|X, a (x) + ha,(x) < §§(X) + &,

Since €> 0 was arbitrary, this means that %Xgéﬁ and the

lemma is proved.

It follows that the orderings <:§ and <§ coincide on
M(X). Furthermore as A is dense in the set of restrictions to
X of continuous convex functions on K, both these orderings

coincide with the usual order on M(X), < , when this is

considered as a subspace of M(K).

THEOREM V.1.4. Iet K be a compact convex set and f : 2:Kk— R

be a continuous function. f can be extended to an element

of A(K) if and only if the following two conditions are

satisfied:

A \%
(M i"’-g’fjif.
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A v —
(2) The common restriction of f and f to d.K is

annihilated by every boundary affine dependence.

The necessity is obvious. To prove sufficiency we
adopt the notation of lemma V.1.3, and note that we must
prove that fe A. For this it will suffice to prove that
if peM(X) and p(a) = O for all a€A then p(f) = 0, so we take

b to be such a measure. Let p = L, u, - ol,u, where X, °‘2>0

and Bqs u.2eP(X). Let 'vi be maximal measures on X with
vi>“i’ which is possible by V.1.2 and the remark before
the proof. If k€ B then again using the coincidence of
the three orderings, ui(k)< vi(k) and ui(-k)ﬂ Vi(-k),
so that vi(?) = ui(§) and vi(a) = pi(a) if a¢A.

By assumption (0(1'_11 - c(guz)(a) = O for all a€ A so

- = o< -
also (0(1\/1 0(2’\)2)(&) = 0 for all a€ A. As ( 1™ °¢2V2)

is a boundary measure, hypothesis (2) tells us that
ol
(¢, v

. 0(2\)2)(?‘) = 0. Hence u(?) = 0 as required, and

the proof is complete.

COROLLARY V.1.5., Let K1 and K, be compact convex sets, let
[+4

Y : deK,—>K,. be continuous and assume that (ao ';P)A—-—- =
1 < aeK1—

(ao :gvz I for all ae A(K.). Then ¥ is uniformly
'<3¢,_K1 2

continuous with a continuous extension ¢ : 0K, ~——>K2. If

whenever Vv 1is a boundary affine dependence on K1, ;v is an

affine dependence on K,, then ¢ can be extended to a
pt T

morphism of X, into K2_._

A
If aeA(K2) the common restriction of (aoy) and (aoy)v

to BQK1 is continuous, hence uniformly continuous. Hence

A \'4 . . .
acy = (ao\r) |'3QK1 = (aey) ‘BeK.] is uniformly continuous
on B¢K1 for every a € A(K). By compactness the weak topology

on K2 (defined by A(K2)) coincides with the given topology.
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Hence 1 : 3K, —>K, is uniformly continuous.

2
A \'4 —
Let aGA(KZ), then (aOkP) ‘m: (ao \P) ‘—B-Q—KT: ao\f s SO

for every boundary affine dependence VvV on K1’
f(aon Ydv = fad('\;v) = 0,

Hence by Theorem V.1.4 there is a' GA(K1) with a'

3€K1 = a°‘P .

If k¢ K let p, p' be boundary measures representing k,

1°
and let z, z' be the resultants of ‘p—p,, \;o-p_' respectively. We
claim z = 2', for p - p' is a boundary affine dependence
on K,, henceyp - gp' = ¢(p = p') is an affine dependence on
K2, s0 (Fp, and (?p' have the same resultant. Define ? : Ky—> K2
by ¢ (k) is the resultant of tp_p, where pp is a boundary
measure representing k. Clearly §l3€K1 =y for if ke BQK1
the only measure representing k is Ek'

We must show that Tf is continuous, it being clearly
affine. We retain the above notation.

at(k) = farap = f(asplap = [aa(gy) = a(z) = a(§ (X))

whenever aéA(KZ). Hence a' = aey so0 \tP is continuous from
the given topology of K1 to the weak topology of K2, which

again coincides with that given. Hence \t? is the required

extension.

We turn now to projective compact convex sets. We refer
the reader to [39] for a definition of a category. We consider
here the category whose objects are compact convex sets and

whose morphisms are continuous affine maps.

PROPOSITION V.1.6. A compact convex set K is projective if

and only if whenever X and Y are compact convex sets

T : X—>»Y is a surjective morphism and ¥ : K—>Y is any

morphism, then there is a morphism '}L* : K—>X such that ¥ = T °'\L‘.
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The reader may either take this to be a (trivial)
regult using the definition of projectivity given in [39]
or as a definition in itself, This will not éffect later
work. We also need the following definition: a topological

space is extremally disconnected if the closure of every

open set is open. A compact Hausdorff space which is extremally

disconnected we shall term Stonian.

PROPOSITION V.1.7. let JL be a compact Hausdorff space. The

vector lattice of all continuous functions on JL is complete

if and only if JL is Stonian.

Suppose C($§l) is complete, and let G be a proper
open subset of JL., let F be the set of all continuous functions
on JU with values in [0,1] that take value O off G, The family
is bounded above by the constantly one function, so has a
supremum, g. If W€ G there is a function f€¢F with f(w) = 1,
by Urysohn's lemma. Hence g('w) = 1 and since g is a continuous
function g|g = 1. If w, ¢ G then there is a continuous
function h on JU with values in [0,1] such that h(ir,) = 0
and h = 1 on G. Thus h dominates all the functions in F, so
h} g. Hence g(‘l.r1) = 0, and we see that g is the characteristic
function of G. As g is continuous, G is open,

Suppose conversely that L is Stonian. It will suffice
to show that every family F of non-negative functions in C(Jt)
has an infimum. For each A0 let

G = {v: f(r )<\ for some FEF} .
" We see that G

is open, G CGU is A p and U{G)\ : 7\>0] = JL,

A A

For each e L, we can therefore define
g(w) = inf{?x>0 : 'IJC-_G;}.
If u>O then

{w:gw)u} = U{E; : A<},
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which is open, since L is extremally disconnected. If p> 0 then
far: gw)p]d = /\{g cAdul,
which is closed. It follows that g is continuous.
If A <{g(wr) then mgcx so f("Ww)> A for all fe€ F.
Hence g f for all fe€F. Suppose h¢C() and hg f for all

feF., If w e then h(w)A. Since h is continuous,

A

T c{w: aw)aT . If g(W)KA then we T, so h(w) A

Hence h{ g, so g is the infimum of the family F as required.

THEOREM V.1.8. In the category of compact convex sets and

continuous affine maps the projective sets are the Bauer

simplexes with extremally disconnected extreme point set.

In order to prove this result it will be convenient
to work with the affine spaces. K is projective if and only
if for all compact convex sets X and Y and for all positive,
order unit preserving linear operators T : A(Y)—>A(X) and
S : A(X) —>A(K), with P (1,1), there is a positive unit
preserving U : A(X)~—>A(K) such that UoT = 3. If K is a
Bauer simplex with extremally disconnected extreme boundary,
then A(K) is a complete vector lattice by II.2.3 and V.1.7.
The existence of U is now guaranteed by the monotone extension
theorem.

Suppose conversely that K has this property. We take
A(X) to be €¥(K), A(Y) = A(K), S the identity on A(K) and T
the natural embedding of A(K) into A(X). Suppose U : A(X)—> A(K)
is positive and unit preserving with UoT = S, Suppose
{f« : £ € AJC A(K) and that h €A(K) with h %, for all
% € A, Let g be the supremum in A(X) of the family {Tf( : L E A}
which is bounded above by Th. We claim Ug is the supremum of

the family { f, : < € A} . We certainly have Ug > U(Tf.) = fu
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for all X € A. On the other hand if g' > f, for all « ¢ A, then
Tg' > Tfx for all < ¢ A, so Tg'H g. It follows that
g' = U(Tg') > Ug. Thus Ug is the required supremum. We
have thus proved that A(K) is a complete vector lattice,
so K is a Bauer simplex, by II.2.3, and with extremally

disconnected set of extreme points, by V.1.7.
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2 Extreme morphisms.

Let K,, K, be compact convex sets, and let A(K1,K2)

1 2
denote the convex set of continuous affine maps of K1 into K2.
An obvious question of interest is the nature of the extreme
points of this set. We shall limit ourself to simplexes. In
fact we shall need even more limitations in order to obtain
results. In the case that both sets are Bauer simplexes we

have a very nice characterisation of the extreme points. First

we need:

LEMMA V.2.1. et V., V2 be vector lattices and T117T2 : V,—>V

1 2

1

be positive linear operators., If T1 + T_ is a lattice

homomorphism then so are T1 and T24
Let a, b eV1, then if T1 + T2 is a lattice homomorphism
we have:

T,(aAb) + T,(aad) = [T,(a) + T,(a)]a [T,(D) + T,(D)].
It is clear that
T,(a)A T (D) + T (a)A T, (b) K [T,(2) + Tg(a)]l\[’l‘1(b) + Tz(b)],
and since T1 and T2 are positive,
T.'(a)/\ T1(b) + T2(a)A T2(b)>,T1(aAb) + Tz(a/\b).
Hence
T1(a)AT1(b) + Tz(a)ATz(b) = TT(aA b) + T2(aA b).
Thus
T1(aA b) = T1(a) AT1(b) + Tz(a)l\ T2(b) - TZ(aAb)
% T,(a)a T, (b)
},T1(aa b).
T.e. T1(a/\b) = T1(a)/\T1(b) and it follows that T, is a lattice

homomorphism. A similar proof shows that this holds also for T2.
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THEOREM V.2.2. Let J11, JL,. be compact Hausdorff spaces and
(4

LIS A(PLJL1),P(glﬂ)). The following are equivalent:
(1) T & eA(P(IL ),P(N D).

(2) A(w) : C(JLZ)——%'CGIL1) is an algebra homomorphism,

(3) A(® ) C(Jlg)*—9>C(JL1) is a lattice homomorphism,

(4) M1l££2.’.
We prove (1)==(2) ==(3) =(1)&= (4)}&=(2).

Suppose T is extreme, then A(W ) is extreme in the
set of unit-preserving positive linear operators from C(JLZ)
into C(JL1), and conversely. Suppose ae»C(le) and that
(1/8)10 5 a< (3/4) 10,y then (1/4)10, S A(T)a<(3/4) 10,
If we define
T, (0) = [A(T)al" ' [A(T )(@b)], T,(b) = 4/3[A(Tr )b] - 1/31,(b),
then T, and T, are unit preserving and positive. As

1 2
A(T) = 1/47, + 3/47,, T, =T, = A(TW ). I.e. [A(T)(ab)] =

2
[AGr ) (@) J[A(7v )(b)]. If a is any element of C(JL,), there
are positive integers m and n such that
(1/8)10,< (a = m1 0 ,)/n< (3/4)1 Qe
Now A(w )((a - mlq,)/n.b) = [A(T)((a = m1q,)/n) ][A(w ) (D) ]
so rearranging we have A(T )(ab) = [A(w )(a)][A(® )(b)] as
required.
If A(TT) is an algebra homomorphism, then for each
ae C(le),
[A(T)(a)]% = [a(w)(®)] = [a(n)Ual®)] = [aGw ) (tal) ]
As A(Tr) is positive, |A(w )(a)] = A(w)(lal), so A(T) is a
lattice homomorphism.
Now suppose A(Tr ) is a lattice homomorphism, and that

A(TT) = AT, + (1 -'R)T2, where 0<{A <1 and T,» T, are positive

2

and unit preserving. By Lemma V.2.1 T1 and T2 are lattice
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homomorphisms., Thus for all ae-C(JLz),

AT, (@) + (1 - )T, (a)

i

(AT, + (1 = 1,)(lal)

My (lal) + (1 = M)1,(lal)
= M1y (a)+ (1 - 2|1 (a)].
If T1(a) # T2(a) for some a¢ C(le) then, as Ti1d12 = 1J11, we
can find bGC(Jl2) and ve..}l1 such that T1(b)(1J)>O>T2(b)(‘Lr).
However we have:
AT ()W) + (1 = )T, (0) (W] = AT, (D) (W) + (1 - )T, (D) (W)

which gives a contradiction. Thus T1 = T2, so A(7r ) and hence T
are extreme.

If (4) holds, and W = A7ty + (1 - A) 77, with 0< A<
and T, € 4(P(J\,1),P(J12)), then w(Ww) = 7\1‘!‘1(‘\«1’) + (1 - )\)1\'2(*\.:'-)
for all trE-P(dL1). In particular this holds if WJGinﬁ, when
T (Ww)e JL,, the set of extreme points of P(JLZ). Hence
w1(-w) = -nz(w) if W eJL,I, and by the Krein-Milman theorem
M, =T, SOT is extreme.

Finally, let A(Tw ) be an algebra homomorphism, and
let ‘\Je\ﬂ—z. If a, bGC(J\?), then
[A(T ) (ab) ] (1)
[(a()(a))(A(T )(b))](w)
[(A(m)(a)) (W) ][(A(T ) (b)) (w)]

a(MW)b(® W),

(ab) (Tvw)

Thus W is a multiplicative linear functional on C(dLZ), so
Twe le (by (2)=> (1) with‘fb1 a singleton). I.e.

T’(Jl1)¢:Jlé and the proof is complete,

In establishing the equivalence of (1) and (4) we can
drop the assumption that the domain be a Bauer simplex, as
long as we require also that the co-domain be metrisable. In

fact we have:
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THEOREM V.2.3. Let S be a compact simplexl\ﬂr a compact

metric space and W € A(S,P(Jv)), The following are equivalent:

(1) T € BeA(S,P(JL)).

(2) f, geC()=>A(w )(fvg) is the supremum in

A(S) of A(ov )(f) and A(T )(g).

(1)==(3). Define P : P(JL)—-)ZM(JL) by
P(p) = {v e M(RL) : 2p 3v>07}.
We claim that § is lower semi-continuous for the weak*
topologies on P(JL} and M(JL). I.e. we have to show that if
peP(), ve P(p) and U is a neighbourhood of v then there
is a neighbourhood V of j such that § (L')NU # @ whenever p' ¢V,
Let U be the neighbourhood of v,
{v'e M(JL) IIJLfidv' - f&fidvl £,
f,ec(L), 1< 1< n}. (+)
Suppose {'u‘d is a net in P(Jl) converging to p for which
@ (u) AU = @ for every o, we obtain a contradiction. From
the Radon-Nikodym theorem there is a Borel function g on JV
such that 0 g€ 2 and dv = gdp. Choose g, € C(JL) with
0 $g1$ 2 and which satisfies
[ole - elan<2U5 ]| 17 (<ign, (5] #0). (+)
(This exists as the unit ball of any Banach space E is
O(E** ,E*)-dense in that of E**), If we define the measure

Y, € M(QL) by dvy, = g"du‘,k then ~, € §(p“), and

L

1m, [ o f 80

f fior (++9)

lim, I\n’fidvi

[}

We have
faray - (af,on] € [fatetn - [afean]+

lJ’J\fig1d“ - f\nfig&uulo (++++)
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From (+), (++), (+++) and (++++) we deduce that M., is
eventually in U and this is the desired contradiction.

Now let ¥~ : P(L)—> 2P ()

be defined by

'}(u) = §(u)n P(JL). It is easy to see that 'I" is affine and
that ’i‘(u) is weak*-closed in P(JL) for each py e P(JL), We
show also that 'I‘ is lower semi-continuous. Take pe P(JSL),
Ve '\}(u) and {Uok} a net in P(JL) converging to p. By the

lower semi-continuity of § there are measures Vv, € @(pd)

such that the net ‘(V‘*} converges to ¥ . Define

M= e/l sty n
=200 = HsdDe + v @ - i) dbeg < .
Clearly v,'»0, 2py = Yo'>0 and ||v_ 'l] =1, so that
v, '€ Ylyy). since lim, fy || = limg VM (15 ) = v(1, ) = 1,

the net {V& '} is weak* convergent to v . This suffices
to prove that FXR is lower semi-continuous, since V' G‘I"(p ).

The map 'i'o'rr is lower semi-continuous and affine. If
™ (BeS)C’:&, then for some k€ 3,5, (Pom)(k) # {n(k)} .

We can now obtain a continuous affine selection ' of S_E‘O‘n'
with q'(k) # w(k), by application of II.1.8, since S\ is
metrisable, and hence so is P(Jl). It is now easy to see that
T, 2T - '€ A(S,P(R)), 7' # 7w and this contradicts
the extremality of Tr.

(3)=>(2). If f, geC(JL) and k € 3,S then it is
obvious that A(w )(fvg) > A(w)(f), A(w )(g). Suppose he A(S)
with h> A(w )(f), A(TW )(g). Then we have

[A(T)(fvg) (k) = (fvg)(mwk) = £(Tk)v g(w k)
[ACT) (£) J(k) v [A(TT) (&) J(K)
< h(k).

i

By the Krein-Milman theorem, A(W )(fvg)<h. I.e. A(T)(fv g) is
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the supremum of A(W )(f) and A(T )(g).
(2)=>(3). Suppose f, gcC(JL) and k € .S, then
[(A(w)(£)) v (AT ) (g)) J(K)
[AGw)(£) J(k) v [A(Tr ) (g) ] (X)

f(wk)vg(mk).

(fvg)(k)

[}

T.e. M k is a lattice homomorphism of C(JL) into ﬁ{, S0
7k eJL by Theorem V.2.2.
(3)==(1) is proved in the same way as (4)==3(1) of

Theorem V.2.2.

If we no longer require that the codomain be a Bauer
simplex, it will clearly not be necessary that extreme maps
be extreme point preserving. It is not clear what a necessary
and sufficient condition might be., In the absence of such, those
maps that are extreme point preserving seem worthy of further

study. This we shall do in the next section.
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3 Extreme point preserving morphisms.

Throughout this section we shall deal with continuous
affine maps 7t between compact simplexes S,, and 32 such that
ki (B€S1)C2‘3632. We first characterise such maps in terms of
the order properties of A(T ),

Let E, F be ordered vector spaces and let T : E—>F

be a positive linear operator. T is an R-homomorphism if

whenever Xy9 X €E, yePF and Tx,,, széy there is x_€ E with

2
x3>/x1, x, and Tx3é Ve

3

It is easily verified that if E and F are lattices then
the R-homomorphisms are precisely the lattice homomorphisms.

We have the following result:

THEOREM V.3.1. Let S

1455 be compact simplexes and T € A§S1_,_§2_L_

then the following are equivalent:

(1) T (3:5,)S 368,

(2) A(7r) is an R-homomorphism.,

(2) =>(1). Suppose ke BCS.] and that we can write
Tk = Ax, + (1 - 7\)x2 with 0< A< 1 and x, # X, By Hahn-Banach
separation there is aeA(Sz) with a.(x1 )> 0, a(w k)£ 0. Using
Edwards' theorem II.1.3 we can find h €A(S,) with h>,?{‘a, 0
and h(k) = 0. By (2) there is b eA(Sz) with bYa, O and
h Tb. It follows that bl{w k) = }\b(x1) + (1 - )\.)b(x2)>/
J\a(x1) + (1 - A)0O>0. But 0 = h(k) > (Tb)(k) = b(Twk) so we
have a contradiction.

(1) =>(2). Suppose first that a, beA(Sz), h>

A(T )(a), A(TW )(b). We show first that [A(Tr )(a) v A(T )(b)]"
inf{A(T()(c) : ceA(Sg), cYa, b} . Since both functions
are u.s.c., and affine it will suffice, by I.2.2, to show

that they coincide on ¥eSye If k€ ¢S, then
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[A(w)(a)v A(w )(b)]A(k) [A(T)(a)v AT ) (D) ](K)
[A(70)(a) J(x) v [A(T ) (D) ](X)

a(mwk)v b(mw k)

i

It

(avb)(mk)

(avb) (T k)

it

inf{c(‘n‘k) : ceA(Sz), cYa, b}
inf {{A(T)(e)](k) : c>a, b}

(we use here the fact that if f is continuous and convex, then

A
f and f coincide on 3,S, I.3.5). It follows that at each

point of S, there is ¢ eA(Sz) with a, b(ck and h(kx)>

k
[A(‘N )(ck)](k). By continuity both strict inequalities persist

in a neighbourhood U, of k. Applying compactness we can find

K
n
Kyseees k €5, such that }-:-/1Uki:> S, Now choose ¢ >0 so
that a + €, b+ ¢ gck -¢ (i=1, 2,000, ). Ifa+§, b+¢E
i
<c{ck - ¢ then a, b<c<ck . It is now clear that
i i

A(7t )(c)< h., It remains now to remove the assumption that
A(T ) (a), A(T ) ()< b,
If A(7 )(a), A(TW )(b)< h, we construct a sequence

(cn) CA(Sa) such that

(a) ”cn - cn_1|‘ 2B (D=1, 2,000)
(b) (a - 271, (b_z"‘)(cn (n =0, 1,00.)
(¢) A(m)(e )L h+ 27" (n=0, 1,...).

By the earlier part of the proof, we can find coeA(SZ) with

(a - 1), (b - 1)<c0, A(‘n‘)(co)<h+ 1. Suppose Cot Cqreses C

have been defined, then we have
A e - 27y A - 27D (e - 27O
<+ 2Dy aemye, + 27,

Now use the weak R.S.P. for A(S1) to obtain f satisfying

2= (1)),

n+1

o~ (m )y RICON

A(w ) (a - Al ) (b -

< gy, < (e 27Dy gy v 2

A(w ) (e, -
-y,
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We know that there is cﬂ+1 with

o) ) ()

a n+1

and
AT (etyg) <fpypqe

Now if we apply the weak R.S.P. for A(Sz) we may find c¢

nt1
with
-(n+1) -(n+1) -(n+1) -(n+1)
a -2 , b-2 y e =2 <cm4<p$4,cn+2 .
With this choice of ¢ conditions (a), (b) and (¢) are

n+1

certainly satisfied. As A(S2) is complete and (cn) is Cauchy,
the sequence has a limit c eA(S2). It is clear that a, b ¢

and that A(T)(c){ h, so that the proof is complete.

One reason that the extreme point preserving maps are
easier to handle than the extreme maps is that we can compose
two such maps to obtain a third of the same nature. It follows
fairly easily that the compact simplexes with extreme point
preserving continuous affine maps between them form a category.
We can prove that projective simplexes satisfy (or define them by)
Proposition V.1.6, with "compact convex set" replaced by
"simplex", and with all morphisms required to be extreme

point preserving.

THEOREM V.3.2. In the category of compact simplexes and extreme

point preserving continuous affine maps, the projective elements

are the finite dimensional simplexes.

If S is a finite dimensional simplex, X and Y are simplexes
and #ﬂ : S—>»X, W : Y—>X are continuous, affine and
extreme point preserving, with W a surjection, let k € 3.S.
Then ¥(k)e€?,X and 11'1(’+(k)) is a (non-empty) closed face

of Y. By the Krein-Milman theorem this set has an extreme point Yy
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Choose such a Yy for each k € 3,5, and define Y to be the unique
continuous affine map from S into Y with (k) = Yy for each
ye ®,S. Now '\{* = Noy and ¥ has all the required properties.
Suppose now that S is projective. Let k € d,S and define
S, to be the convex hull of { (x,-1), (x,,DH} v (s x{0}) in

EXR where S is embedded in the locally convex space E. It

is clear that S, is a compact convex set, and that 'z}e_S,' =

1
{ (k,-1), (5,M] v ((2S\{ k3 ) x {0 ). We claim that s, is a
simplex, to prove which it suffices, by I.1.13, to prove
that A(S1) has the R.S.P, We may identify A(S1) with the
subspace B of Rx R X A(S) consisting of all triples (x',x",a)
with 2a(k) = x' + x", with the order (x',x",a) >/ (0,0,0) if
and only if x', x">» 0 and a» 0. Suppose (x;,x!}',a,l) (xé,xg,az))
(z{,z!]',c1), (zé,zg,cz) then we may find y', y"e R with
x‘;, xé)y')z{, zz' and x!]', xg),y")z';, zg. We may now apply
Edwards' theorem to obtain b ¢ A(S) with a4y a2'>/b>,c1, ¢,
and b(k) = (1/2)(y*' + y"). It is now clear that
(x;,x'{,a1), (xé,xé’,a2) > (y',y",b) > (z{,z'1',c1), (zé,zg,cZ)

and the assertion is proved.

We show first that ?3,S is discrete. Having chosen k € 3.S
and defined S1 as above, let T denote the natural projection
of S1 onto Sf As S is projective, and M is extreme point
preserving and affine, there is a continuous affine extreme
point presgrving P o S-——;S1 with Trelp equal to the identity
on S. Clearly if x & 3,5\ { k} , then ¥(x) = (x,0) as (x,0) is
the only point mapped onto x by ® . If (x).) is a net in 9.5 \ ‘Lk}
converging to k, Y (k) = limy Y(xy) = limy (%4,0) = (k,0),
by the continuity of ¥ . As (x,0) is not extreme, we have a

contradiction.

We prove next that F = {k'} ' is closed. If p € F there
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is a Borel probability measure py representing p and supported
by EEE. If p({ k} ) # 0 we could express p as a proper convex
combination of k and another point, which is impossible as

p belongs to a face not containing k. It follows that py is

supported by 3.5\ { k] = 9.5\ {k} so that peco(s\ {k1).

As ¥ is continuous and affine, y(p) = (p,0) for each p € F. By
continuity ¢ (p) = (p,0) whenever pei‘-. If pef we can write
p=og+ (1 - o)k with qePF and 0 ¢ 1, by Proposition III.2.1.

Now we have

i

(p,0) = ¢(p) = p(Lg+ (1 -l )k) = eLp(q) + (1 = %)Y (k)

o((q,O) + (1 - o(,)(k’*‘l) = (°(q + (1 - )k’ i(1 - “))’

i

using the fact that ¢ (k) = (k,1) or (k,-1). Hence £ = 1,
and peP. I.e. F = F.
It follows that 3.S is closed, for if xe .S \3,.S,
then x € {k} ' as this set is closed. Now x ¢ N {3,
kedS
and the latter set is a closed face of S. As it is non-empty
. . .
this set must have an extreme point, k . But k_ ¢'{ko} >
(ﬂ\ {k} ' so we have the result. As we already know 93,S
k €35

is discrete, 9,5 is a finite set, so that S must be finite

dimensional, as claimed.



CHAPTER VI

TENSOR_PRODUCTS

1 Projective tensor product.

Let K1, K. be compact convex sets and C a convex

2
subset of a locally convex space, then BA(K1,K2;C) denotes

the set of all continuous function T : K1 K2—>C such

that for each k1 GK‘E and each k., € K, the functions k!—-ﬁ‘n‘(k.l,k)

272

on K2 and k|———>‘lt(k,k2) on K1 are affine. We write BA(K1,K2)

in place of BA(K1,K2,IR).

A projective tensor product of K1 and K2 is a pair

(X, W) where X is a compact convex set and Tv € BA(K.‘,KZ;X)

such that for each compact convex set Y and each ¢ € BA(K1,K2;Y)

there is a unique “fr € A(X,Y) with P = ')l'v o,

LEMMA VI.1.%1. If (X,7 ) and (X', 7v') are projective tensor

products of K, and K, then X and X' are affinely homeomorphic.
(4

1

From the definition of projective tensor product
there exists %e A(X,X') with Tv' = Y ox . Similarly there
is o' €A(X',X) with | = 1#*'0 «'. Hence T = ('\}»'o\}»)o‘ﬁ
and ' = ('\/«- om}f')rn". Again using the definition with

X = Y and noting that W = ixow (where i, is the identity

X

on X) we have ‘\""O'Y* = iX because of the uniqueness condition.
Similarly ‘\}'0'\/*' = ig,, SO ')0 and '\ﬁ’ are the required affine

homeomorphisms.,

To show that such a projective tensor product always
does exist, we proceed as follows. We note that BA(K1,K2) is
a closed subspace of C(K1x K2) which contains the constants

and separates the points of K1x K.. We may thus form its

2

state space. If (k1,k2)éK X K, then there is a unique

1 2
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element of S[BA(K,,K,)], that we denote by “r(k,,k,) such
that *J(k1,k2)(a) = a(k1,k2) for each.a,eBA(K1,K2). It is
easily verified that the function (k1,k2)k—€>1r(k1,k2) is
in BA(K,,K,;S[BA(K,K,) ]).

If a €A(K,) and beA(K,) we define a®b €BA(K,,K,)
o We let
A(K1)QDA(K2) denote the subspace '{;g%aidbbi :a, € A(K1),

by (a @b)(k‘],k?) = a(k1)b(k2) for (k1,k2)€-K1XK
n

b, € A(Ky)), n=1, 2,.0. ] of BA(K,,K,). The maps T, : ar—>a®1
and T2 : b—>1®b from A(K.]) and A(K2) respectively into
BA(K1,K2) are order homomorphisms (in the sense of page 13).

We denote by Tv, the restriction of T% to S[BA(K1,K2)].

Before we show that this gives us the desired tensor

product we look at the extremal structure of this set.

PROPOSITION VI.1.2. ]{j?nK1>!BgK2) = 3£‘S[BA(K1LKZZIZ'

Each extreme point of S[BA(K1,K2)] is of the form
ir(k1,k2) for some kie Ki by Corollary I.1.7. Clearly for

‘f(k1,k2) to be extreme we must have k1 and k, extreme, since

2

the functions in BA(K1,K2) separate the points of K, X K,.

1 2

Now suppose (k1,k2)e‘bQK1x B¢K2, then,?r;1(k1)r\7T-1

2
is a closed face of S[BA(K1,K2)]. Clearly its only extreme

point can be ir(k1,k2), so we have 1(?1(k1)1\‘n;1(k2) =
{'1r(k1,k2)} by the Krein-Milman theorem. Thus 1«(k1,k2)

is an extreme point of S[BA(K1,K2)].

THEOREM VI.1.3. The pair (S[BA(K,,K,)],\r) is a projective

tensor product of K1 and KzL

Suppose Y E'BA(K1,K2;Y) we define U : A(Y)—> BA(K1,K2)

by (Ua)(k1,k2) = a(y (k1,k2)). It is easily verified that U

is an order homomorphism. Let $~ denote the restriction of
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U* to S[BA(K,,K,)]. If (k,,k,) €K, XK, then for a €A(Y) we

2

have

[(Yrow)(k, k) ](a) = wi(k,,k,)(Ua)

(va) (k, k)

a( ¢ (kq,k,))

so that Yo = p . If also y~' € A(S[BA(K,,K,)],Y) with

«k'oi; =y then clearly Y~ and o~' must coincide on ﬂu(K1>(K2).
By Proposition VI.1.2 this means that ‘Y» and yr' coincide

on the extreme points of S[BA(K1,K2)], and hence coincide

by the Krein-Milman theorem. The proof is thus complete.

We shall henceforth denote S[BA(K1,K2)] by XK, ®K,.
It is obviously desirable to know something more about
the facial structure of K1®K2. Proposition VI.1.2 tells

us the extreme points of this set. More generally we have:

PROPOSITION VI.1.4. 1Let K1 and K, be compact convex sets, and
(4

let Fi be a closed face of Ki fori=1, 2. If P = 7“;1(F1)n‘n‘:1(F2_)_
(4

then P is a closed face of K1®K,, and F = E?(M‘(F1 XF.)).
[ (4

It is clear that F is a closed face. By the Krein-Milman
theorem P is the closed convex hull of its set of extreme
points. The extreme points of F are the points “\J(k1,k2)

for kie 2K, which lie in F. Now Ti(‘\J(k,',kz)) = ki’ S0

i
BF = {(k,,k,) : ke 3. F;] . Since it is clear that

 (F,X F,)CF we have F = E'E;(-w(li‘1 XF,)).

PROPOSITION VI.1.5. With the notation of Proposition VI.1.4 if

1
Suppose aeA(K1) and aIF > 0. By III.2.13 it will
1

F is a split face of K1®K,, then F, and F2 are split faces.
[

suffice to prove that "(a'XF )" is affine on K1. We know
1
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that ((a @1)‘)LF) is u.s.c. and affine‘ on K1®K2 since a ®1 is
non-negative on ‘U(F1x F2) and hence on F, and by applying
the

I11.2.13 for the split face F, Now fixing k, € 3,F

2 2’
A
function g(kz) : k+— ((a @1)')CF) (V(kvkz)) is u.s.c. and
affine on K1. On F1 g(kz) agrees with a, and since
W ('BQF{ xaer)cF' we also have g(k2) = 0 on BeF1'.
Since g(k2) and (a’)CF )A agree on 'BQK1 it follows
1
from the facts that g(kz) is u.s.c. and affine and that
(af)CF )A is u.s.c. and concave, together with Proposition I.2.2,
1
that g(k2)‘ < (a‘)(.F )*. But we certainly have g(kz) > (.':at’)cF y*
1

1

S0 (a’)(,F )A is affine. This completes the proof for F1. That
1

for F2 is similar.

An obvious qusetion of interest is to determine when

K1®K2 is a simplex. We shall return to this question later.
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2 Biprojective tensor product.

We have an alternative product to consider. Although
this product is of rather less use than the projective
tensor product it does have the advantage that we can find
out rather more about it. Later we shall see that on many
occasions the two products coincide.

We denote the closure of A(KT)QQA(KZ) in BA(K1,K2) by

A
A(K1)®A(K2). The state space of this, K1AK2, is the

biprojective tensor product of K1 and K2.
We again let T, be the natural injections of A(Ki)

[LY
into A(K1)®A(K2), and now '?\' denotes the restriction of T’i‘

i

to K1AK « The restriction map P : K1 ®K2——-)K1A K2 is

2

continuous, affine and onto by the Hahn-Banach theorem. If

(k,‘,kz)e K1XK we denote by k1®k2 the element P(‘U’(k1,k2))

2
of K1 AKZ' We may again describe the extremal structure of
K1AK2 in simple terms.

PROPOSITION VI.2.1. 3¢(K,AK,) = {k1®k2 : k. € Ba_g_i} .

1AK2 are of the form

k1®k2 for kie’aeKi is proved as in Proposition VI.1.2. If

That all the extreme points of K

X€ BQ(K1 AK2) then P-1(x) is a closed face of K1 ®.-K2. A1l

the extreme points of this are of the form V(k1,k2) for kie Ki'
Since the functions in A(K1)<§A(K2) separate the points of
K1XK2, P_1(x) must be a singleton. Hence x = k1®k2 for

k; € 3K, .

More generally we have:

PROPOSITION VI.2.2., Let F‘I’ F2 be closed faces of K.'L K2

. -1 -
respectively, and let F = %1 (F1)n‘?¥ 21(F,,). Then F is a closed

face of K, 8K, and F = oo {k, @k, : k ¢ Fi'i . Furthermore

F is affinely homeomorphic to F1AF2_._
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The proof of the first part of the result is identical

to that of Proposition VI.1.4. Define ¥ : F‘l AF2—)K1 AK2

by

A
(px)(a) = x(a|F1 xF2) (xeF1AF2, aeA(K1)®A(K2)).
We denote the natural embedding of F1x F2 into F1AF2 by

(k1,k2)t——->k1 ®'k,. Certainly ¢ is continuous and affine, so

2
that ¢ (F1AF2) is a closed convex subset of K1AK2. If
- L 3 .
xXe€ ‘ae(F,'A F2) then x = k, ®'k, with k € 3, F,, so that then:

(¢ x)(a)

Thus yxe€F. It follows by the Krein-Milman theorem that

i

a(k1,k2) = (k1®k2)(a) (aeA(K1)£>A(K2)).

¥ (F,AF,)CF.
Conversely if y € 3,F then y = k1®k2 for kie ‘aeFi
as F is a face of K,®K,. Since k, @'k, € J(F,AF,) we
have that ye \f(F1AF2) Again by the Krein-Milman theorem
we msu in fact have Y (F,AF,) = F.
Finally that ¢ is (1,1) is because A(K, )'F is dense
in A(F ), so that A(K )@A(K )IF « . 1is denmse in A(F )®A(F ).

2
Thus Y is the desired affine homeomorphlsm.

Before turning to split faces we need:

LEMMA VI.2.3. Let K,, K, be compact convex sets, acA (X,

and b€ A (K.). Then there is a unique ceAS_(_g,]AKz), which
() (4

we denote by a®b, such that

c(k, ®k,) = a(k Ib(k,) ((k k)€K, XK5).

Suppose first that a and b are bounded, non-negative,
. + +
u.s.c, and affine, Let {ai} CA(K.') and {b3}CA(K2)
be nets decreasing to a, b respectively pointwise. Then
A +
{aq.@bp} is a decreasing net in (A(K1)®A(K2)) , and is

bounded below since fa“} and {b,} are. It follows that
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the function ¢ on K,| AK, defined by

2

c(x) = infiex(axcobp) (xeK

14%,)

is u.s.c., affine and bounded. In particular if k1®k GK.'A K

2 2

we have
c(k1 ®k2) = ian’F ai(k1)b3(k2) = a(k1)b(k2).

If a = a b=Db, - b whereaiandbiare

17 % 17 P2
bounded, u.s.c., non-negative and affine, then we may form
aLi®bj (i, j =1, 2). Now defining a®b = a, ®b1 + a2®b2 -
(a2®b1 + a1®b2) we have a function with the desired properties.
In general, let aeAs(K1) and beAs(KZ)' We may find
a and b of the form just dealt with such that o - bn”< 1/n
and “a - an“< 1/n. Also we may find cneAS(K1AK2) such that
cn(k1®k2-) = an(k1)bn(k2) (kie Ki).
Now if (k1,k2)e‘BeK.| XBQKz we have
lalk,)b(ky) - o (k,®@k,)|< 1/0° + 1/n(|[a]| + |[b]]).
It follows from Proposition I.3.2 that (cn) is Cauchy. If
¢ is the limit of (cn) in AS(K1A K2), this obviously satisfies
the requirements.

Uniqueness follows from I.3.2 as ¢ is prescribed on

'b,(K1AK2).

THEOREM VI.2.4., With the notation of Proposition VI.2.2, F is

a split face of K1AK2 if and only if }E‘1 and 1'«‘2 are split,

The proof that if F is a split face then F1 and F2
are is the same as that for Proposition VI.1.5. Suppose now
that F1 and F2 are split faces., It will, by III.2.13, suffice
to prove that if aeA(F)+ then a has an extension a GAS(K,'AKZ)
such that a = 0 on F'.

If €> 0 we can find 811000, 8 €A(F,) and b,..., b € A(F,)

such that
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n
“a - z.‘ai@bi” < ¢
(1dentifying F with F, AF,). By ITT.2.13 there exist a, €A_(K,)

w

A ~ o~
1 - — 1 ] —
and biEAs(Kz) with a; = ai on F,‘, ai = 0 on F,‘, bi = b, on F

i 2
) n w o~
and ‘Di = 0 on Fé. By Lemma VI.2.3 we can form Z aLi<8>bi
n i=1
in AS(KQIA K,) which coincides with ;al@bi.@n {x,®x, : k., er. 1,
while 7 8 ®b, = 0 on d(K,8K,) \ BF.

i=1
As AS(K1 A,Kz) is complete and the functions in this

space fetain their norm on "ac(K.'A K2), this argument leads to
the existence of & €A_(K,AK,) with & = a on {k,®k, : k, €F,]
and 2 = 0 on D' = 3¢(K1AK2)\'}€F. It remains to show that
a=aonPFanda=0 onF',

By I.3.2 as ElF and alp coincide on 9.F they coincide
on F, To show that 2 = O on F', let beA(K1AK2) with >0
on K1A K2 and b>a on F. Then b a on 'BQ(K‘lA,Kz) so b>a on

1A K2 we have

(a)p) (x) = inf {b(x) : beA(RAK,), b>a k]
> a(x) % o.

K1AK2 by I.3.2. If x¢K

Since (a'X,F)A = 0 on F', we get a =0 on F', and the proof is

complete.,

We can now turn to the question of when K,lAK2 is a

simplex.

THEOREM VI.2.5. Let K

1 and K, be compact convex sets, then
[

K_1AK2 is a simplex if and only if both K1 and K, are simplexes.,
(4

Suppose K‘I AK2 is a simplex. Choose k_ ¢ 3K, and let

2 2
F= {k1®k2 s k,| € K."} o« Clearly F is affinely homeomorphic
to K1. By Proposition VI.2.2 co(F) = F is a face of K1AK2.

Hence F is a simplex by Corollary I.1.15, so K1 also is a

simplex, Similarly K2 is also a simplex.



-144-

Now suppose K1 and K2 are simplexes, By Theorem II.1.2

it will suffice to show that there is an order homomorphism
E : C(K1AK2)-—-> AS(K.IAKZ) that is the identity on A(K1AK2).
By the same result we may assume the same result we may assume

and E, for K, and K

the existence of similar operators E'1 > 1 >

respectively.

Suppose f€ C(K,aK,), define T ¢C(K,XK,) by f(k,,k,) =
f(k1®k2). If aéC(K,‘), beC(Kz) then a®b : (k1,k2)ﬂ-—) a(k1)b(k2)
is in C(K1X KZ)' We denote by C(K1)®C(K2) the subspace

of C(K, XK,) generated by functions of this form. 1, ®1 =

1 2 K1 K2
1K X K and this subspace is clearly an algebra, so because
1 2

the functions of C(K1)®C('K2) certainly separate the points
of K, X K2, we may conclude that C(K.')@C(Kz) is dense in C(K1X Kz).
n

We define E on C(K,) @C(K,) by E(Y a, ®b,) =
n i=1
z (E1ai)®(E2bi), which we may do by VI.2.3. It is easily
i=1 -
checked that E is well-defined. By the density of C(K1)®C(K2),

the fact that E(1K1® 1K2) = 1K1AK2’
I.3.2 and the fact that Ei is positive) and the completeness

that E is positive (by

of AS(K1 AKQ), we may extend E uniquely to the whole of C(K1 XK2)
so that E is an order homomorphism. We now define E : C(K1 AK2)
—> A_(K,AK,) by EBf = Ef.

It remains to show that if fGA(K1AK2) then Ef = f. By
the definition of K1AK2, f is a limit of terms of A(K.])@A(Kz).
As Ei has such a property it follows that E is the identity

on a dense subspace of A(K,,AKZ). By continuity this persists

on the whole of A(K1AK2), and the proof is complete.

COROLLARY VI.2.6. Let K,, K, be compact convex sets, then
(4

_I_(_1AK,, is a Bauer simplex if and only if both K

and K., are
1 2

Bauer simplexes.
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BQ(K1 AKZ) is homeomorphic to the product BQK,' X 'SQKQ,
so is compact if and only if both factors aeKi are compact.

The result is now immediate.
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3 Applications.

In order to apply the theory that we have developed,

we shall need to know when our two products coincide,

THEOREM VI.3.1. Let K K. be compact convex sets, and suppose
<

1)
that A(K1) has the approximation property. Then }{1<Z>K2 is

affinely homeomorphic_to K1 AK2.._

We wish to know when P : K, ®K,—>K, &K, is (1,1).
Fquivalently when is A(K1)®A(K2) dense in BA(K1,K2)? Suppose
A(K1) has the approximation property. If fGBA(K1,K2) define
Fe€A(K,,A(K))) by (Fk,)(k,) = f(k

) for k eKi’ It is

1% 3

easily verified that ft——>F is a linear isometry between
BA(K1,K2) and A(K2,A(K1)). Under this map the image of
A(K1)®A(K2) is the set of functions in A(KZ,A(K1)) with
finite dimensional range. Given f, let C = F(KZ)’ a compact
convex subset of A(K1). So for each € > O there is a continuous
linear operator T on A(K‘I) with finite dimensional range

‘end ||Ta - a ||[< & for all a€C. Then ToFe€ A(K,,A(K,)) has
finite dimensional range, and || TeF - F||[<E£ . It follows

that A(K1)®A(K2) is dense in BA(K1,K2), as claimed.

COROLLARY VI.3.2. If K is a compact convex set and S a simplex,

then S®K is affinely homeomorphic to S4 K.

By Theorem II.4.8 A(S) has the approximation property,

so the result is immediate.

COROLLARY VI.3.3. If K1L K. are compact convex sets, K1 ®K,. is
[ (4

a simplex if and only if both K.' and K. are simplexes.,
(4
If K.,@K2 is a simplex, a proof identical to that

in Theorem VI.2.5 shows that K1 and K2 are simplexes, If

K1 and K2 are simplexes then by Corollary VI.3.2 K1®K2 is
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affinely homeomorphic to K1AK which is a simplex by Theorem

2
VI.2050

We have a partial converse to Theorem VI.3.1.

THEOREM VI.3.4. If K1 is a compact convex set, then A(K1_)_

has the approximation property if and only if the restriction

map P : K1®K,.,~—->K,'A.K2 is (1,1) for each compact convex set KZL
(4

We have already proved one implication. Suppose now
that the restriction map is (1,1) for every K2. J.e. that

A(K1)®A(K2) is dense in BA(K1,K2) for every K2. Let C be
a compact convex subset of A(K..). Define g eBA(K,',C) by

g(k,c) = c(k) for ce¢C, keK,. By hypothesis there is

1
£ €A(K,) ®A(C) such that || £ - g||<€. If ¢ and P denote
the elements of A(C,A(K1)) corresponding to f and g respectively,
then ’)L' is the inclusion map of C into A(K‘l) and Y(C) is
finite dimensional. Let M be a finite dimensional subspace
of A(K1) containing Y(C). Then for each ¢ ¢C, “\P(c) - c” =
”\P(C)-’?(C)H<9—- ‘
Now let {e1,..., en} be a basis for M. Then there
n
are 91,..., gone A(C) with Y (c) = 121 \pi(c)ei for ce€C. By
Corollary I.1.12 there are o, € A(K,)* and )\iem with
n
“ o4 + )‘i - YiHQ E/n” ei“ . Let o(a) = ;ci(a)ei for
aeA(K1). If c¢C then
lote) = el € {|(ote) + Z?\ e;) - c(e)H
e o) - (0(0) + zx el + llpe) - ¢f
CNZ sl ot ooy - gy fog
e - el

But

n n
“121)‘1%” = |l(o(a) + Z Ayey) - c(d)“
- i=1
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n
CHlto@ + 2 aep) - 9@+ [ly(@) - ata]]
n i=
< i=1|(>\i *0;(a)) = pi(a)f]le; ] +
[lpa) - o]
Lza¢,

choosing any d ¢ C, Hence
”G(c) - c“ £ 4¢ for all ceC.
As 0 is a linear operator with finite dimensional range, this

completes the proof.

We are now in a position to apply our theory to obtain

an extension of Theorem II.5.8.

THEOREM VI.3.5. Let F be a closed split face of a compact

convex set K, and let E be a real Banach space. Let p : K———)fR

be concave, l.s.c. and strictly positive. Suppose he A(F,E)

with |l h(x) Il { p(k) for each k€ F, If either E or A(F) has

the approximation property then there is he A(K,E) such that

AV
hi =hand |[n0)|| € pk) for all keK.

Let S be the unit ball of E* with the weak* topology.
Norm EXR by ||/(x,r)|| = || x|l + |r|. The map assigning to
each pair the function that takes s€S to s(x) + r is an
isometry from ExX[R onto A(S). It is clear that if E has the
approximation property, then so has A(S).

We define a € BA(F,S) by a(k,s) = s(h(k)) for ke F,
s €5, By Theorem VI.3.1 and the assumption that either E or
A(F) has the approximation property, a has an extension

a,€ A(FaS)., By VI.2.2 Y : FAS —»KAS defined by

1
P (x)(b) = x(b]g, o) (xe¢KaS, b BA(K,S))

is an affine homeomorphism of FAS onto the subset G =

0_5{k®s : keF, ses} of KAS. Let a,¢ A(G) be the function
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defined by
az(&f X) = a.'(x) (xe KAS),

The function x+—> p(%1x) is a concave l.s.c. strictly
positive function on KAS, If X € 3,G = {k@s : k€, s eé,_S}
we have

|2,()] = |s(a(x))| £ |60 € p(K) = (T ,x),
where x = k®s. Since X+ | a2(x)| is convex and continuous
and XHP(%1X) is concave and l.s.c. it follows from
Proposition I.2.2 that ]a2| < p°%1 on G.

By Theorem VI.2.4 G is a split face of K4S, so there
is a €A(KAS) with E'G = aand |a|]< p 0%1 by Theorem III.2.15.

Define c € A(K,A(S)) by

[e(k)](s) = a(k®s) (kek, ses).
Then for k €K,

1| e G|

i

sup ,E(k@s)]l

seS l
< . (k®
§ sup_ o p(TT,(k®s))
= p(k).
Now let R denote the isometry of A(S) onto EXR , and
Q the canonical projection from EX [ onto E. We now obtain
the desired h (= QoRoc) € A(K,E) such that
a0l = [l(Qerec) ()| € le0)]|[ € p(x)
-
for all k¢ K., Finally to see that hIF = h, suppose k¢PF, s€ S then

s(h(k) = s((QeRec)(k)) = c(k)(s) = a(k®s)

]

a2(k® s) = s(h(k).

COROLLARY VI.3.6. Let F be a closed split face of a compact

convex set K, and let E be a real Banach space. Suppose he A(P,E)

and either E or A(F) has the approximation property, then h

has an extension \EGA(K,E) with Il\ﬁll = || hi}.
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