
LINEAR OPERATORS BETWEEN PARTIALLY ORDERED BANACH SPACES

AND SOME RELATED TOPICS

By

Anthony W. Wickstead B.A.

Chelsea College

A thesis submitted for the degree of Doctor of Philosophy

in the University of London, January 1973.



ABSTRACT

If X is a partially pre-ordered Banach space, with closed

positive wedge, there are various questions of interest about

this wedge. Is it generating? Is it normal? what ordering does

it induce on X? It is possible to deduce some properties of

wedges from other. properties of related wedges.

we consider Banach spaces of linear operators between two

such spaces, and define 11 :› 0 iff Tx .�,;() whenever x	 we

investigate properties of the positive wedge of these spaces.

Firstly we look at spaces of all bounded linear operators. If the

range is the reals, then a great deal is known, and a summary of

these results, together with the definitions is given in Chapter I.

In Chapter II we look at the general case. we find conditions

for the wedge to be normal, and certain cases in which it is

generating. we also investigate when the wedge is one of some

special forms that are of interest, and finally look at the order-

structure of the space. The opportunity is taken to state some

results for projective tensor products. Chapter III deals with

the same problems for spaces of compact operators, generally

with range a simplex space.

we deal with certain categories of partially ordered Banach

spaces in Chapter IV. we determine injective elements in these

categories, and also projective elements in certain categories

of compact convex sets.

Finally we look at the structure of the spaces A(K) in

Chapter V, obtaining a characterisation of the set of facially

continuous functions as the union of all the subalgebras of A(K).

We also generalise the Banach-.Stone theorem, and a result on

direct sum decompositions of these spaces.
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Chapter I

Pa ►tie11,y ordered Banach spaces and their duality

In this chapter we present a brief smeary of the basic

results of the theory of partially ordered Banach spaces. In

the first section we make the basic definitions in the theory

of partially ordered vector spaces, and then sturdy some partially

ordered Banach spaces that arise naturally from these definitions.

The second section will deal with the duality of the normality

and generating properties for arbitrary partially ordered

Banach spaces, and the third section with order properties of

some spaces. This deals with both the duality of these properties,

and also with the order properties of some of the special spaces

considered.

1.1. Definitions and some special spaces.

Let V be a real vector space. A wedge W	 V is a subset

such that (1) W+W = W , and (2) X Wc W for all E R4. (the

non—negative reels). If W also satisfies (3) W rl ?X) 101	 then

it is termed a cone. The wedge W generates V if 	 = W—W.

A partial order on a vector space V is a elation ">;"

between pairs of elements of V satisfying (1') v 0 and 	 0

v1 + v2 ) 0, (2') v >, 0 and X e R+	/\,/0	 and (3')

v>,0 and 0)v	 v=0. If the relation ">;" sat sfies only

(1') and (2') then it is termed a partial •reord rin of V.

We write "vi 0" for "(:) ,, Nr", and in this case ter i v negative.

If v0 then we call v positive. Also we write u 	 v to mean
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The concepts of a partial preordering and of a wedge

are intimately related. If W is a wedge then defining v0

if and only if veW defines a preorder on V . Conversely if

"1. " is a preorder on V then the set iv : vC441 is a wedge;

and "r arises from this wedge in the manner just described.

"	 is an ordering if and only if fv : v0 ') is a cone. The

wedge f v : v0 .3 is generating if and only if for each u E V,

there is a ve V satisfying vt.1 1 0. We use the term "partially

ordered vector space" interchangeably for a vector space with

a distinguished cone, or with a partial order defined on it.

We shall write V.. for the cone of positive elements of V.

V is almost Archimedean if - Av‘ u Av for some v

and all > 0 implies u=0„ If u‘ 0 whenever Au‘v for sane

v and all X> 0, then V is termed Archimedean. If u4 w„ and

upw E V, then [u w] will denote the set fv e V : u‘v4 w} .

Such a set will be termed an order-interval. A subset A of

V is order bounded if it is contained in some order-interval,

i.e. if there are ulwe V such that ua‘w for all a e A.

If U and V are partially ordered vector spaces, a

linear operator T mapping U into V is bipositive if Tu>0

if and only if u)0. If T is (1,1) and onto then T is an

order-isomorphism, in which case U and V are order-isomorphic.

If U and V are also nonmed spaces, and Tull =Hull for all

u e U, then U and V are isanetric;1117 order-isomorphic.

Let V be a partially ordered vector space. If %vie V,

then we V is termed the supremum (in V) of u and v if:

w>,u,v

x E V, x>iu,v

Such a w will be denoted by u v v. The infimum of u and v is
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defined similarly to be the greatest lower bound for u and v,

and denoted by u	 The positive part of u, u 1 , is defined

to be uv 0, and the negative part of u, u , is (-u) v 0. Note
in particular that both u + and xi' are positive. The modulus

of u, u v (-u), is denoted by I u I , and satisfies u = u+ + u- .
The following lemma is easily verified:

LIMA 1.1.1. If V is a partially ordered vector space, then the

follovare equivalent:

uv v exists for every u,ve V 

u n v exists for every u,ve V 

u+ exists for every ue V 

u	 exists for every u e V 
(e) I u I exists for every u e V.

If V satisfies any ( and hence all ) of (a) - (e), then

V is termed a vector lattice. A partially ordered vector space

V is termed e- -complete if for every countable set	 ui} i e

which is bounded above, i.e. there is v e V with v 	 for

i=1,2,..., the supremum exists. V is complete if any subset

that is bounded above has a supremum. Note that we do not require

that V be a lattice, however if V is positively generated and

(o--)complete then it will be a lattice. Such a V will be termed

a (e--)complete lattice.

Two other properties that we wish to names are these;

V has the Riesz decomposition property (R.D.P.),

if whenever u,v,we V* and Ou,� v+w, we can find u1,u2e V

such that 0u1‘ v, 0 u2‘w, and u1+ u2= u.

V has the Riesz separation property (R.S.P.), if

whenever ul, u2	wl, w2, there is a v ev satisfying
u1 , u24v<w1, w2.



4

These two properties are equivalent. In fact we have:

LMMA 1.1.2. If V is a partially ordered vector space, then

(a)==-(001.=>(c).

V is a vector lattice. 

V has the R.D.P. 

(c) V has the R.S.P. 

A vector subspace W of a partially ordered vector space V,

is an order ideal if we w 4, and 0	 v w imply v e W. A positively

generated order ideal is termed an ideal.

An order unit for a partially ordered vector space V, is

a positive element e l such that for each v eV there is a X e R+

such that X e v	 -. Xe. An approximate order unit is a net

: YE rl in V4 such that:

12	 e. 	 eyt

For each v e V there is a (v) E r and a X(v) e R+

with X(v)e / (v) v	 N(v)e w(v).

Thirdly a weak order unit for V is an element pe V + such

that from the assumption u	 v, pu‘0, it follows that v 4 0,
Fixamples of these three concepts abound in spaces that

occur in analysis. If it is a compact Hausdorff space, and 0(a)

is ordered by f0 if and only if f("ta- )‘ 0 for all -ur k , then

the constantly one function is an order unit for 0(01-)• In future

such an ordering will be termed a pointwise partial ordering.

Consider the space of all continuous functions on a

locally compact Hausdorff space 7. 0 that vanish at infinity.

Give this space the pointwise order, then the family of all

positive functions of supremum norm at most one provides an

example of an approximate order unit.



5

If the space is e.g. the reels, then it is possible to

construct a positive continuous function on 	 vanishing at

infinity but at no point of '. Such a function will be a weak

order unit for this space. It is easily verified that if e is

an order unit for V, then it is also a weak order unit; and that

any net constantly e is an approximate order unit.

A base for the wedge	 in V is a convex subset B of V

such that:

(a) If veVi.	 E R+	 and beB with v = kb,

( b) If X	 R+ 101	 and a,b E B are such that

X a= v b, then X_ fri and a= b.

An example of such a space is the vector space 14(a) of

all Radon measures on a compact Hausdorff space SL, with the

usual partial ordering. The probability measures, P(SL), form

a base for this cone.

If the order defined by V+ makes V a lattice, then

B is termed a simplex.

From now on we shall deal solely with partially ordered

Banach spaces, X, Y. VVe make from the start the assumption that

the positive wedge is closed, i.e. if xn	 0 and xn--->x in norm

then x 0. This will be assumed for all spaces denoted by the

symbols X and Y that occur hereafter. Note that this necessarily

means that all such spaces are Archimedean.

Historically, the first special spaces to be considered

were the L-spaces and 14-spaces studied by Kakutani in [1] and

21 A Banach lattice is a lattice ordered Banach space, X,

that satisfies Ix I	 ly1
	

II x	 II y II. If also the norm

is additive on the positive cone, i.e. x,y 0	 II x+ Y 11 =

I l x II ± II III 
then X is termed an L-space. If instead we have
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xvr il = max{ li x II* IA whenever x,y1>e0 then X is termed

an M-space. Kakutani proved the following representation theorems:

THEOREM 1.1.3. If X is an L-space, then there is a locally compact

Hausdorff space 1 and a positive regular Borel measure 1..IL defined

on the ar-field, 3, of Borel subsets of 1; such that X is 
isometrically order-isomorphic, to Llq,3 1 1.0. If X has a weak 

order unit then 	 may be chosen to be compact.

THEOREM 1.1.4. If X is an N4-space, there is a compact Hausdorff

space n, such that X is isometrically order-isomorphic to a 
closed vector sublattice of C(J). If X has an order unit then

we can find s/. such that X is isometrically order-isomorphic 

to all of COI). 

Results similar to these were also obtained by Nakano

in [1], 131	 and [4]. Theorem 1.1.3 was improved by

Fullerton	 , and Cunningham [1] has given a non order

theoretic characterisation of the spaces of type L 	 He

has also in [21 and [31 considered a similar problem for the

space C(a), with rather less satisfactory results.

The spaces of interest to us arise from defining a norm

in terms of some of the order properties. We shall see later

that they do in fact provide us with generalisations of L-

amdM-spaces.

If we look at the space C(J't.), for a compact Hausdorff,

then sup 6 (f(tr)1 :	 e dr):;; 1 if and only if -. 141. < f41,11,

where la denotes the function that is constantly one on a .

This observation motivates the following:

PROPOSITION 1.1.5.  Let V be an Archimedean ordered vector space, 



7

and e an order unit for V. The expression

inf f X>0 : - Xe“‘Xel 

defines a norm on X. 

Such a norm is termed an grder unit norm. The second result

arises in a similar way from observation of the space M(a).

PROPOSITION 1.1.6. Let V be a positively generated partiliLly

ordered vector space for which the positive cone V+ has a base B.

If S	 co(Bv -B) is radially compact, then the expression

, Ii x = inf	 x NS)
is a norm on V. The closed unit ball of V for thip norm is S, 

and V is complete if S is compact for some topology. 

This norm is termed a base-norm. These two norms interact

in an extremely satisfactory manner. To see th* we need a

definition.

DEFINITION 1.1.7. If X is a partially ordered Banach space, then

the wedge 
14
f 6 X * : f(x)	 0 for all x E X+1 in the Banach

dual X* of X, is termed the dual wedge to X+ , and is denoted

by X-21.4. . X will always be considered to be ordered by this

wedge, so that (X * )4. =	 X4:

ode also take the opportunity to define, if of € RI. , X.(

to be the closed ball of radius QC , and centre the origin,

in X. Also X,,1/4+ = X4 iN	 ;	 r'7,, et X:

we can now state the results that we want.

THSOR&A 1.1.8. If X is normed by the order unit norm induced

by the order unit e, then the base-norm on X * induced by the 

base B = f f6 X* :	 f(e) = l	 coincides with the usual
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norm as a dual space. Also the base B is compact for the weak*- 

topology of X.

Conversely if X has a closed cone, and X * is base-normed 

by a weak`` -compact base, then the norm in X is an order unit 

norm.

COROLLARY 1.1,9. Let K be a compact convex set in a locally 

convex Hausdorff topological vector space. If A(K) denotes the 

zepace of all continuous affine functions on K with the supremun.

norm and pointwise ordering, then the set i.A.(10st: 
f(10.11 , with the weak* -topology, is affinely homeomorphic 

to K.

THEOREM 1.1.10. If X is base-normed by a base B then X * is 

order unit normed by the functional that is identically one on

B. Conversely if Xt is closed and X-* is order unit normed, then 

X  is base-pormed. 

For various purposesi the order unit normed spaces are

not sufficient for our needs. In order to study compact simplexes

in detail, Effros in [11 and [21 0 and with Gleit in 11-1 0

has studied simplex spaces. These are partially ordered Banach

spaces with closed cones, whose dual is an L-space. Such spaces

always have the R.D.P. As Kakutani, showed that the dual of an

VI-space is an L-space, it follows that each Al-,space is a simplex

space. Not all simplex spaces are tit-spaces, and not all have

order units.

In order to provide a more intrinsic definition of a

simplex space, and to complete our duality results, we need one

more special type of space.



9

PROPOSITION 1.1.11. Let V be a partially ordered vector space 

with an approximate order unit,  fey :)rE C. 1 , such that

S =YET  
Eey , e irl	 is linearly bounded. Then the expression 

114	 {)\: xeNsl 

defines a norm on V. 

Such a norm will be termed an approximate order unit norm,

and abbreviated to a.o.u.-norm. We can now state:

THEOREM 1.1.12. X is a.o.u.-normed iff X* is base-normed.

COROLLARY 1.1.13. X is a simplex space iff X is a.o.u.-normed

and has the RALF.

The next result shows that the circle of duality results

involving order unit-, base-, and a.o.u.-normed spaces is in

fact closed.

PROPOSITION 1.1.14. If X is a.o.u.-nanned, then it is order

unit normed. 

Order unit norms were first used by Grosberg and Krein,

[ 1] . Essentially, the first of our results to be proved was

Theorem 1.1.8 by Edwards [1] and Ellis [2 . Theorem 1.1.10

is due to Ellis [21 and Theorem 1.1.12 and the two following

results to Ng [11 . These last results were also obtained by
A81/flow, [1] , in a slightly different form. It is also now possible

for us to give representation theorems for order unit normed ande:

a.o.u.-normed spaces, but we first need some more definitions.

The term compact convex set will be taken to mean a compact

convex subset of a locally convex Hausdorff topological vector

space, ( hereafter referred to as an l.c.s. ). A face of a compact

convex set K is a convex subset F such that h kft	 )k2eF
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for ki,k2 e K and 0 K A K 1 together imply -k1lk2e F. If f

is a face of K, then k is termed an extreme point of K. The set

of all extreme points of K is denoted by be.K.

The Krein-Milman theorem assures us that if K is such a

compact convex set then '�iK t-16. It further tells us that X =

-CO( ' eK). An alternative way of stating this is to say that

each point k of K can be represented by a Borel measure 14 suppopted

by Zie K, i.e. a(k) :--- fade for any a eA(K). If K is metrizable

then Choquet's theorem tells us that we can replace ...6e_K by

""?,e, K. In general the Bishop-de Leeuw theorem gilts us a rather

unsatisfactory generalisation of this. We shall not require

these last two results, but an account of them may be found in

Alfsen [31 -

If P is a cone in an l.c.s. E, then a la/ C of P is any

compact convex subset of P such that F‘ C is convex. If further

P :4" ne then C is a universal caz. We shall also term C a universal

cap if it is affinely homeomorphic to a universal cap of some

cone. A zu of the cone P is a set [Xr : A Ri.1 for some re P.

If for any two rays of P, R1 and R2, such that R1-i-R 2=R it

follows that R1=R2=R, then R is an extremal ray. The set of all

extremal rays of P will be denoted by ' berP. If C is a universal

cap of P then the extremal rays of P are precisely the sets

tXr:Xe R.1.1 for r a non-zero extreme point of C. We use

this remark to justify letting '3e,C denote the set of all

non-zero extreme points of C.

PROPOSITION 1.1.15. Any order unit nomad space A is isometrically 

order isomorphic to the space of all continuous affine functions&

A(K), on the weak-compact convex set K t--14 fG A

Any a.o.u.-normed space A is isometrically order isomorphic 
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to the space of all continuous affine functions vanishing at 0, 

A0(C), on the weak* -compact cap C	 ffe	 :	 1.} 

of A*

Given a compact convex set, K, and an extreme point k0

of K, it is natural to ask whether or not K is affinely hameomorphic

to a universal cap, with ko corresponding to the origin. One

characterisation is clearly that the space of all continuous

affine functions on K that vanish at k o be a.o.u.-normed.

Another is given by Asimow in [3] . If the set is a simplex,

then any extreme point has this pioperty, so that the simplex

spaces of Effros are simply the spaces, A0(C), of all continuous

affine functions vanishing at some extreme point of some compact

simplex C. In particular we note that if A is a simplex space

then (foe : f%:0,11f11:;11 is a weak' -compact simplex.

Before we leave these special spaces, we state some results

on bounded linear operators between certain of them. The most

general of these that we require is the following:

PROPOSITION 1.1.16. Let C be a universal cap, X a Banach space,

and T a bounded linear operator from X into An(C). Then there 

is an affine map	 of C into X* , vanishing at the origin and 

continuous for the weak* -topology of X *, such, that 

4(i) (TX)(07 (TO(X)	 (xe ?Cyle.2) 

= sup	 : keci 
,Qonversely if such a I` is given, then (1) defines a bounded 

linear operator from X tOAn(0) with norm defined by (2). T is

compact iff "I" is continuous for the norm topology of 

If X is partially ordered by a closed cone, then T.;"0 

iff >/0.

Proof. All of this, except for the last remark, is proved
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(essentially) in Dunford and S chwartz, [1 -1 . For this last remark

simply observe:

Tx%;0	 x 0)

(Tx)(k) 0	 (V xs 0,Vk€ c)

(tk)(x)	 (Vx0, V k c)

==> `Pk), 0	 (V ket-0)

•t=:). 	O.

Specialising slightly we obtain:

COROLLARY 1.1.17. If A0 (C1) and Ao(C2) are a.o.u.-normed spaces

then T:A0(C1)--)A0(C2) is positive and of norm at most 1 iff

1- (C2)‹: Cl. Also T:A(K1)---3A(K2) is positive and Tliciltlicx

iff‘t"(K2)C-1(1.

When dealing with order unit normed spaces Ai and A2,

the extreme points of the convex set,A(A 10A2) of positive

linear operators which preserve the distinguished orddr unit

are of interest. These we term extreme positive operators. One

case in which these operators are completely characterised is the

following due to A. and O. Ionescu-Tulcea, [11 , Phelps [1] ,

and Falls [1)

THEORS6 1.1.18. Let X and Y be compact Hausdorff spaces. Then

the following are equivalent:

T is an extreme point of.ik(O(X),C(Y)). 

T is an algebra homomorphism. 

T is a lattice homomorphism. 

T(Y) 

( We use here the identification of X with the extreme

points of the base P(X) of C(X): .)
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This result has been extended slightly by Lazar [ 1, .

THEOREM 1.1.19. Let K be a compact simplex,	 a compact metric

space. Then the following are equivalent: 

T is an extreme point of A (c(a),A(K)).

T(f y g) is the supremu ► of Tf and Tg in A(K).

(c) ‘r (I,K)ca. 

Results similar in nature to these, characterising extreme

points of certain convex sets of linear operators may be found

in Blumenthal, Lindenstrauss and Phelps [1 -1 ; Bonsall,

Lindenstrauss and Phelps t1-1 1 and Morris and Phelps [.1-1

Related results for sets of linear functionals may be found

in Buck [11 and Hayes 11 .

If Ki and K2 are simplexes and TE .A(A(Ki),A( K2)) then

Jellett, [33 has defined T to be an R-homomorphism if whenever

a lb e A ( K)), re A(K2) and Ta, Tb	 there exists e E A(Cl)

such that a,b‘ c and Tc 4 f. These he characterised by:

THEOREM 1.1.20. Let K1,K2 be compact simplexes and T E A(A(Ki),A(K2).)-,

then the following are equivalent:

T is an R-homomorphisn. 

`1"- '41c2)c)exinp.

Note that these do not exhaust the extreme points of

A (A(Ki),A(K2)), see Jellett 131	 even if A(K2) is replaced by

0(a), see Lazar [1] .
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1.2. Normality and positive generation.

Given a Banach space with a (closed) wedge, there are two

properties of the wedge in which we are interested. These are,

very roughly,..whether or not the wedge is wide enough or narrow

enough to be of use. In fact what we want is that the space be

positively generated, and that there be a neighbourhood base of

the origin consisting of sets that contain all order-intervals

with end points in the set.

The first of these properties actually implies rather more,

that the space is boundedly generated. I.e. that there is a constant

X such that Xt C	 X " . We shall see that these two properties

are mutually dual, i.e. X has one property if and only if X * has

the other. This result can be made rather exact, but first we need

acme more definitions.

The wedge X I. in X is C-generating if for all x e X there

are x i" yx- E It with x= x*— x- and II x* II +11 x- if C lix

X .1_ is C-normal if xy z implies 
II Y II‘ C max	 11x11011z

X* is normal if there is a neighbourhood base Un l of the origin

of X such that x, z eUn and x y Z imply Y GUn•

It is easily seen that X t is normal if and only if it is

0-normal for some C, and is then certainly a cone. It is generating

if and only if it is C-generating for some C. The basic theorem

is the following:

TH6ORtIvi 1.2.1. Let C be a real constant. Then: 

X4. is C -normal iff XI: is C-generating.

X+ is (C t E )-generating for all E > 0 iff X:

is C-normal.

The first part of this was originally proved by Grosberg

and Krein in (11 and the second by Ellis [2] The original
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proofs of both of these used properties of the special spaces

considered in the last section. A silort proof not depending on

these has been given by Ng, [4].

There are various other related properties in use. One

of the most important is the following due to ASIMCM •

X is (o( ,n)-directed if given	 ,xnE X1, there is

xe Xbk. with	 pxn. X is approximately ( 0( ,n) -directed 

if it is ( 0( t E ,n)-directed for all E > O. X is (0t ,n)-additive 

if x1,x2,...,xne X+ implies DI xi II 4 eic II txill

THEOREM 1.2.2. Let ek be a positive real number and n a positive 

integer. 

X is (0 ,n)-additive iff X * is ( 0( ,n)-directed.

X is approximately ( 0( ,n)-directed iff X 4 is 

(0C. ,n)-additive. 

The second part of this was proved by Asimow in 31 . Ng,
in [21 , gives an alternative proof, and states the first part

without proof. A proof in a slightly more general context is

contained in Chapter 2.

We now define X to be  -directed if it is (0c ,n)-directed

for all n, and approximately 0( -directed if it is approximately

(0( ,n)-directed for all n. If X is ( 0(,n)-additive for all n we

term it ck -additive.

These conditions are obviously very restrictive. An immediate

consequence of Theorem 1.2.2, -1s the following:

COROLLARY 1.2.3. If ok is a positive real, then:

X is oc -additive iff X * is cx. -directed. 

X is approximately 0( -directed iff i*is oc-additive. 

we shall later want to know when the unit ball of X is
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order bounded. This is clearly so if X is base-normed. In general

we have:

PROPOSITION 1.2.4. The unit ball in X * is order bounded iff X is 

cc -additive for some cc 

Proof. Clearly if II xo II = cc and xo); x for all xC X7 I then

X* is cc-directed, and hence X is oc-additive. Conversely if X

is cc-additive, then X* is cc-directed so that the family

fu(x) : Ilx11‘	 , where U(x) = f y	 x, 0114 ocl , has the
finite intersection property. As the cone in X is weak *-closed,

the sets U(x) are weak *-compact. It follows that n fu(x) : x If
0 . But if xo belongs to this intersection, then xo s>;x for all

x eX*, , so that Xt is order bounded as stated.

COROLLARY 1.2.5. If X is oc -additive and positively gersrated, then 

X has an e uivalent norm under which it is base-normed.

Proof. Let e be an upper bound for the unit ball of X *. As X is

positively generated, X: is normal, so that

X 	 fx :	 C X4fc 	 (for some C1)

Thus X* has an order unit norm equivalent to the given norm. The -

subdual norm on X will be a base norm equivalent to that given.

There are some more properties of interest:

THEORE01 1.2.6. Let cc>,1 1 then the following are equivalent: 

If xe X and II x li< 1, there is	 0 with II y 11<a. 

f, geX* and 0 ‘.. f‘g imply Hill	 oc 11 gli. 

This is due to Ng 21 . A dual result will be given in

Chapter 2. He also proved the following result there, and again

a dual result may be found in Chapter 2.
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THEOREM 1.2.7. Leto( 1, then the following are equivalent! 

If xC X and ixil< 1, there is	 —x with II Yll<cK

f, g e e and — g	 g imply II 
f < eqgli* 

Both of these properties were first used by Davies in [1]

and [23, for the case of =1. The general duality of these pairs

for (K.= 1 was separated and proved under weaker assumptions by

Ng E 5]

1.3. Order properties. 

The first result thewe want deals with the duality of the

order properties in the case when X + is normal and generating .

To be precise we have;

THEOREM 1.3.1. Let X be a partially ordered Banach space with 

elosed,normal and generating cone. Then the following are equivalent: 

X has the R.D.P. 

X* has . the R.D 

X is a vector lattice. 

et" is a complete vector lattice. 

Proof. The equivalence of (a), (b) and (c) was proved by Ana, [1] .

An alternative proof may be found in Ng, [6] . (d) follows from

(c) by a straightforward compactness argument, or immediately from

(a) as in the proof of Theorem 2.4.1.

The rest of this section will be devoted to the order properties

of acme of the special spaces that we have defined. Firstly we

consider the spaces A(K), for K a compact convex set.

PROPOSITION 1.3.2..E compact convex set K is a simplex if and only 
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A(K) has the R.D.P.

A canpact simplex K is a Bauer  simplex if Zelk is closed.

THEOREM 1.3.3. If K is a compact convex set then the following 

are equivalent:

K is a Bauer simplex. 

A(K) is a lattice.

A(K) is isometrically order isomorphic to C( ae1C).

K is affinely homeomorphic to P( 6eK), with the 

weak*-topology as the dual of 0(13j).

We can infer some results on the order stucture of A(K) from

purely Banach space considerations.

PROPOSITION 1.3.4. If K is a compact simplex and A(K) is a dual

Banach space, then there is a compact hyperstonian space St suck

that A(K) is isometrically order isomorphic to C(S1). 

In particular A(K) is a complete vector lattice..

Proof. The intersection of A(K).i. with the unit ball of A(K)

is the order interval [0 1K -1 = ( i)11( + (i) { — 1K 10

(i)1K	A(K)t

and hence is weak* -closed. Then A(K)+ is weak' '-closed by the

Krain-.Smulian theorem. It follows that the subdual of A(K) can

be ordered by a closed cone in such a way that the ordering on

A(K) is the dual ordering. Then Theorem 1.3.1 tells us that A(K)

is a lattice, so is a space 0(J.) fora compact Hausdorff.

Dixmier's paper, [13 0 then tells us that JL is hyperstonian.

The last comment is direct from Theorem 1.3.1, or from

the fact that a hyperstonian space is Btonian and Theorem 1.3.5.
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It is of great interest to know something about the order

completeness of the lattice of continuous functions on topological

spaces.

A topological space is extremally disconnected if the closure

of every open set is open. A compact extremally disconnected space

is called Stonian. A topological space is quasi-extremally 

disconnected if the closure of every open F. 	 is open.

THEOREL'i 1.3.5. Let St be a topological space, and C(a) the ordered 
vector space of all continuous functions on St,.

If SL is extremally disconnected then 4.51) is order complete; 

and if St. is quasi-extremally disconnected then C(.SL) is cr -complete. 

Conversely if St- is completely regular and CM) complete, then

St is extremally disconnected4 and if 41. is normal and C(SL) 

.4:r-complete, then a is quasi-extremally disconnected. 
In particular if ESL is a compact Hausdorff space, then C(St)

is complete iff SL is Stonian;

This result is due to Nakano 	 For. For various purposes

we need to know more about functions defined on compact simplexes.

The main theorem in the subject is the following due to Edwards; •

21 . An order theoretic proof may be found in Ellis 	 .

THEOREM 1.3.6. Let K be a compact simplex, f : K---> L— copo

an u.s.c. conVex function, and g :	 (- 00 0 003 a 1.s.c. 

concave function. If	 then there is

heA(K) such that f(k)‘. h(k)g(k) for all k E K.

This may be regarded as a special case of the following

theorem of Lazar [21 a short proof of which has been given by

Leger [11 . We first need some definitions.
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Let X, Y be topological spaces. A map 	 X—>21. is termed

louer semi-continuous if for every open set Uc Y, the set

{ X E X §(X) U * 56 is open in X.

Let C be a convex subset of a linear space E l and F another

linear space. : C-->2F is termed affine if for every c e C, Cc)

is a non-empty convex set, and

( ci) + (1- A) c2)	 (\c1(3. —A )c2)

for all c1,c2 e C, 0 <X< 1.

THEOREM 1.3.7. Let K be a compact simplex, E a Fr6chet space.

Let	 : E---)26 be affine and lower semi-continuous with i(k) 

closed for all keK. Then there exists a continuous affine 

selection for I. ; i.e. a continuous affine function I : K-->E

with 'p (k)	 (k) for all k e K.

We weuld like to mention at this point the fact that

simplexes were originally of interest because they are precisely

those compact convex sets for which maximal representing measures,

in the Choquet-Bishop-de Leeuw theory, are unique. Their main

interest now is that most results true for ;paces of continuous

functions on a compact Hausdorff space can also be proved spaces

A(E), for K a simplex. In comparison with this case, very litdile

is known about A(K) for K a general compact convex set.

The 'final result that we require is:

PROPOSITION 1.3.8. Let C be a universal cap. Ao(C) has the R.D.P.

if and only if C is a simplex. 

There is no easy characterisation of when Ao(C) is a lattice.•

We do know a little of the order properties of this space when it

is a lattice, but we defer this result until we have need of it.



21

Chapter II

Spaces ef bounded linear operators between partially ordered 

Banach spaces. 

In this chapter we study spaces of bounded linear operators

between partially ordered Banach spaces. The first section deals

with the normality of L(X,Y),, and the second with conditions

that the space be positively generated. In the third section we

look at some special cases, and in the fourth deal with the

order structure of the space. Finally we use the opportunity

to state some properties of the projective tensor product XODyY

which can be deduced from the properties of these spaces of

linear operators. To avoid trivial cases we assume X+ Y 4 * .[01 .

2.1. Normality. 

L(X,Y) will denote the Banach space of all bounded linear

operators from X to Y, with the usual norm. This space will be

provided with the positive wedge of all those operators T such

that T(X+)c. Yt . It is easily seen that this wedge is closed.

We can determine exactly. when L(X1 Y). is normal.

THEOREN 2.1.1. The positive wedge in L(X,Y) is normal if and 

only if X is positively generated and Y+ is normal. 

Proof. Suppose X is C-generated and 14.is D-normal. Let

	

S,T oUeL(X,Y), S‘T‘D and that II S 11,111111 	 1. If II x II	 1,

x+	0. such that x=x*-.,	 II x+ II	 I I x I I G C. As

II Tx 11	 11Tx-II	 we see that

^1 TII	 sup f itTxt li	 + II Tx Il	 • x i*	 ); 0,

	

Mx 	 +	 x-11‘



22

C sup II Ty II :	 II y1

C D sup f max { 
I I SY II II UY 111	 II Yll

Amax fit slip

Hence L(X,Y)4 is CD-normal.

Suppose, conversely, that L(X,Y)
+ is A-normal. Choose y E

with II ylkl. If f,g,h EX* and	 let F : x,-->f(x)y, etc.

As F‘ G 4 11, II GU A maxCliFli ,	 . But 11 f 11 = II
F II , etc.,

so that X: is A -normal . It follows that X is (A + E )-generated

for all E> 0.

To see that Y.+ is normal, let f be a non-zero, positive

bounded linear functional on X ( such exist since X. is closed ).

Let x0E X+ , II x II =1 and f(x0) = 1 ( if necessary using a multiple

of f ) Suppose s t u with s,t,u EY, and define 5 x ;--+f(x)s,

etc. Clearly S T‘D and 11 S 11	 11 f 11 11 5 11 etc. We now clearly

see that if L(X p Y) is A-normal, then so is Y.

we can make some comments on the constants involved from

the proof. The situation is especially satisfactory if either

Y+ is 1-normal, or if X is ( 1 1- ) -generated for all E.> 0.

COROLLARY 2.1.2. Let Y4. be 1-normal, then X is (C 	 )-generated 

for all E.> 0 if and only if L(X p Y) f is C-normal.

Let X be (1 +E)-generated for all E > 0, then Y+is 

C-normal if and only if IA(X,Y)+ is C-normal.

In general we cannot be so precise about the constants involved.

We can however obtain some inequalities.

PROPOSITION 2.1.3. Suppose Xis (C +E. )-generated for all E 5 Op

Y+ is D-normal, and L(X,Y)+. is A-normal. Suppose also that all 
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these constants are the best possible. Then CU) A,C,D:

Proof. The proof is contained in that of Theorem 2.1.1.

It does not seem possible, in general, to give an exact

statement of the relationship between the constants A BC and D

that we have here. we are not convinced that such a simple

relationship exists between the spaces.

However in all the situations in which the constants

can be calculated, we do have A = CD. But in all such situations,

the norms of the spaces X and Y interact in a very nice manner.

It seems to us that this is the reason for equality in these

cases. In general the norms of operators are difficult to

compute exactly, making the study of the normality constants

not easily performed.

We have one more result to state. It follows from

Proposition 2.1.3 that A and CD tend to infinity together, as

A JCD We can improve this slightly.

PROPOSITION 2.1.4. With the notation of Proposition 2.1.3,

CD A >, (C-2)(D-2)• 

Proof. By assumption, for (all	 0 there are e l tpti E Y such

that sit‘u and II t tI >, (D - g ) max { I I s II 0 11 u 111 . COnsider

the norm of (t-s), which satisfies 0 � t-sue u-s.

Ilt-all	 t H-It sit

(D	 g ) max I' ll 311,1111111 - II 511

(D -U/2( 'I s n't' 111111)-11811

(D-2 -S. )/2 ( 11 8 11'1" null)

(0 -2 --S,)/2

Hence we can find x,y e Y with C4x‘y and 11x0(0-2-S)/211yll.
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Similarly we can find f ,g e X with 0 f;< g and II f II >/

(C- 2 ---S)/2 II II. Letting F : ut--e f(u)x and G : u,-g(u)y,

we easily see that 0‘ F4 G and II F II ) 4(D — 2 - S) (C- 2 - S) II Gil .

We then clearly have IC4(C - 2)(D- 2) as claimed.

We can also obtain some estimates of the constants involved

in the properties defined by Asimow.

PROPOSITION 2.1.5. Let X be (0( ,n)-directed, Y (13 ,n)-additive 

and D-normal. Then L(X,Y) is (a p Don)-additive.

Proof. Note firstly that if ye Y then II yll t 4	 II yil	 D 11Y111

scs.? I I S(1)1where 
11 ì 11, 

is the norm

If Si, for 1‘	 n,are positive operators in L(X,Y), then we have:

1. 11 Si	 suP f Six	 x II

4 51)	 : 114 0_1

ID sup f sup f f(Six)	 f cYlt*.+ 1 	 1134 E 11

0C D sup Zsup f f(Six) 	 f E. X7.1.1 	: II x II

01- D supfI I Six II	 : lix11
c(.13 D sup f IlIsix it :

=	 p D lIZSill*

Even if we take Y+ to be 1-normal, we cannot assert that

this result is the best possible.

COROLLARY 2.1.6. Let X be 44 -directed, Y p -additive and D-normal.

Then L(X,Y) is ( a. D) -additive. 

Considering the two pairs of properties used by Ng, we

still cannot obtain a precise result. However we can obtain the

following inequalities.
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PROPOSITION 2.1.7. Suppose that X satisfies It x I1 <1	 --3y)c)-x 
with II yll <oc and that 3 yl is° with II y'	 < I ; that Y 

satisfies 9 t	
II t It	 plisit and that 81 ).t ' 	 0 

II t ' II	 p	 ; and that L(X,Y) satisfies S	 -S 
11 T II	 and that 3' 11‘10 	 ‘,	 • 

Suppose further that all these constants are the best possible 

Then o'pr     

Proof. To see that	 0( A , let	 T -S. If II x II < 11

-x with II yli<o( . Then we have Sy	 -Sy, so that

II Tx ‘ 0(13I I Sli . Taking the supremum over	 1, we obtain

I I T 	 pHsiI, so that	 f3

It is clear that	 . Suppose S > Os and xsy Y

with Ox‘y and itx II	 ( '- s) II Yll • Simlarly there are

foge X* • 0‘f,Cg and VII	 8 ) liglf • Let F ut--,f(u)x

and G : u p—,g(u)y so that GF) O. Clearly II F II

(ot -S )( p	 s)oGil , so that	 S )( f3' —S) for

all S. > 0. Hence )( 1 > ex' pi as claimed.

0CREILLAHY 2.1.8. With the notation of Proposition 2.1.7, if 

p = 1 then oc 

Proof. We have W‘ et by this last result. We 	 show that

..g4f4 g, with f •ge X*	 II fit ,C yilgil • so that Theorem 1.2.7

will yield the result. Let ye	 with Ilyll =1. Then

-ge,y4 fey‘gey, where fey : xi--->f(x)y etc. By assumption

II f II = II fe3r il 	 ill geYll	 = Xlig II s so the result is

complete.
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2.2. Positive generation. 

In this section we shall look at conditions for L(X,Y)

to be positively generated. We cannot give a complete answer

to this question, but we do provide certain coalitions under

which the space is so. Firstly we look at the necessary

conditions.

PROPOSITION 2.2.1. If L(X,Y) is (C+ E )—generated for all
E 7 0, then X. is 0-normal and Y is (C t E ) -generated for 
all t> 0.

Proof. Let f 6 Y: with	 f II =1, and x,y,z X Kttit

-;ach of xeDflyefortS)f can be represented as bounded linear

functionals on L(X,Y), and

xOf	 ytiOf	 zVf.

As L(X,Y): is 0-normal,

II	 = li Y of II

C max fil XVf HPII ZVf 111

= C max {ll x Il , Il z lf	 0

so X is 0-normal.

Similarly, let x e	 with II x I i =1, and f,g,h e

with f g‘ h, so that

xtf	 xeg	 x0h.

Again we have

li g li =7..t. Il x " 1 1
C max ill x®f	 xvil iii

C maxillf11,11/1111.

Thus Y: is 0-normal, and Y + E ) -generated for all E, ). 0.

One of the cases in which the space is known to be
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positively generated is when Y= C(A), S, a Stonian space. Such

a space is known to be a complete vector lattice, so the following

theorem of Bonsai]. ) [11 , is of use to us.

THEOREM 2.2.2. (BONSALL) Let E be a real vector space, with E+ 

a wedge in E . Suppose P is a sublinear functional taking values,

in a complete vector lattice V, 'and Q a superlinear functional

defined on E + with values in V such that

Q(x) P(x)	 (Vxe E+ ).

Then there is a linear functional T from E into V such that: 

T(x)< P (x)	 (NxEE) 

Q(x) <T(x)	 xe E+ ).

The first result we prove is the dual of a result of

Asioow [ 3 ] which was stated without proof for Y= R, by Ng.

in [ 2-1 .

THECREM 2.2.3. Let f L be iP Stonian space, then X is ( eC ,n)-additive

if and only if L(X1C(J2,)) is (0C ,n)-directed.

Proof.	 Let T1, ... 2Tn : X—>C(a) all have norm less than or equal

to one. Let Q(30. sup	 +Tn(xn) : t3ci . 3c,

if x	 Q is well-defined, since
RtTi(xj )	 Ti(xi)11 3.„

I xi II1ot
ri

o I I	 xill
ot.11x111a,

and it is clear that Q is superlinear on X+ . Furthermore if

P is the sublinear functional defined on X by mapping x to

QC 11)1	 then Q(x) P(x) for all x e X+ By Theorem 2.2.2

there is SE L(X IC(a)) such that

S(x)Q(x)	 (VxeX.1.)
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3(x)‘ P(x)	 (\lxj),

( the latter inequality ensures that S is bounded.). It is

clear from the definition of Q that 3(x)Ti(x) if

and	 As 11311 c,(- the implication in one direction is proved.

Suppose conversely, that xj.,...,xne X+. Let fie X* , with

II fi II = 1, fi(xi) 11 xi ll. If Ti : x	 fi(x)1A, then there is

S Ti (1‘ i ‘n), with II S II ('1" • But then

3( Ix,i)

= /S (xi)

la.

So 0(11 'x1 II>, fl xi II and X is ( oc ,n)-additive.

COROLLARY 2.2.4. Let JL be a Stonian space, then X+is normal

iff L(X,C(a)) is positively generated.

We can prove similarly results dual to those of Theorems.

1.2.6 and 1.2.7.

THEOREM 2.2.5. Let ac >el, ,S),, a Stonian space. The following 

are equivalent:

x,yeX, 0 ‘x4y	 111c11‘ 0(11Y11• 

TeL(jc pC(St))	 1	 3 ST,0 with II 3	 . 

Proof. (a)(b) follows again from Theorem 2.2.2, with
P(x) =. d Ill	 and Q(x)=supfTy 	 O y‘xl .

To prove (b)'(a), first note that this is true if

C(31) = R, for then if (b) holds 0“.‘y, xp3re X 444e.

II x 114 0(11 yll 1 (by 1.2.6.). As Xc X", and X i- is closed ( so

that the original order on X coincides with the relative ordering

as a subspace of X ** ), (a) is true.
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In general choose -ure SL If fe X and II f II ‘,. 1, let

F :	 By (b) 3 G'?,, F,0 with	 Let

g s x.---,O(x)(1‘), then it is clear that g X * , g	 and

II g II cit. Thus (b) is true if Ca) is replaced by R so that

(a) holds.

THEOREM 2.2.6. Let 	 1, J1, a Stonian space. The following 

are equivalent:

x,yeX,	 II x .< o( lly ll • 

TEL(CC(5.0), II TII4	 -T with IISII‘ 

Proof. Again (a) . (b) uses Theorem 2.2.2 with P(x)= 0(11T II II x II

and (4(x)::-- sup {Ty s -x	 . The proof of (b)(a) is

almost identical with that for the corresponding part of

Theorem 2.2.5.

One other case in which we can show that L(X,Y) is

positively generated is when either X ot . Y is finite dimensional.

The proof of this involves the following:

LEMMA 2.2.7. If X is a finite dimensional real vector space 

with a closed generating cone, X+, then there exist closed,,

generating cones Pi1 P2 such that P1C X + G P2 and Pi induces

a lattice ordering on X. 

Proof. Note firstly that as X is finite dimensional and X

is closed, X.i. must be normal. Also the interior of X+ is

non-empty so that X has an order unit. As this same argument

holds for X+ , X+ has a base, B, by Theorem 1.1.10 and the

equivalence of all norms on finite dimensional spaces. Certainly

B is compact, and, if n-dimensional, we can find n +1 affinely
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independent extreme points of B.The convex hull of these points

is an n-simplex, S. If P1 is the (closed) cone with base 51

then clearly P1C X 4-, and Pi- P1 = X.

To find P2, first find P1 * C- X + closed, generating and
*

inducing a lattice ordering. Now let P 2= P1 **	 X 
4i 

7:- X +

( identifying X with x** ). By Theorem 1.3.1 P2 induces a lattice

ordering on X. Clearly P 2 is closed and generating so the result

is complete.

PROPOSITION 2.2.8. If Y is positively generated and finite dimensional,

and X 1,. is normal, then L(X,Y) is positively generated. 

Proof. If Y is given the order induced by P1 , then L(X,Y) with

the natural ordering is positively generated. But if S>,T,0 for

this ordering, then a fortiori S 	 for the original ordering.

Thus L(X,Y) is positively generated as claimed.

PROPOSITION 2.2.9. If X is finite dimensional and I is positively 

generated, then L(X,Y) is positively generated. 

Proof. Consider X with the cone P2 containing Li- generating

X+ — X + constructed as in Lemma 2.2.7. If T : X--, Y, let

fxi,...,xn1 lie each on one extreme ray of P2, and together

generate P2. As Y is positively generated there is a yiT,cil0

for	 Let Sx r.-Ly and extend S to the whole of Xi.- Xi.

by linearity, and thence to the whole of X in any linear manner.

Then we have SxTx,0 for all xe P2, and S is bounded since

X is finite dimensional. But certainly Sx>,Tx,O whenever xe X+

so that L(X,Y) is positively generated.

One other situation in which the space L(X,Y) is known
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to be positively generated is when X is base-formed and Y

order unit normed. We in fact havet

THEOREM 2.2.10. (ELLIS [3] ). If X is base-normed and Y is 

order unit normed, then L(X,Y) is order unit normed. 

Proof. Let e be the order unit in Y, and let E(x)= II x II e

if x e X 4	 E is additive on the positive cone of X, so extends

to a linear operator from X to I. It is clear that E is bounded

and positive. We claim that E is an order unit for L(X,Y)

defining the operator norm.

If	 II T	 1, then II Tx II	 II x II so that - II x II e Tx ‘. II x II e

In particular if 3c . 0 we have -E(x) TxE(x), so	 T‘ E,

On the other hand, Corollary 2.1.2 tells us that L(X,Y)+ is

1-normal, so that its unit ball is precisely the order-interval

[ --E ,	 p thus completing the proof.

We can in fact show that L(X,Y) is positively generated

in slightly more general circumstances.

THEOREM 2.2.11. Let ()Le R + , suppose X is o(-additive and the 

unit ball of Y is order-bounded. Then L(X,Y) is positively 

generated.

Proof. Let T c-L(X,Y). If x (:) define q(x)= sup f tit Tyi ll :

y? 0 and	 x, n =1,2, .. . q is well-defined, for if

yj.. 0 and lyi =x, then

TYill	 T II II Yi II

< °di T I I Thci 'l •

It is easily verified that q is superlinear. Putting p(x)==

oc lI T I I II X II p we can apply Theorem 2.2.2 to obtain a linear
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functional T on I satisfying

T(x)	 p(x)	 x el)

'f(k)	 q(x)	 (cixex+).

Let e be an upper bound for the unit ball in Y. Define

S : xr--4 p(x)e. It is clear that S eL(x,r).

	

If 30% Op then Sx == if (x)e %;, 11Tx1le	 Tx, O. Thus S ;>;11,0

and L(X,Y) is positively generated.

What we can now show is that this result cannot be improved.

In fact we have:

PROPOSITION 2.2.12. If L(X,Y) is positively generated whenever 

X is base-normed, then the unit ball of Y is bounded above.

Proof. Let X=Ix R. Order X by the cone with base

i(y,l)	 11y11‘11 , and give it the base-norm defined by this
base. Let TE L(X,Y) be the natural projection of I onto Y. By

assumption there is Se L(X,Y) with ST,O. Consider the map

Tr of the unit ball of I into Y defined by

Ity=gy21).

Clearly licyy,0 for all yeI, . Also 1t is affine. We claim

that 211-(0) is an upper bound for the unit ball in Y, for

if yeY, then also -yeY1 so we have:

21T(0) = (y) + ( -y)

0

= y.

Dually we have:

PROPOSITION 2.2.13. If L(X, Y) is positively generated whenever

Y is orddr unit nonmed, then X is of -additive far some oc.
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Proof. To see this, we use the fact that the map W : L(X,Y* )

L(Y,x* ) defined by

t( rrT )(y) .1 (x) =- (Tx)(y)

is a linear isometry of L(X 0 Y46 ) onto L(Y,X* ). See e.g. Schatten

r11. This map is also an order isomorphism since:

11 TO<=;:. ( Tr T)(y) 0	 (\hreY*)

<=>	 ( ITT)(y)] (x)0	 (\-/yer÷,\I-xeX+)

•=> (Tx)(y)0	 (\lye Y.f.,\cjxeXt)

4=> Tx	 (\ixe X+)

-==> T	 0„

Suppose now , tilitt the norm in X is not oc-additive

for any oC . It follows from Proposition 1.2.4 that the unit

ball in X* is not order-bounded. Thus there is a base-normed

space Y such that L(I,X* ) is not positively generated. That
is, L(X,Y* ) is not positively generated, whilst Y *. is order

unit normed, completing the proof.

We can summarise these last two results as follows:

THEOREM 2.2.14. Let X, 4- be classes of partially ordered 

Banach spaces with closed positive cones. Let DE, be the class 

of all those that are o'. -additive for some 01 , and 1, those
with order bounded unit ballt., Suppose also that 3e,	 .)€-• 

and *	 t'al • 

If X e	 andand Y e `6, then L(X,Y) is positively 

generated. 

If L(X,Y) is positively generated whenever X e 

and I `t3- , then	 = 3E, and La -=	 .

Specialising slightly we have:
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COROLLARY 2.2.15. Let X, be classes of partially ordered 

Banach spaces with closed, normal generating cones. Let a 
be the class of all such that are equivalent to base-normed 

spaces, and '1, those equivalent to order unit inormed spaces. 

Suppose also that `�lE. P 3e, and	 • 9, . 
If X e 3E, and Y E LI, then L(X,Y) is positively 

generated.

If L(X,Y) is positively generated whenever X E 3E. 

and Y E LA- I then 3E. =3E1 and	 = 

V4e conclude the study of the positive generation of

L(X,Y) with a discussion of those spaces Y such that L(X,Y)

is positively generated whenever X+ is normal. To have some

representation of the spaces involved, we limit ourselves to

spaces which are also normal. By Proposition 2.2.12 such a Y

is certainly equivalent to an order unit formed space. We

know that Y has this property if I is either finite dimensional,

cr if it is coo, for a Stonian. However there are other

such spaces. To see this we use the following:

LEYEA 2.2,16. Let Y 'C I, and suppose that there is a bounded

linear map P of I into I s such that 340	 Py3r. If L(X,Y)

is positively generated for all X with normal positive cones, 

then the same holds for L(X,Y').

Proof. If Te L(X 2 Y'), then T can also be regarded as an element

of L(X,Y). Thus there exists S T 0 0 with S eL(X,Y). If S'= P°S

then 3' E L(X0 Y , ) „ Also if x'a 0 then S =P SX] J, P Tx] Tx

and also S'xP [3x] P(0) =0. Thus S t	 •0 , and L(X,Y) is

positively generated.
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EXAMPLE 2.2.17. Let SI be an infinite Stonian space, and let

	

s be a non-isolated point in S2 . Let 	 al	 u ft T v
wheret,u 431, . Let U C a l be open iff U	 .51. is open, so that

St., is now Stonian. Let Y = (fCC( St i ) 2f(s)=f(t)-tf(u)} .

As s is not isolated, Y is not a lattice,( but does have the

R.D.P.). Define P : C (St )--->Y as follows

	

(Pf)(x) =- f(x)+f(t)+f(u)	 (x Ea)

	

f(s)+I(t)+f(u)	 (x=s or x=u).

Clearly P satisfiaes all the conditions of the Lemma,

and P(C(J4))C Y. It follows that L(X,Y) is positively generated

whenever X is normal.

It seems likely that if Y is a space C(R), with a compact

and Hausdorff, and L(X,Y) is positively generated whenever X is

normal, then JL is Stonian. We can prove this result in the case

St, metrizable, and do so below. In fact it seems probable that

if I is separable and normal and has this property, then Y is

finite dimensional, however we have not succeeded in proving

this.

In the absense of the separability assumption, or the

assumption that Y is a lattice, the example shows that little

can be proved, at least in terms that are in current use.

Probably there is some sense in which Y is "near" to a space

C(a), for St Stonian.

THEOREM 2.2.18. Let Y be separable, a lattice, and with 

normal. If, for all X with X+ normal, L(X,Y) is positively 

generated, then Y is finite dimensional. 

Proof. We know that Y is equivalent to a space C(SL), for SI,
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metrizable and compact. If S-1- is not finite, let 14- 0 e

be in the closure of St \ 	 . Define a sequence of open

sets as follows:

Let	 x.r0, with d(1.r 1, Lro) < 1; now define 111 =

E	 d(1,3-2-cr, 	 ) < d(14-
0
, T.).-

1
) .	 -tr and	 U are defined

1

choose tj n 1	
1..s so that d(1...rn+10 1.1-0) < 4 d(Irn,l,r0). Now. 

let Un +1 = f Axe	 d(1.7 ,i.rn+1) < d(`t.ro, i.rn+1) •

It is easily seen that the sets Uk are non-empty, open

and disjoint. The same holds for Vk 0oUlam+	 11 (k= 0,1,2, .),

and also	 o e Vk	 Vk for each k.

Let X be the vector space of all real valued bounded functions

defined on .51, of the form

f lAkXk (point-wise convergence),
It=0

with f EC(.51,), and X k the characteristic function of Vk.

Note firstly that the decomposition of an arbitrary element

of X into this form is unique,,for if g is the function, and

g=f	 Xk %lc , then f(1..1-0)	 g("Lro) . But then X k = limit as
it= 0

1..r--)-Lro in Vk of (g("ur)-f(1-r0)), and f = g- i* X idt k 1 so

Kt()
that f and A k are well-defined.

From the uniqueness of this decomposition it follows

also that X is a Banach space when given the supremum norm.

v-ci* nIndeed, let gn = fn	 LAk X,k, and suppose 
II gn- gM ‹E0

It follows that:

I gn (14,0 ) —ght('140)1‹ .

the limit as "Lr--->.c.ro with u- e Vk of

c(14 )	 gm( )1	 is less than £ .

(3) I	 l<2E.

and (4) 11 fn fm II < 3 E •
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Thus if (gn):_ i is Cauchy, so are (fn) raii and (X Vncl i . If

these last two sequences have limits f and >k respectively,
bp

( in C(S) and R ), then g f	 AkXk is the limit in
ikz 0

X of (gri)I17:21.

With the point-wise partial ordering X is normal. We

claim that L(X, Y) is not positively generated.

Let T : f -{-1 XkXk H f. we know that T is well-
h= o

defined, and it is clearly linear. Furthermore T is bounded.

To show this we shall show that

sup	 I f('ie.r)	 : 'ts-E Vk V	 t rol	 4.,

3 sup I f(t-r)	 k I "tkr E vkl v 3 I f(14

whatever	 mayy be. It will follow that II T II 3.

Now we have

sup	 I f('w ) + 'k I : 'Ls E vk	 f(14-0)

(i vk(f)) v	 I f('tso) I
where vk( 1) =-- sup f(`w")	 e Vit.\ — inf f(1-3- ) : '-tre Vk

On the other hand, we also have

sup f I	 ) I	 E Vkl V	 I f( tro ) I ‘,.

(I f( tS )1 	 Vk(f)) V I f(l.ro ) I .

If vk( f)	 I f('w o ) I then

3 sup	 I f('tsr ) +Xk I	 :	 e VIA v	 3 1 f(1.3-0 )1	 3 1 f(*tio ) I >,

sup t I f(t.r) I:	 Vk v t.3011

whilst if vk(f)	 f(1-70) I , then

3 sup[I f( 14)+X k I 	 v 3 1	 o) I >, 3/2 vk(f)

sup	 I f(i.r)I:	 E Vk V 14-0VC •

In either case the result is proved.

If L(X,Y) were positively generated, there would be

S eL(X,Y) with S T,O. We consider 31. For each n, we have

	

XY 	 	tsx;c1
k=0
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If -w- e Vic' let f	 be any continuous function on SL with

fk,-ur (14)=1) fkitsr	 VO..100 and 0,< fkl A1.(Such a function

exists by Urysohn's lemma4) We have %kfk^w 0, and as

S 111 ,0 we find that

S'Y'k	 Sfk,-‘4.

In particular SXk(t.,)-.1 whenever i-rEVk. As 34 is continuous,

FrOM (1), we then have Si)(`'-) n+1, for all n.

Clearly this is impossible, and the result is proven.

2.3. Special spaces.

In this section we take a brief look at spaces of linear

operators between certain of our special spaces. Most of what

is known is due to Ellis { 3] . We present here a brief exposition

of his results, with a few minor alterations.

Because all of our special spaces are positively generated,

there can be few cases in which L(X,Y) is one of these. The

only positive result known is Theorem 2.2.10.The converse of

this result is also known.

THEOREM 2.3.1. (ELLIS).  If L(X,Y) is order unit normed, then 

X ,is base—normed	 and Y is order unit normed. 

Proof. Let B be the closed set fxe X t II x II =3 • If
f E X * , yE. Y let (f wy)(x)= f(x)y, so that II fey = It f II II Y
Let E be the order unit defining the norm in L(X,Y), so that

u n til y	inf f N : —XE fOy

inf f	 :	 \E(x) f(x)y NE(x),\/x e si ,
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If be B, there is f e X * with II f it	 f(b)=1. If y EY

and	 y II =1 0 then we obtain:

inf X s — X E(x) f(x)y	 E(x), \s1 xe Bl =

thus as Y + is closed,

E(b)	 y	 E(b),

so	 c t—E(b) • E(b)] . If b'e B , then II E (bo II	 1 so

E(13 1 ) E(b). By symmetry E(b) = E(13' )	 e Y+ Thus e is

an order unit for Y.

If y E [-e	 , and fe r* with ft fit It 1, then

—e f(x)y	 e

for all x E B , so

11 Y II = 11 f '''Y 11
= inf f X : —Ae‘f(x)yOke,\IxeB1

1.

I.e. Y1 ,	 so Y has the order unit norm defined

by e.

Now Proposition 2.1.2 tells us that Xis (1 +0-generated

for all E.> 0, and the second part of the proof of Theorem 2.2.3

tells us that the norm is additive on X + . Hence X is base-

normed.

Although Corollary 2.2.14 tells us that if X is base-

normed and Y is a.o.u.—normed, then L(X,Y) is not necessarily

a.o.u..glormed, we might ask if the converse is true. That it

is we see from:

THEOREM 2.3.2. If L(X ,Y) is a.o.u.-nonmed, then X is base-nonmed 

and Y is a.o.u.-normed. 

Proof. Let xe Xt , with II xil = 1, and f1,f2 E r+ x fi can
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be interpreted as a positive linear functional on L(X,Y), As

L(X,Y) * is base-normed,

II flit	 1If2 11 =	 xØf111+ 11")f2

= If xtto(fi+ f2 ) II

= II fi + f2I1 •
As L(X,Y) is 1-normal, the proof of Theorem 2.1.1 tells us that

so also is Y. We thence see that Y .* is I-generated, so that

Y* is base-normed and Y a.o.u.-normed.

Similarly the norm on X+ is additive, and Proposition

2.1.3 tells us that X is (1-1- 	 )-generated for all f > 0,

Hence X is base-normed.

It is also known that if X is order unit normed and

Y base-normed, then L(X,Y) is not necessarily positively

generated, and even if it is, it is not necessarily base-normed.

In fact unless the unit ball in Y is order-bounded we can

always find an order unit normed X such that L(X,Y) is not

positively generated.

PROPOSITION 2.3.3. If L(X,Y) is positively generated whenever

X is order unit normed, then Y1 is order-bounded.

Proof. Let E = f 1 (Y,), with the natural partial ordering, and

let X mt; )(R. Define (x,t) 0 if and only if 3 ye E t such that

x + ty 0 and	 Then clearly X + n E = E+ , and also (0,1)

is an order unit for X . Let II	 II 0 be the order unit norm

on X. On the subspace E the norm satisfies

11	 11 0	 11	 11 1	 2 11	 110-

Let ey denote the element of E which is 1 at I e Yi

and 0 for all other co-ordinates. Define T EL(X,Y) by
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T(e/ ,0) =

T(0 21) E Y i	(arbitrary)

and extend to the whole of X by linearity. T is bounded, for if

II (x,t) II 0 .3. 1 then (1 1- E ) (02 1)	 (x)t)	 (1 -t-e)(0, -1), for

all t s> 0. Hence 1t>,-.1, so that 	 11(0 1 .011 0 “. Then also,

II (x 1 0)11 0	 II( t)11 0
	

+ II (0,t)	 ,

2,

so that pil l 4. Hence

liT(x,t)11

	
po,t)n 4 5.

If L(X,Y) were positively generated, there would be

S L(X,Y) with ST,O, We claim that S(0 01) would be an upper

bound for the unit ball of Y. In fact if x E E with II x

then (0,1) (x,0). Putting x=	 we see that

S(0,1)	 S(e y ,0)

T(e X ,0)

=
for every re Yi as claimed.

In this case we can tell exactly when L(X,Y) can be

base-normed.

THEOREd 2.3.4. (ELLIS) 	 	 L(X,Y) is base-normed, then X is 

a.o.u.-normed and Y is base normed. If further the norm-defining 

tease in L(X, Y) is closed for the strong operator topology, 

then X is order unit normed. 

Proof. Proposition 2.2.1 tells us that X+ is 1-normal, and

Y is (1 .-t- )-generated for all t >0.

If fl, f2 E X: and y e Y+ with If y II	 1, then ficg)y

have interpretations as positive elements of L(X,Y). As L(X,Y)
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is base-normed, the norm is additive on the positive cone.

Hence

II fi II + 11 1.211 =	 fiCPY II +	 f2 Y 11

= II (fl 	f2)C3)Y II

=	 fl + f2ll•

Combining this with X* being (I + E )-generated for all	 O,we

see that X* is base-nonmed, so X is a.o.u.-normed by Theo:rem 1.1.12.

A similar argument shays that the norm is additive on

I. +, so that I is base-normed as claimed.

The last remark follows from the fact that the base B

f E X 4_ : f II =1 	 is weak * -compact if the corresponding

base i3 of L(X,Y) is strong operator closed. In fact if (fa )

is a net in B, then it certainly has a subnet (fa., ) convergent

to sane point of X I	f,say. Let b e Y+ , with II bit = 1, and

then (fa. , 61)b) is a net in 13, converging to f®b in the strong

operator topology. Hence feb e -63 , so that f E B and hence

B is weak - -compact. Now Theorem 1.1.8 tells us that X is

order unit formed.

2.4. Order structure. 

In this section we shall restict ourselves to the case

when X+ and Y+ are normal and generating.

PROPOSITION 2.4.1. Let X,Y be partially ordered Banach spaces 

with closed, normal and generating cones. Then the following 

are equivalent: 

L(X,Y) is conditionally complete.

X has the R.D.P. and I is a complete vector lattice. 
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proof. (b)(a) : Suppose f	 : oc E Al is a subset of
rt

L(X,Y) and that each T	 Toe L(X 2 Y). Let x E X + , and x rzt xk
k=t

with xk E X t ; then we have

ITS x <1. Tx =Tx

	

1‘1 k	 o k	 o
t	 -

for any o(
k

e A. Thus the supremum of the set

	

Irokk	 x =	 X EX+,	 E- A	 n=	 .
=

exists in Y. Denote this by SX As X has the R.D.F.• it follows

by a standard argonent that the map S s x HSx is additive

on the positive cone of X. TInzsZ can be extended to a linear

operator from X to Y. It is clear that	 Tot_	 and that if

U is any linear operator from X to Y with U	 then U S.

I t remains to show that S E L(X0Y).

Now (To - Ta., )x	 (To-S)x	 0 if x0. As X is C-generating

for some C, we can write each x EX, with II x	 1, as x+-

with x+	E X + and II x+ 11 +	 Vlie then have:

x	 x

so that

— (To- S)x- ,C 	(T0 - 6')x < (To - S)x+

But also we have,

(To- S)x	 (To- Tec. )3C±. 2

so that

)x-	 (To-S)x	 (To -T„, )x t .

As Y is D-normal for some D, we see that

II (To-S)x IID max f	 )3(112ii(To-T.,

CD 1[To - T.4 11 	.

Hence To ""'S a L(X I Y). But To E L(X,Y) by assumption, so S eL(X,Y).

(a)(b) : As Y is assumed to be positively generated,

it will suffice to show that Y is conditionally canplete. Let

g be a non-zero bounded positive linear functional on X, with



44

g(x) :: 1 1 for x0 E 4 0 and 
II :x0 II t'l. Let (si)i el be a family

in Y, bounded above by M. Define Si :	 g(x)si, with M

defined similarly. If x), 0, then (X Si)x	 - s i)g(x) 0,

so that RE Si . Let T be the supremum of (sdi el in L(X,Y),

which exists by assumption. As T Si, we have Tx. >, Six,	 si.

On the other band, if t	 defining T'	 y:1--og(x)t, we have

T' Si. Thus t T l x0 	Txo. I.e. Tx0 is the supremum of

(si ) iE I•

To prove that X has the R,D.P. • note firstly that

L(X,Y) has the R.D.P. Let f be a non-zero, bounded positive

linear functional on Y, with f(yo)
	

11 Yo l = 1 far 3r0	 •

If g,h>,m,n with all these elements of 30. , define

G : y:g(x)y, etc. Then G •11:,01 011 and all belong to L(X,Y).

Thus 3 L eL(X 2 Y) with 0,;1%'-L,M0N. Composing; with f we see

that

°

and clearly f o L e X * It follows that X * has the R.D.P.,

and hence by Theorem 1.3.1 so has X.

If we limit Y so that L(X,Y) is positively generated,

then we can obtain the following:

COROLLARY 2.4.2. Let St, be a Stonian space, and X a partially 

ordered Banach space with a closed, normal and generating cone.

Then the following are equivalent; 

L(X0D(SL)) is a complete vector lattice. 

X has the R.D.P.

It would be of interest to knowwten, for example,

L(X,Y) has the R.D.P. It id easily seen that both X and I
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will have to have the H• D • P. However in general there appears to

be no obvious means of proving the implication in the reverse

direction. in the case when X is finite dimensional, the following

results are easily seen to hold, but we can prove no more

general result.

PROPOSITION 2.4.3. Let X, Y be partially ordered Banach spaces 

with closed,normal and generating cones, and suppose that

X is a finite dimensional lattice. Then we have the following: 

L(X,Y) is a lattice iff Y is a lattice. 

L(X,Y) had the R.B.P. iff Y has the R.D.P. 

2.5. Projective tensor products. 

We follow the notation of Schatten [1 -1 	X and Y are

Banach spaces, XOY will denote their algebraic tensor product. We

shall consider only the greatest cross-norm IC, If X OY is

represented in the usual manner as equivalence,- classes of

expressions xi	yi, then

'	
eeyi	 = inf f	 II xij It2	 WY.; is

equivalent to IxiOPYil •

with this norm we write the space as X OT, and X 0:04Y denotes

its completion.

It is known that (X OY) * is linearly isanetric to

L(X,I* ), If T e L(X,Y * ) then the associated linear functional

on X ®Y .,Y maps	 x,tiOyi to t(Tx i)yi . It is easily seen that

T is positive if and only if it is positive on all such finite

expressions for xi s X+	 yi s Y+ Accordingly we define the

positive wedge in X (DJ to be the closure of the set



46

xi 6, X+ 0

w ith this ordering L(X,Y*) is isometrically order-

isomorphic to (X V)* . We are thus able to deduce properties

of X etrY from our results for spaces of bounded linear operators,

and the general duality results.

PROPOSITION 2.5.1. X eyr is positively generated if and only

if both X and Y are positively generated.

Proof.

X ODY is positively generated 	 (XerY): is normal.

.4).L(XIY*).t., is normal.

4=>X+ is generating and Y: normal.

4==>X+ and Y+ are generating.

In general, of course, (X at).Y4 is not normal, even if
both X+ and Yt are both normal. However translating Proposition

2.2.8 we obtain:

PROPOSITION 2.5.2. If X is finite dimensional and Yt. is normal,

then (X a1/4 Y)t. is normal.

We can also obtain:

PROPOSITION 2.5.3. If x + is normal and Y is base-normed with

the H - D. P. then (X me Y)t is normal. 

Proof. By Theorem 1.1.10 7* is order unit norired, and by Theorem
1.3.1 it is a complete vector lattice. Now Theorem 2.2.4 translates

to give this result.

The final case in which we can conclude that the cone in

the tensor product is normal is the following, which follows from
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Theorem 2.2.11 and Proposition 1.2.4.

PROPOSITION 2.5.4. If there exist constants eiC and p such that 
X is 0E-additive and Y is p -additive ) then (XCTatY).t. is normal.

We can also obtain some results involving the special

types of spaces that we have considered. The first of these

is closely related to the last result. It follows fran a

retranslation of Theorems 2.2.10 and 2.3.1.

PROPOSITION 2.5.5. XODIfY is base-nonmed if and only if both

X and Y are base-normed.

The other results that we have are not so canplete,

consisting of implications in one direction only. Both of them

are deigce& Iran Theorem 2.3.4 , together with the symmetry of

the tensor product.

PROPOSITION 2.5.6. If (X ®V) is a.o.u.-normed then so are

both X and Y.

PROPOSITION 2.5.7. If (X CgilrY) is order unit norned, then so

are both X and I.

Proof. The base of L(X lec ) is compact for the weak*-topology

as the dual of Xe$Y, and hence certainly closed. The base is

then certainly closed for the (stronger) strong operator

topology of L(X,r 4F ), so the last part of Theorem 2.3.4 may
be invoked.

If (X0.1(Y).t. is nonnal, and both	 and Y+ are normal

and generating, then we can say something about the order

properties of the tensor product. We have in fact:



48

PROPOSITION 2.5.8. If (X CiO trY) 4. is normal and generating, then

the following are equivalent: 

X0 1fY has the RW.P.

Both X and Y have the R.D.P.

Proof. Both X+ and Y. must be normal and generating for

(X ;Y) + to be so. Then Theorem 1.3.1 tells us that (a) is

equivalent to L(X 0 Y) being eamplete vector lattice. By

Proposition 2.4.1 this is equivalent to X having the R.D.P.

and Y 	 a complete vector lattice. Now again invoking

Theorem 1.3.1 shows us that this is equivalent to both X and

Y having the R.D.P.

As a special case we hare:

PROPOSITION 2.5.9. Let Y be base-normed and have the R.D.P.,

and X+ normal and generating. Then X has the R.D.P. if and

only if XV has the R.D.P.

If X and Y are Banach spaces, and If Opy G. X* 0 Y
i 1

then the form a

tf4(x)y
:tt .1"

defines an el =went of L(X,Y). This correspondence is a continuous

map from X * G , Y into L(X,Y). As L(X,Y) is complete, this can

be extended t• a map of X * OvY into L(X,Y). The elements of

the image of *CKyY under this map are termed the nuclear

operators fr., X to Y. Let N(V) denote this subspace of
L(X0 Y). We c invoke Theorem 2.1.1 to give us immediately:

PROPOSITION 2 5.10. NOCAis normal if and only if X is

positively ge rated and Y+ is normal.
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We can also obtain:

PROPOSITION 2.5.11. N(X,Y) is positively generated if and only 

if X + is normal and Y is positively generated. 

Proof. If Ifi ciayi e (X* Or Y ).4. I then we may assume that each

fi and yi are positive. If xe-X+ I then Di(x)yi is positive.

Na,, if v	 then v is a limit of such terms, so

that the associated nuclear operator is positive, (as Y+ is

closed).

Now let TeN(X,Y), so that T arises from an element

v of X* OPxY. As both X * and Y are positively generated, so

is X* OY, and hence v= v +	 , with v't'	 6 (X* O lr t)..t. •

By the' remarks in the last paragraph, the nuclear operators

associated with v + 1 and v- are positive and give the desired

decomposition.

The converse follows as in the proof of Proposition 2i2.1.

Ordered tensor products have been studied by Ellis [3.1,

and Peressini and Sherbert [1] . Tensor products of compact

convex sets have been dealt with by Davies and Vincent-Smith Ell

Lazar [3] , and Namioka and Phelps [11 .
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Chapter III

Spaces of compact linear operators between partially ordered 

Banach spaces.

We devote ourselves in this chapter to a study of spaces

of compact linear operators between partially ordered Banach

spaces. In order to obtain results it is necessary to make

some drastic limitation on the spaces involved. In view of

Lindenstrauss's results,{ 11 , it would seem desirable that

the dual of the range space be an 11 (t.L) space. We therefore

take the range to be a simplex space in all that follows. The

first section will deal with conditions for the space to have

a normal cone, be positively generated, or to have same special

form. In the second section we look at the order structure of

the spaces involved.

3.1. Normality, positive generation, and special spaces. 

K(X,Y) will denote the Banach space of all compact

linear operators from X to Y, with the supremum norm, and

ordering inherited from WV). As a simplex space is 1-normal,

we obtain immediately from Corollary 2.1.2i

PROPOSITION 3.1.1. Let Y be a simplex space. X is (C1-10-generating

for all E> 0 if and only if K(X,Y) is C-normal.

From Corollary 2.1.8 we similarly obtain:

PROPOSITION 3.1.2. Let Y be a simplex space, and 0(1. Then

the following are equivalent:
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If X X, ,x11 <1, there is 3f. ,x, —x with II y II <0( .

If SJEK(X I Y) with	 then 11T 114	 s it 

We wish to know when K(X,Y) is positively generated. As

long as Y is a simplex space we can obtain a precise result.

However, even in this situation, we know nothing of the constants

involved.

THEOREM 3.1.3. Let Y be a simplex space, and X a partially 

ordered Banach space with a closed cone. 	 normal if and only 

if K(X,Y) is positively generated.,.

Proof. By Proposition 1.1.16, it will suffice to prove that

Ao(K,X* ) is positively generated, where K is the simplex

f":	 1/ ,and X * is positively generated. ( Ao(K,E)

denoting the space of all continuous affine functions from

K into the Banach space E 0 which vanish at zero, having the

supremum norm, and natural partial order.)

If T[E Ao(Ce. ), let

(k) = fx GI*	 x -(1-(k),01	 if k0.

{ o 3
	

if k=0.

Since X * is positively generated, I(k)4 0. It is clear
that '(k) is closed, and convex. We show that 1? is lower

semi-continuous and affine, so that Theorem 1.3.7 willlensure

that there is an affine selection /0 of f. It is clear that

this tp satisfies 40o/IT,O, thus completing the proof.

Suppose x 1§(k),x 1 E Cie), then :e;,;1T(k),0 and

xn;TT(k'),O. It will immediately follow that

x +	 )0x' Tr k +(l-A )kl

If k (1 X) k' #0, this shows that



52

AI(k)	 (1 --)n )(k') C= 1(X k (1 -4)1e).

On the other hand if Xk + (1- X)k l = 0, then k = = 0,

(as 0 is an extreme point of K) so that the inclusion is trivial.

We have thus proved that § is affine.

To prove lower semi-continuity, it will suffice to

prove that if C is a closed subset of X 4I , then the set

IkEK :	 (k) C Cl

is a closed subset of K. Suppose 0 t ko ER, and that (ky ) is

a net in M converging to I :) . Let x e l'(ko), so that x-rf(k0)20„

Choose	 so that 1111- ( k 1� )	 aT (ko ) II <E. For some D, X * is
C-generated, so 3 y ) 7T (k	 TT ( ko) ,0 with Ityll<DE. It is

clear that xi. y	 (lc y ),0 0 so we may suppose x y E 41) (kw )0

we may omit from the net (k 1( ) all terms that are 0, since

ko+0, and then the result is clear.). As Icy e M, x ty e C. But

II (x	 x II <	 and	 was arbitrary so that x e C =C.

Hence si(ko) G C, so ko E M.

If k
0

:= 0, and (ky )CM is a net converging to 0, we

can obtain a net in	 (Iclf ) converging to 0. Then again we

see that (k0) = N C. C I so that 0 = ko EM. So in either case

Yl is closed, and the result proven.

For the converse, the proof of Proposition 2.2.1 may

be repeated.

If we desire to look at the general case, we can give

a result that is partly analogous to Proposition 2.2.12.

PROPOSITION 3.1.4. K(X,Y) is positvely generated wtonever X. 

is base-normed, if and only if each relatively compact subset 

of Y is order-bounded.
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Proof. If X is base-nonmed, with base B, let T E K(X,Y). It

follows that T(B) is a relatively compact subset of Y. Hence so

also is co( CO1 k-1 T(B)). Let e be an upper bound for this

latter set. Let f E X .: 0 
f 113 1. 12 and define S e K(X,Y) by

S : xi--+f(x)e. Clearly if b E So Sb,Tb, O. But if xe X÷ , then

x= X b for some X >,0, and b EB. Thus we see that S T 0 0.

It is clear that S is compact, so K(X,Y) is positively generated

as claimed.

To prove the converse, suppose L is a relatively compact

subset of Y, and let N be the canpact convex set ao(L v —L). An

upper bound for N will also be an upper bound for L. Let M be

the direct sum of the affine span of N, and the reels. The

set N x i. 11 forms the base of a cone in this space. If the

space is given the corresponding base-norm, it will be complete

and the positive cone closed. Define T 6 K(M, Y) by T(n,1) =-* n

if n E N, and extend by linearity. If S E K(M,Y) with S T, 0,

the argument used in Proposition 2.2.12 now shows that there is

an upper bound in Y for N, and hence for L.

Exactly what spaces have this property, that relatively

compact sets are order-bounded, we do not know. Combining

Proposition 3.1.4 with Theorem 3.1.3 shows us that all simplex

spaces have this property. If we knew that for all spaces with

normal, generating cones, X * had this property if and only if

X were equivalent to a base nonmed space, then we could produce

a result analogous to Corollary 2.2.15. In particular this

would be true if the spaces involved ( for X+ normal and

generating ) were precisely the spaces that are equivalent

to an a.o.u.-normed space. Although this conjecture is tempting,
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we must admit that we have no real justification for making

it.

The proofs of Theorems 2.2.10 and 2.3.1 are equally

valid here, so we can state:

THEOREM 3.1.5. Let X,Y be arbitrary partially ordered Banach

spaces with closed cones. Then K(X,Y) is order unit normed 

if and only if X is base-Wormed and Y is order unit normed.

Unlike the case when we were dealing with bounded

operators, we can extend this result.

THEOREM 3.1.6. Let X be a partially ordered Banach space with

a closed cone, and Y a simplex space. Then K(X,Y) is

a.o.u.-normed if and only if X is base*normed.

Proof. By Proposition 3.1.1, K(X 0 Y4 is 1-normal; so to

prove that K(X,Y) is a.o.u.-normed it will certainly suffice

to prove that the closed unit ball of K(X,Y) is upward directed.

Again we use Proposition 1.1.16 to identify K(X,Y) with

Ao (KIX* ) where K = ilk Y* :	 II	 411 with the week*--

topology.

	

Let f ,ir- Ao(KIX44- ); 
VC	 1101 1. Theorem 1.1.10

tells us that X * is order unit normed, so can be identified

with A(A) for some compact convex set M. Let p be the real valued

function defined on K by p(k)==1 (if k4: 0), p(0) :: 0, It is

readily verifed that p is lower semi-continuous and concave.

Now define f :	 as follows:

f(k) = sup f IE y(k)T1 (m) m EDO;

Clearly -1‘	 1, and f(0)=0.
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It is also true that f is convex, since

1(k-1-k° = sup [ If (ki-le)1(m) : m€M1

sup f CAP 	 (m)	 [ p (le	 (m) : me ml

sup	 (k)] (m) : meivil

s 	 [(e(k0] (m) : meMi

= f(k)+ f(k').

We can also prove that f is lower semi-continuous.

Consiedr the set k	 f(k) <0(1 we shall see that this is

open. If f(ko ) '2-- oc- 2E then there is a weak* -neighbourhood

U of ko such that tf (k) - y(ko )fl< E	 whenever k E U, (as

13 is continuous). We then have:

f(k) = sup f [j(k)1 (m) : m 011

sup [1/4p( k0 )1 (m) m041	 T(k) kr(ko)

< f(ko)

-

It follows that f k	 f(k) < 06 is open, and f is limper

semi-continuous. Define g similarly, with 11/- replacing f, and

let h=f y g (point-wise supremum). Clearly h is upper semi-

continuous and convex. By Theorem 1.3.6, we see that there

exists a continuous affine function q on K, satisfying

h‘q‘p. Now define TC : K—>X 4r , by 11(k) = q(k)11. We

certainly have li r II	 10 and It(k))y(k),*(k) for all kE. K.

Also 1T (0)=0, since p(0)=11(0) =---* 0. Thus the implication

in one direction is proved.

To prove the converse, note that Proposition 3.1.1 tells

us that X is (1-t- F )-generated for all t >0. It will suffice to

prove that the norm on X + it additive. But if xi,x2 G X , and

f	 , with 11111=11 then xi ®f are bounded, positive linear

functionals on K(X,Y), of norm II xi ll
• As K(X,Y) is a.o.u.-normed,
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K(X,Y)* is base -normed by Theorem 1.1.12. It follows that the

norm is additive on the positive cone of K (X,Y) *- 1 so we have:

II xi II + I I x2 II = II xior 11 + II x2 ef II
II (xi +- x2) a'f

= Ilx1+ x2II,
so the proof is complete.

3.2. Order properties. 

We consider here the order properties of X(X,Y) when

X has a closed, normal and generating cone, and Y is a simplex

space. We have firstly:

THEOREM 3.2.1. Let X be a partially ordered Banach space with 

a closed, normal and generating cone, and Y a simplex space. 

Then Ka Y) has the R.D.P. if and onl if X has the R.D.P.

Proof. The proof in one direction is identical with that of

Theorem 2.4.1.

we again use Proposition 1.1.16 to reduce the problem

to the space Ao(x,X* ), and use Lazar's theorem, Theorem 1.3.7.

If or ,1-). kwir and all belong to Ao(K,X* ), let

11. (k) = fxc-	 : 0-(k), '-r-(k) 	 ke(k),+(k)}
Any continuous affine selection for iT will provide us with a

TV E A
o
(X,x le ) which satisfies 0-01"-->/11->/ 'Pot' •
We must now verify that TV satisfies all the conditions

needed for us to apply Theorem 1.3.7. It is easily seen that

111(k) is closed ( as 1.+ is closed ), non-mpty (as X * is a

	

lattice ), and affine. 'e must show that 	 is lower semi-
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continuous, i.e. if U is open in X * , then f k Tr(k)(, U
is open.

We recall that X* is a lattice, and that the lattice

operations satisfy:

(avb)(x)=supf a(Sr)-n-b(z)	 y,z>. 0 ; y+z=x1

(a A b)(x)= inf f a(y)tb(z)	 z >, 0 ; y-i-z=x1

for all x),00 since X.+ is normal and generating. If X. 4.. is

in fact C-generating and D-normal, then we claim that

II(avb)-(cvd)II 4.	 0( 11 a- ell	 -4.-	 II b-dII).

For we have, on the positive part of the unit ball of X:

sup fa(y)-t-b(z)	 yoz>,0; yi-z=x3

sup fc(y)-1-p(y)+d(z)l-q(z) 	 yoz>,0; y-t-z=x1,

( where pa -c o ° with	 II a -c	 ; and q),, b-d 1 0 with

)•
sup f c(y) -t-d(z)	 y,z	 + sup fp(y)+q(z)

yl z 0 ; y+z =xi

sup c(y)+ d(z)	 z>)0; y-t- 2=	 p(x) q(x)

(cvd)(x)+p(x)-+q(x).

By symmetry we have:

I (avb)(x)-(cvd)(x)1	 1 P 11 + 11 q II

D[Ila-c II + II b-dlli

But then we see that:

II (avb)-(cvd)II

sup	 (avb)(x)	 (c vd)(x)I	 11x1111

sup I I ( a v b-c v d)(x+- x )	 Ilx+11+11x11

c sup
'
 f I (avb-cv d)(xt )	 fIxt11

C D	 llsell + II b-d I	 .
we obtain similarly:

	

II (a/b)-(cAd)II	 CD I II a-cli
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We can now show that IT is lower semi-continuous, and

thus complete the proof. Suppose ko E k z TT (k) n U 9511

then there is an xo E U such that

ti-(1c0),1*(k0) xo > (k0),P(k0).

As Q" o`f 'f and Ail are all continuous, we can find a neighbourhood,_.

N( E ) of ko such that II tr( ko) — cr"(k) II< E whenever k EN(	 ),

and similar inequalities hold involving 1-, y and 'I.

Let x be defined to be:

(xe (cr(k) - v-(k 0 )) A (T(k) --r( k o)))v y(k)v*(k).

It is clear that

cr(k),i-(k) > x	 y(k),Ak(k)

so that xe7(k). We find a l imit for II x x0 11 1 which is

equal to:

II (x01-(cr(k)— c:r(ko) A ( ` r (k) T(ko) )) v tr(k)v +-(k) 	 xo

= II (x0 +(a- (k) —0--( k0)) A ( 6r. ( k) — (ko)) v tp(k) V*(k) —

xo v kr(ko)v-*-(ko) II

4 cD(11(x0+(c1-(k)-0-(k0)) A er (0 — 1-(k0))) v y	 x0v (IQ + E )

cD(cu( II xo + (1,-(k) —0-(k0 )) A ('-r

E (CD+C2D2 )+C2D2(CD(E. -t- E))

= E (CD .t.c2D2÷2c3D3).

As xo eUI 3S>0 such 'that fz s Ilz —x0 11<slc U.

If we let E g/(CD+C2D2+2C3D3), then x E U whenever k e N( E )•

It follows that TT is lower semi-continuous as stated.

We now look at conditions for K(X,Y) to be a lattice.

The result here was stated without proof by Krengel in [13 .

we first need the following lemma. Note now that if A0(K) is

a lattice, then the lattice operations are point-wise operations

E	 +e2D2)+02D2 (cr-(k)—a-(k0(k)))—A(T:r(k(;))—)7°)fc(k110 )+) —E) 070 I
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on 'el(„

LEMMA 3.2.2. Let Y be an a.o.u.-normed lattice, ( i.e. an

tvi-apaoe ) and C a relatively compact subset of Y. Then sup (C)

exists in Y, and the set 

C'=isup (A) : A CC} 1

is relatively compact. 

Proof. Let f	 : X e (\3 be an approximate order unit for

Y which defines the norm in Y. We may, since Y is a lattice,

assume that II y 11‘ 1 if and only if 3 X € A with ex	 y -ex

	

Choose a sequence ixkis	 C such that for each n, 3 Nn

with
N..

C C yS(xk,l/n),

( where 6(al r) is the open ball of centre a and radius r ).

Let yn = sup	 . Given E > 0 1 choose n with (1./)‘ E.

Suppose that p);Nn, and 34 q	 p, then there exists j with

jP1 and 3c,q e S (xj ,l/n). Then, for sane X(q) G A,

xq xi +(i/n)e mg)

	

Yi4n 	 (3./n)e mg).

It follows that

yNn	 yp	 yNn	 (1/n)et,

where r A(q) for 14 q,<p. It follows that (yk) is a Cauchy

sequence in Ip so converges to sane y E Y. As (yk) is increaEing,

and the positive cone in Y is closed, y= sup fykl .

	

If x e C and	 E 0, then there is no such that	 x 
xn II

Then sae have:

X	 3Cn 0	 E e )1(E)

Yn	 E eo	 Aq.)

E e X(EY
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( for some A( E ) 	 I.e. x	 y+	 fes
A( 	 Letting 

E

and noting that Y. is closed, we see that y>,x. Hence y is an
upper bound for C. On the other hand, if z is any other upper

bound for C , then z yk. Hence z )/ sup fykl	 3r, so that

y = sup (C). Note here that from the proof, y is the point-wise
supremum of C on	 'be/C.

To prove the second part, let E >0, (1/n) .< t and
the class of all finite subsets of f 1, ,	 . If A e C2

choose k(1),•••,k(r)1 e A	 so that:
x eA,]xk(j),(14j‘r), with xeS(xk(j),1/n).

S(xk(j)11/n) n A	 for 1‘,jr.

It follows that for 1‘. j. r, 	 vi ) with

xk(j)	 x -t- (1/n)e x(J)/ 
for some x 6A.

But A is relatively compact, so sup (A) exists, and we have

xk(j)	 sup (A) t (1/n)e
A(j)*

We then have:

sup fxk(j) • 1	 sup (A) -h. (1/n)ep..	 (1)

(where	 t.A:>, 'VP, for 1 ,� r). If xe A l 3 j with 1 j ‘r and
;0( such that:

x	 xk(j)	 (i/n)ev(j)	 ( by (a)).

Then

x	 sup fxk(j)	 (1/n)e .6(x)

( where 1� (x)	 (j), for	 j‘r ). Now:
sup (A)	 sup fxk(j)	 (1/n)lic,	 (2)

since the supremum of A is the pantwise supremum on V.
Combining (1) and (2), we see that

lisup (A) — sup fxk(j)	 l‘j$	 1/n < E .

Thus the finite set I sup fxj : j F d. I	 : e. Al	 is an -net
covering f sup (A) : A e C , which implies the desired result.
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THEOREM 3.2.3. Let X be a partially ordered Banach space with 

a closed,normal and generating cone, and Y a simplex space. 

Then the following are equivalents 

K(X0Y) is a lattice. 

X has the R.D.P. and Y is a lattice. 

Proof. (a) ==>(b) is proved in the same manner as the same

implication in Theorem 2.4.1.

(b)(a) : suppose T E K(X 0Y). Let

Sy sup f Tx s y x 01	 (if y

which exists since T is compact, X+ is normal, and by Lemma 3.2.2.

As X has the R.D.P. S is additive on X i., so extends to a

linear operator from X to Y. It is clear that S is the supra/min

of T and 0 in L(X,Y), We need now only show that S is compact.

But

SX I,t	 sup fTx s y 3c; 01 : y€X11.1

is relatively compact by Lemma 3.2.2. Hence

SX 1 c co (SX.c i. k.1 —act)

is relatively compact, so that S is compact. Hence K(X 0Y) is

a lattice.

Even if X has the R.D.P. and Y is an order unit normed

complete vector lattice, K(x,r) need not be a complete vector

lattice, since we have the following

MAPLE 3.2.4. Let Ti e t, /to) be defined to be the restriction,
of the natural injection to the first i co—ordinates. The

family T1 i.=.1 of compact operators is bounded above by

the compact linear operator S mapping (xn) to the sequence

that is constantly t(xn). If S7 Ti. existed, we claim that



62

it would be the point-wise supremum. If U 7i Ti (1=1120...)

and (Ux)114 sup i(Iix)n	xn then U may be

replaced by the compact linear operator U', where

( U 'x)m = (Ux)m	if m *no

Xn	 if m =n.= 

Then U	 Ty so that U is not the supremum of 
L T i^

=1•

I.e. if V 	 existed it would be the natural injection of

€ 1 into tcp, which is certainly not canpact. Hence K ( t, to)

cannot be a capplate vector lattice.
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Chapter IV

Injectivity and projectivity. 

We discuss here some applications of category theory

in our context. In the first section we give a brief account

of the concepts involved in defining injectivity, projectivity

and anti—isanorphism. The second section deals with various

categories of interest to us. We determine injective objects

in some categories of partially ordered Banach spaces, and

projective objects in some categories of compact convex sets.

4.1. Categories. 

The account that we give here will follow closely that

given by Semadeni in [2.1.

A category  consists of:

a class U0 , whose elements are called objects,

a class U, whose elements are called morphisms,

and (3) a law of composition.

These also satisfy the following axioms:

U is the union of disjoint sets <A,Bi>, (one

for each ordered pair of objects (A,B)).

The law of composition assigns to each pair

(0( yp) with ace <A 1B>	 pe <BIC> a morphism	 < A,c>

called the composition of of and p and denoted by	 2.= Poi

or p "cc . This law satisfies the following conditions:

ASSOCIATIVITY : If oce ( A 213;>, pE <BIC>
	

Ve< CpD>

then if(pd.) = (513)0(..
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EXISTENCE OF IDENTITIES : For each object A, there is C A G <AA>,

called the identity on A l such that DC L A =of-, L A 13 = 13. for

all B	 0( e <A0B) and p e <Boit>.

If we are dealing with more than one category, and confusion

is likely to arise otherwise, we shall write <A,B> u for a

typical set of morphisms. This subscript will be omitted in

general. If of.€ < A,H> then we call A the domain of 01 and

B its codomain, or range.

Although the definition of a category is mainly in

terms of morphisms, we shall name specific categories by both

objects and morphisms. E.g. " the category of compact Hausdorff

spaces and continuous maps " will be taken to mean the category

in which the objects are compact Hausdorff spaces, the morphisms

are continuous maps between them, and the law of composition

is the usual one. In many cases the specification of the morphisms

may be omitted, but we shall not do this, as in the next

section we shall on several occasions deal with categories

with the same objects but different morphisms.

A category U is a subcategory of a category V if the

following conditions are satisfied:

uo,,voo

U VI

<A,B>u C<A,B>v for each pair (A,B) in U'DxU°0

if ok E <A 1 B> U, p e <13 0 C > u then their compositions

in U and V coincide,

(5) if A e U° 0 the V-identity on A belongs to U ( and

is equal to the U-identity on A ).

A subcategory U of V is full if <A 1B>u = KA0B>v



65

for any A lB EU°.

A category U is concrete if there is a transformation q

mapping U° to the class of all sets, satisfying:

for each A,B EU° 1 the elements of <A,B> are

triples (0( ,A,B). where oc is a map from CIA to OB;

the U-composition of the maps 	 of.. :

13 : B--->C coincides with the ordinary composition of

: 0A---)aB and	 :

An the categories that we shall deal with will be concrete.

If U is any category, then the dual category  U * is

defined as follows:

(i) (u* )o	 uo,

If A,B EU°, then <A,B>u*	 <B1A> u„

If a E <A 2-B) u4t 2 p < B oo), u* , then the

U * -composition p * ot. is the U-composition of p .
obviously a category, and the identities of U * are the

same as those of U. This is purely a formal construction, and

a more useful definition will be made later.

A morphism 0(E<A 2B‘i u is a U -isomorphism ( or shortly

an isomorphism ) if and only if there is a morphism E< B,A> u

such that 0(13 = I A and Pa = t B. Such a /3 is uniquely

determined by ot , and is termed the inverse of o(, and is denoted

by ctf ' • If there is an isomorphism of A onto B then A and

are termed isomorphic.

A morphism oc. in U is a retraction (  core traction )

if and only if there exists a morphism p in U such that

o( I3 ( t3cL ) is an identity. If 01 p is an identity, then p•

is also called a selection for oC An object B is a retract 

of an object A if there exists a retraction of :
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A morphism 'd is monic or a monomrphism if for any

morphisms of and 13 	 aC = Nefi	 oc=p;	 is epic,

or an epimorPhism if for all morphisms so( and 13 ,

cof = ?)'	 p •

A generator in U is an object G such that if 0( 2 p are any

two morphisms in < A , B> and oc* p then there is a morphism

E <G,A> such that o(	 . Dually G is a cogenerator 

if for each pair of morphisms ot, r3 e <A,B> with O. pl

there is a morphism	 ‹B,G> such that Is	 )f p .

A basic direct ( codirect ) object is a cogenerator

( generator ) D satisfying the following conditions:

if G is any cogenerator ( generator ) then

1) is a retract of G.

if a cogenerator ( generator ) G is a retract

of D , then D and G are isomorphic.

A basic direct ( codirect ) object will be abbreviated

to b.d.o. ( b.cd.o. ). If either a b.d.o. or a b.cd.o. exists,

then they are unique up to isomorphism.

If U is a category with a b.d.o. D ( b.cd.o. F ), then

a submorphism ( supermorphism ) is a morphism of	 (A,B> such

that for each morphism E <A,D> there is a Ye <B,D> such

that -)/01- = p , ( for each morphism 	 13 g- < F,D> there is a

G <F 2A> such that	 oCy p ). If there is a submorphism

KA,B> then A is termed a subobject of B.

We are now in a position to define the notions that

we really want. An object 14 is injective ( projective  ) if

for every submorphism (supermorphism )	 e < A, B)( ICE <B IA> )

and for every morphism	 0(c < A piA >	 °I" E <i'i,A> ) there is

a morphism 1 E <B,101> (	 e<N,13>	 ) such that	 f3 E =
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( n p tzlek ).

Informally, what we have done is to consider the diagrams:

B

V /

1\31/-
M k . A

ot.

'IC	 ‘N\N

>A
d

Firstly we define a simplest non-trivial M, and then find

those F such that for each 01 there is a 	 with oC =	 13

( of = /S ). Then for such 13 we find all M with this

property. These tai are the objects of interest.

If U is a category with a b.d.o. D ( b.cd.o. F ), and

A U°, an envelope ( coenvelope ) of A is a submorphism tr-6 ( A0B)

( a supermorphism 1i e(B,A) ) such that if H eu° and Pe Z. B1H)

p E < H2 /3> ) is any B-morphism such that 	 pa- is a submorphism

-up is a supermorphism ), then p is a submorphitun

( supermorphism ). An injective envelope ( projective coenvelope )

is an envelope ( coenvelope ) such that B is injective

( projective ). If either of these exists, then it is unique

up to isomorphism.

For a typical example of these notions, we may consider the

category of compact Hausdorff spaces and continuous maps. The basic

codirect object is a one point space, and a supermorphism

is any morphism that is onto. Gleason [la , has shown that

a space is projective if and only if it is extremally disconnected .

He has also shown that every object has a projective coenvelope.

Let U and V be categories. A covariant functor from

U to V consists of two transformations, ( both denoted by the

same symbol ) ; the object transformation I: Uo .-->vo

assigning to each object A in U° an object t(A) in V° ; and
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and a morphism transformation assigning to each oc A0B)u

a morphism	 E < 1/(A), (B)>.v. These transformations

are subject to the two conditions:

if A6 U° then §( LA) = /(A)

if 0C E < A sB> u and p E <B le>u then

1)(130L)= sis(p )4f(oo.

A contravariant functor from U to V consists of a similar

object transformation : U°--->V° 0 and a morphism transformation

assigning to each c- 6 ( A ,B> u a morphism if(d) G ‹ .1 (A), i(B)> v,

that is subject to:

if A E U° then 1 ( t A ) = L§(A)

if of e <A,B>u-,and t3 e <R,C>u then

)(t3 0() ---7-§(000/(t3).

Two categories U and V are isomorphic ( anti-isomorphic )

if there exists a (1,1) covariant ( contravariant ) functor

from U onto V . Note that U is anti-isomorphic to V if and

only if U is isomorphic to the dual V* of V.

Results that involve only knowledge of the category,

as such, can be inferred for a category isomorphic to one

for which they are known, as can the dual result for a category

anti-isomorphic to one in which the result is known.

4.2. Injective and projective objects. 

We look firstly at a very general category. The objects

will be all partially ordered Banach spaces with closed, normal

and generating cones, and the morphisms will be bounded positive

linear operators.

Firstly, we recall the following theorem, 2.2.4 of
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Peressini [1] .

THEOREM 4.2.1. If X,Y,Z belong to this category, and Z is a

complete vector lattice, with S e <X,Z> Te <X •Y>, then

there is a morphism Ue<Y0 Z> such that s r-ur if and only if

the set Bx : Tx y for sane y c Yl is bounded above in Z.

PROPOSITION 4.2.2. This category has a b. d.o., namely the 

real line with the usual order.

Proof. R is a cogenerator, since <X 0R):: X: generates X*0

which separates the points of X, hence so does <X,R> . Any

retract of R is either R or (03	 and clearly f 01 is not

a cogenerator.

We must now show that R is a retract of any X in the

category, and then R will certainly be a b. d.o. Choose x ex + ,

with II	 =1, and define CoL fi• < R,X> by cc (r) = rx. But using

Theorem 4.2.1 we can extend the map po of o((R) into R that

maps rx into r, to a morphism 	 <X0R> „ This is because

if rx y and II y II G 1, then either rx 4 0 or else	 rx‘ y.
As X is normal the set { r s 0 ‘rac‘	 is bounded above, and

the extension can be done. As 1300 is clearly the identity

on R, R is a retract of X.

A submorphism of X into Y will be any morphism, T, in

< XI I> such that f 32c : Tx y for some ye Y11 is bounded
above for any S E ( )(,R> , Clearly T must be a homeomorphism

and bipositive. I.e. finding out what a subobject of Y is,

may be reduced to finding out for what closed, positively

generated subspaces X of Y, do all positive linear functionals

on X extend to positive linear functionals on the whole of Y.
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Some characterisations of such subspaces have been given by

Riedl [11, and by Pakhoury [.21. However we do not need to
know any further characterisation of a subobject in order to

determine the injecive spaces in this category.

THEOREK 4.2.3. In the category of partially ordered Banach

spaces with closed normal and generating cones, and bounded

positive linear operators between them, the injective objects

are the finite dimensional lattices.

Proof. It is easily seen that the finite dimensional lattices

are injective. Indeed suppose X is a subobject of Y and that

S E ()CZ) where Z may be identified with C(P), for F a finite

set. As tfoS (X,R> for each f eF, ( where ( Ei7 S )(x) =

(Sx)(f)) and X is a subobject of Y, the set j( E°S)(x) s x0r

for sane y c 	 is bounded above, by Theorem 4.2.1. As F is

finite, the set l(Sx) x‘y for some y 61.13 must also be

bounded in C(F)= Z, Thus S extends to the whole of Y, and Z

is indeed injective.

We must now show that an injective space is a finite

dimensional lattice. Suppose Z is injective. Let Y = t.„(Z*1

and let	 be the constantly one function in Y. Let I be the

natural injection of Z into Y. We claim that I is a submorphism,

for if f 6 Zt f = oc g with g 1.4. CC O. Now the map

x ( evaluation at g ) extends f to the whole of Y.

As Z is injective, there is T E KY,Z), such that

Ta I is the identity on Z. Firstly note that Ti is an order

unit for Z. For if z e Z then Tz 6 13 [-1,11 for some e R+ •

Then s=T(Is) e p	 T1 , T1 as claimed. Secondly, suppose
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fz isl is a family in Z, bounded above by z o . It follows that

Iz zl is a family in Y that is bounded above by Iz o, and so

has a supremum c. We claim that Tc is the supremum in Z of

z 1c/ ; for Tc ); T(IZy) =	 and if y,z 1f then Iy Izy

so that ly c. But then y T(Iy) Tc, so that Tc is the

supremum, as claimed.

we have established that Z is equivalent to a space

C(SL) for a Stonian. Now we make use of an example given by

Fakhoury [	 of a space Y in this category, together with

a subobject X of it, such that there is a sequence of elements

f
n

6 ri*.t , with the property that any extension fn of fn to

an element of Y.k.* will have norm at least 2n. This certainly

implies that the set tfn(x) x4 y for some y	 attains

2n.

Now suppose a is infinite. Let U1 be an open and closed

subset of St which is not empty and has infinite complement, ( if

this is not possible then 61„ is finite ). Now define a sequence

(Us) of open and closed sets, by requiring Usi. 1 to be a subset

of	 \ V U,1 and that	 .5)„‘C. 1)U	 be infinite. We now define1.7. 

cr<X,C(a)\� as follows:

(Sx)(U )	 fn(x)/n	 if 1...rcUs,

_0	 if As Uan=t n•

It is easily verified that S E <X,C(Jt-)> However the set

	

Sx x y for some y F Xi 	 cannot be bounded, so C(4)

is not injective. I.e. the only injective spaces are the finite

dimensional lattices, as claimed.

For one of our subsequent results, we need the following

sophistification of the Monotone extension theorem, which
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was proved by Wright in [11 .

THEOREM 4.2.4 (WRIGHT).. . 	 Let A(K) be an order unit normed

spacei C(a) a complete vector lattice, and B a closed subspace

of A(K) containing the constants. If TG.1(B,C(a)), then T

can be extended to bi4A(A(K),CO2..)) in such away that T is

an extreme point of the set of extensions.

Proof. Let W ( B0 ) denote the set of positive extensions of T

to Bo. We wish to show that the set of extreme points of W(A(K))

is nonempty. Let E denote the set of all pairs (T 0 ,13 0) such

Bo is a subspace of A(K) containing B, and T is an extreme

point of W(B0). Define a partial order on t by defining

(Ti ,B1) 4 (T2,B2) if and only if Di C B2 and T2 extends T1.

If t o is a chain in t, let Bo = .) tB 1 : (U',B') e tol

and define T o on Bo to agree with each T ' on B '. As t o is a

chain, To is well-defined; we must show that To is an extreme

point of w(80). If To= (Ti. 1- T2), then Tokt = T'
	

(T1113' +1121131)•

As T' is extreme , T11131 = T2 B so clearly 	 T2, and To is

extreme. Now (To,B0) is an upper bound in t for t.,0 . By Zorn's

lemma there is a maximal element, ( 11 1 .1) of t

If B A(K), let 0 1 a EA(K)\r3, and let C be the subspace

of A(K) spanned by B and a. Define U : C--,C(,.SL) by:

U(b 1- X a) = 1 /3 +	 ot-

where of =. inf "Cfb B 3 b	 Clearly U ew(c). To see that

U is extreme, suppose U = (U1 + U2), with uie w(c). As T is

extreme, Ui ll3" =V, so that both U1 and U2 extend T. As U1 and

U
2 are positive we must have

Ui(a)	 inf	 : 13 4 b al =cC.

I.e. (U1(a) + U 2(a)) U(a). As we actually have equality,
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Ui(a) c: a 0 so that Ui := U.

This contadicts the maximality of	 so that in

fact 'g =A(K), and the proof is complete.

COROLLARY 4.2.5. With the notation of Theorem 4.2.1, if T is 

an extreme point of ,A(B,C(a)), then T can be extended to an

extreme point T of .4(A(K),C(01)). 

Proof. We cliim that the set of extensions of T is a face

of A (A(K) ,c (a.) ) . For if T extends T, and f=	 rk, i2),

then clearly both %.IB and gi2IB belong to 1(BIC(J-)). But

T was extreme, so Til B = T, and Ti extend T. Now an extreme point

of this set of extensions will be an extreme point of the set

(A(K),C(St.)).

The first result that we can use this to prove is Oleasoniis

result, [1] , that the projective compact Hausdorff spaces are

the Stonian spaces. Note firstly that in this category the

basic tdirect object is a singleton, so that a supermorphism

is simply a map onto. The functor C(	 ), assigning to each

space kft, the Banach space CM); and to each continuous map

II :	 01,2 the lattice homomorphism C(Tr) : C(J1 1) --H>O(J/2)

defined by:

(C (Tc )f)(1J1) = f(1 wi)	 (re C(J1.2), "Crlc-try,

is a (101) contravariant functor of the category of compact

Hausdorff spaces onto the category of order unit normed lattices,

with Unit—preserving lattice homamorphisms. Hence in this

latter category, a submorphism is simply a (1,1) bipositive

morphism. I.e. a subobject is simply a closed subspace containing

the order unit.
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THEOREM 4.2.6. In the category of order unit normed lattices, 

with order unit preserving lattice hamomorphisms, the injective

spaces are precisely the complete lattices.

Proof. That only such spaces are injective follows much as

in the third paragraph of the proof of Theorem 4.2.3. To see

that these spaces are injective we use Corollary 4.2.5.

COROLLARY 4.2.7. (GLEASON). In the category of compact Hausdorff 

spaces and continuous maps, the projective spaces are precisely

the Stonian spaces.

Proof. The proof uses Theorem 1.1.18 to establish the duality

of the two categories, and then Theorem 1.3.5 to relate the

canplete lattices with the Stonian spaces.

The next result that we wish to present is due to

Semadeni	 He considered the category of compact convex

sets and continuous affine maps between them. Again, we make

use of the anti-isomorphism of this category with another. In

this case A( ), assigning to each K the space A(K); and to

each re< K1lK2> 0 the map A(11- ) E <A(K2) 0A(C) I defined by:

(A(ir)a)(ki) = a(Trki )	 ( a eA(K2 ), kiely

is a contravariant functor frail this category onto the category

of order unit normed spaces and positive unit-preserving

linear operators. We have immediately, even more easily than

the last two results:

_THEOREM 4.2.8. In the category of order unit normed spaces

and positive unit-preserving linear operators, the injective

spaces are precisely the complete vector lattices.
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COROLLARY 4.2.9. (SEMADENI). In the category of compact convex 

sets and continuous affine maps, the projective spaces are 

precisely the Bauer simplexes wilds extreme boundary is a 

Stonian space.

The next problem that we look at differs from the last

two in that we are not actually dealing with a category. We

shall in fact look at the collection of all compact convex

sets, and extreme continuous affine maps between them. Examples

by Davies in Jellett [31, and Lazar [11 1 show that this

is not a category, as the composition of two extreme maps

need not be extreme. However the concept of a projective object

can still be defined perfectly adequately, if a supermorphism

is simply defined to be a map that is onto. Similarly in the

collection of order unit normed spaces and extreme positive

operators, if a submorphism is defined to be a map that is

(1,1) and bipositive, injective objects can be defined.

As before we have:

THEOREM 4.2.10. In the collection of order unit normed spaces 

and extreme positive operators the injective spaces are precisely 

the complete vector lattices. 

Proof. Coollary 4.2.5 easily shows that these spaces are injective.

The converse needs slightly more care thafl the previous cases.

Suppose A(K) is injective. We use the result, ( Gleason [1-1

Theorem 3.2 ), that every compact Hausdorff space has a projective

coenvelope, so that there is a Stonian space Si,, and a continuous

map Tc: a late4 o eK such that if J1,
o 

SL,SL 0 is closed,

andaot. ‘51, then ir(J/0) *.-'1e1c. It follows that Tr4 ( -�teK)
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is dense in ,651, as Tr (1r' ( bei()) is a closed subset of

containing V, and hence is all of it.

It follows that if	 F(S1)---"K is the unique

continuous affine extension of Tr, then IT is extreme. For

if	 (jil+ W 2), then r1. 1 =if2 on Tr-4 ( e K), hence

on St by continuity) and thence on P(A) by continuity and

affinenes6. Now A(iF) is an extreme positive operator from

A(K) into C(a) which is (1,1) and bipositive, so the argument

of Theorem 4.2.3 may be repeated.

COROLLARY 4.2.11. In the collection of canpact convex sets 

and extreme continuous affine maps between them, the projective

sets are precisely those Bauer simplexes for which the extreme 

boundary is a 5tonian space. 

Again, ignoring the fact that these collections do not

form categories, we can define the notion of projective coenvelope

and injective envelope in the obvious manner. However we have

• 'no results in this direction. If we knew that Theorem 1.1.19

held without the metrizability condition, then we could prove

the existence of projective coenvelopes in the collection of

simplexes and extreme continuous affine maps. As it is however,

this result tells us nothing.

Maps that are of rather more interest between compact

convex sets, are those that are not only continuous and affine,

but also preserve extreme points. As we have stated before,

these are extreme, but do not exhaust the eatreme maps. It is

again easily seen that the bsd.o. is a singleton, and that TT

is a supermorphism if and only if it is onto.
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THEOREL1 4.2.12. In the category of compact convex sets and

extreme point preserving continuous affine maps, the projective 

elements are precisely the finite dimensional simplexes.

Proof. It is easily verified that the finite dimensional

simplexes are in fact projective. The converse is proved in

four steps. Firstly we show that if K is projective, then ZeK

is discrete. Secondly, if k o e -�r.e.K, we show that 
r 
ko	the

union of all the faces of K that do not contain ko, is a closed

face. Thirdly we show that 'ZleK is clesed, and finally that K

is a finite dimensional simplex.

Suppose that K is a projective compact convex subset of

E , and that Ito e ' elC. Define K1 to be the convex hull of the set

(ko,	 (k0,1)1 v K X 01 in El = E SCR with the product

topology. It is easily verified that Ki is a compact convex

set. Also it is easily seen that the extreme boundary of Ki

is the set {(k0,1),(ko, --1)1 v ( -)eK 	 ko 1 ) X CO1 . If IT
denotes the natural projection of Ki onto K, then 11 is extreme

point preserving, continuous and affine. As K is projective,

there is an admistible map f of K into K.J. such that IT tf = L K.
Clearly if k e -acK	 Ckol then (k) = (k,0), as (k,O) is

the only point of K1 mapped onto k by Ti .

If ko is an extreme point of K, and is not isolated

in -.6e K, then there is a net (k.) in "ZseK {CI converging
to ko . As tf is continuous,

(ko)	 (k6) = lim (kw 00)=-(I(020)2

which is not an extreme point of K1. Hence y is not a morphism

in this category, so there can be no non-isolated points of beK.

Let P=	 . Then P C co(	 ikol ), for by the
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integral form of the Krein-Kilman Theorem, if p E F there is

a Borel probability measure Lrepresenting p and supported

by ' el(. If (f kol ) were non-zero, then p could be written

as a proper convex combination of ko and another point, which

is impossible as p belongs to a face of K not containing ko.

It follows that tA is supported by ' t.11	 = e K	 ,

so that p e n( acK 	 ). Also this latter set does not

contain ko, as this point is isolated amongst the extreme points.

As tf is continuous and affine, cQ (f) 	 (1' 1 0) far each f E F.

We also have 'p (k„) = (k ,L) ( say ). Suppose that f1, f2

and (f, + f2 )/2 *F. For some X > 1, the point

ko A((f1 + f2)/2 - ko ) belongs to F, since K = co(F V j kol ).

It follows that

(ko	A((fi+ f2)/2 -k0)) = ( ko + X ((f1 -4- f2 )/2 ko)00).

But we also have:

tf (ko -I- A (( ri f2)/2 — kr) )) = (1 —x)y ( ko ) +(X/2) 4) (r1 ) +

V2)y (f2)

=	 A )ko + ( X /2) (fii- f2 ) 11	 )

Thus X	 1, and F is convex and hence a face.

Now suppose that F is not closed. If p Er', then

p = x q (1- 0c )ko with 0 S oc < 1 and q e F, so that we have

f(p) = y(Diq +(1-c()ko)

= a( (q) + (1 - 0() T(ko)

0C(q10) + (1 -00 ( ko, *1)

= (0(q .4-(1-00k0,±(1-0()).

But p 01 and so l(p) = (p,0) as kf is continuous. Thus c<=1,

andF=F.

Let k1 e	 then for each ko C -�leK, either kl= ko or
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G iknA ' by what we have just proved. Consider the intersection
of the sets iknA as ko ranges over 2)e K. This is a closed
face of K. If it were non-empty it would possess extreme points,

which would also be extreme points of K since this is a face of K.

However it contains none of these by construction, and is

therefore empty. It follows that 	 is closed.

Finally since `) e.1( is discrete and compact, it is a

finite set. Let K have n+1 extreme points, and let Sn be an

n-dimensional simplex. Let TT : Sn -->K be any affine map

which maps the set of extreme points of Sn onto those of K.

TV is admissible and onto, and so there is an admissible map

tP : K--b)Sn such that it tf = L K . We now have

dim(aff(K)) >de dim(aff( te (K))
dim(aff(Sn)) (as t must be onto)

= n.

Hence K is an n-dimensional simplex, and the proof is complete.

CalCCLARY 4.2.13. In the category of simplexes and extreme

point preserving continuous affine maps, the projective 

objects are the finite dimensional simplexes. 

Proof. To prove this we need only verify that the set Kl

constructed in the proof of Theorem 4.2.12 is a simplex whenever

K is. To see this we use the fact that a compact convex set

K is a simplex if and only if A(K) has the R.D.P., (Proposition

1.3.2 ). The space of continuous affine functions on Ki is order

isanorphic to the space,B, of all triples (sox' Ix") with a6 A(K),

x l ,x"E-H. such that 2a(ko) 	 x", when we define (a,x',x")X0, 0,0)

if and only if a )) 0 and x' I x" J 0.

Suppose that we have
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(a,x1,x"), (b 130,y")	 (o,o,o)
	

(1)

(basyy")›.... (cyz I ,e) 	(0,0,0).	 (2)

cS Co) =	 °-(") echo), C)L ` *-2." ), Cx"

g(k) = inf f a(k),c(k)3	 (keK) 0‘01)

h(k) 7-= sup c(k)-b(k), 0	 (keK fkol )

h(ko ) = sup f c(k0)-b(k0), 0, i(z"- y"),	 y')/ •

By Theorem 1.3.6 there is cl E A(K) with h	 c1 g. Putting

c2= c - cl we see that a cl >, 0, b	 0 and c1 + c2 = c;

and also that 2c1(ko) z"- y", z' — y i . This, together with

(1) and (2) tells us that:

x', 2ci(ko ), z', 2c1(k0)-%-y"- z u 5 0, 2c1(k0)-x", z'-y',201(ko)-z%
Let zi separate the two sides of this inequality, and define

= z' - zi,	 2c1(ko)- zi, and z2 =2c2(ko)	 It is

then clear that (c i,zi' l z i") e By and that we have

(c
12 l' 1

z")-I- (c
21 2z''2

z")= (c,z',2").

From the definition of zi and the definitions it is easily

verified that

(a,x',x")	 (cyzi l zi!)	 (0,0,0),

(byy l ,y")	 ( c2 , z 12 ,z2)	 (0,010).

Thus B has the R.D.P. and Ki is a simplex, concluding the proof.

COROLLARY 4.2.14. In the category of order unit normed spaces 

with the R.D.P., and R-hanomorphisms, the infective spaces 

are the finite dimensional ones. 

tProof. Theorem 1.1.20 states precisely that this category is

anti-isomorphic to that category considered in the last Corollary,
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from which the result is immediate.

We now turn to some categories of caps and continuous

affine maps between them which preserve the origin. Again

we deal with the three cases of all such maps, the extreme

ones, and the extreme point preserving maps. The first result

we note is the following.

LE MA 4.2.15. In all three cases, if C is projective, and C

is embedded in A (C) * in the usual manner, then the face

k E C	 Ilk 2.-- 1 complementary to the origin, is closed,

( for the given topology	 weak*_ -topology ). 

Proof. Let C1 be the cap co( C x	 l 1/4) C(0,0)} ) in Ao(C)* x R.

Let ir be the natural projection of C1 onto C, then TT is

a morphism in all the cases. that we consider. As C is assumed

to be projective, there is a morphism t: C -->C1, with

TT	 = L. We clearly have y (k) = (Icy].) if II kn .:mi. The

argument used in Theorem 4.2.12 now gives us the result.

By limiting ourselves to caps which do have this property,

we see that this face must be projective for the appropriate

collection of compact convex sets. On the other hand, suppose

this face F of C is closed, and projective as a compact convex

set. Let	 : c 2-33 C1,	 :	 C1 be any other two morphisms

with it onto. v4e can find	 ¶ : F--> C 2 such that IX Y=14 1 p

which is a morphism in the collection. We can now extend ke

uniquely to be continuous and affine on C and preserve the

origin. We still have IC	 =	 as required, and it is easily

verified that tr still has the required properties.
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We can thus state without further proof the following

three results:

COROLLARY 4.2.16. In the category of caps and continuous affine

maps preserving the origin, the projective caps are those for

which the face complementary to the origin is a ( compact ) 

Railer simplex whose extreme boundary is a 3tonian space. 

COROLLARY 4.2.17. In the collection of caps and extreme 

continuous affine maps preserving the origin, the projective caps 

are those for which the face complementary to the origin is 

a ( compact ) Bauer simplex whose extreme boundary is a

Stonian space. 

COROLLARY 4.2.18. In the category of caps and extreme point

preserving continuous affine maps that preserve the origin,

the projective caps are the finite dimensional simplexes.

The anti-isomorphic categories obtained in the usual

way have as objects a.o.u.-normed spaces. The morphisms are

positive linear operators of norm at most one. We can state

automatically from the previous results:

COROLLARY 4.2.19. In the category of a.o.u.-normed spaces,

and all positive linear operators of norm at most one, 

the injective spaces are the order unit normed complete

vector lattices.

COROLLARY. 4.2.20. In the collection of a.o.ulopnormed spacest 

and extreme o rators in the set of those that are positive

and of norm at most one, the injective spaces are the order unit

normed complete vector lattices. 
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Chapter V

Facial topologies and related topics.

In this chapter we look briefly at facial topologies on

compact convex sets, and other ways in which the various notions

involved arise. Section one deals with the definitons and elementary

properties of facial topologies. In the second section we

generalise a theorem of Lloyd on subalgebras of A(K), and

show how parallel faces arise in a generalisation of the

Banach-Stone theorem. In the third section we show how split

faces arise in the decomposition of a space A(K) into a certain

kind of direct sum.

5.1 Facial topologies.

Historically, facial topologies were first employed by

Effros in his study of simplex spaces ( see Effros r li and

[ 21, and Effros and Gleit 111). However we will present

the theory only for spaces A(K).

If K is a compact convex set, and F is a face of K,

then F ', the complementary cr-face  of K, is the union of all

the faces of K not meeting F. If we further have that F is

closed, then K•zt co(F v F'). A proper face F of K is termed a

split face of K if F' is a face, and each point of K (Fv FO

can be uniquely expressed as a convex combination of a point

of F and one of F'. The empty set, 95 and K are termed improper

split faces.

The split faces of compact convex sets are of interest

because of the following result:
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PROPOSITION 5.1.1. (ALFSEN and ANDERSEN). The collection of

closed split faces of a compact convex set K is closed under

finite convex hulls and arbitrary intersections.

As a result of this we see that the collection of all sets

Fni -CfeK ., for F a closed split face of K, form the closed sets

for a topology on 7be K, the a--topology. It is easily verified

that this topology is compact, but not necessarily Hausdorff.

Much of the usefulness of this topology stems from the following:

THEOREM 5.1.2. (ALFSEN and ANDERSEN). If f -lbeK--->R is

continuous for the (SL-topology, then there is a unique seA(K)

which extends f.

The centre of a space A(K) is the vector subspace of

all a e A(K) with the property that, for each beA(K) there

is cEA(K) such that

a(k)b(k) = c(k)	 (Nik CaeK).

We denote this space byA(K).

THSOREK 5.1.3. (ALFSEN and ANDERSEN). Let aeA(K), then aa(K)

if and only if a IzeK is continuous for the (Q-topology. 

If K is a simplex, then every closed face is split,

( Alfsen [13 ). In this case there are a number of other

characterisations of A( K), which are not valid in general.
,

For instance A(K) is the largest subalgebra of A(K), for the

operation of point-wise multiplication on "OeK . Also A(K)

is the largest vector sublattice of A(K) containing the constants.

In order to extend this last result, the concept of facial

topologies has been further extended by Rogalski.



A closed face F of K is termed a parallel face of K if:

F' is a face;

each element of K\ (FvF t ) can be written as

f ♦ (1 — A )1° with feF, f' E F 1 and 0 < X < 1;

and (3) if an element of K \ (FvF') has two such

representations X f + (1 —A ) f and Alf). + (1 — Xi) fi, then X = X1.

PROPOSITION 5.1.4. (ROGALSKI). If (Ft( ) is a downward filtering 

family of parallel faces of K, then F = CAF.4. is a parallel

face of K. 

A family -3 of parallel faces of K is termed topological

if it is closed for the operations of finite intersections,

finite convex hulls, and downward filtering intersections and

contains	 and K. We then have:

PROPOSITION 5.1.5. (ROGALSKI). If	 is a topological family 

of parallel faces of K, the sets F r 'I t_1( for F	 are the 

closed sets of a compact topology on

Such a topology is termed a facial topology. These

topologies share the extension property of Theorem 5.1.2.

THEOREM 5.1.6. (GOULLET de RUGY). Any facially continuous

function f extends to a unique aeA(K).

The set of all such extensions, taken over all possible

facial topologies, is termed the weak centre of A( K). We will

denote it by Iii(K). It is of interest to note firstly that

there are facial topologies, for instance the a—topology.

Secondly there are other such topologies. Consider,for example,

a square II in R2 . Its split faces are only 56 and a, so that
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A(C1) comprises solely the constant functions. On the other

hand any edge of the square is a parallel face, and a pair of

opposite edges together with 	 and El constitute a topological

family. Thus 1( q ) consists of all continuous affine functions

on q which are constant on some edge. Note that this example

shows that in general 'Pt(K) need not be a vector space.

One characterisation of A(K) is the following. Another
will be given in the next section.

PROPOSITION 5.1.7. (ROGALSKI). Let K be a compact convex set, 

aeA( K). The following are equivalent:

aeT.(K).

For any finite family of pairs of reals ( X pokp),t

the supremum V 	att.& 1K) exists in A(K).r.,	 	 1 P

Accounts of the results in this section may be found in

Alfsen and Andersen [:). -.1 and [2] and ilogalski [11. As we

stated previously, the study of facial topologies was initiated

by iffros in a rather more general context. In [3] he extended

the theory even further, to those ( unordered ) real Banach

spaces whose dual is an 146 (tx)-epace. These spaces have been

classified by Lindenstrauss and Wulbert. [1] , and some properties

studied by Lacey and Norris [11. Fakhoury in [11 has continued

the study of facial topologies in this context and has a notion

of centre for these spaces.

5.2. Subalgebras of A(K) and the Banach-Stone theorem.

Lloyd has shown, in 	 , that if K is a simplex, and

B is a subspace of A(K) that is an algebra under the operation
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—of pointwise multiplication on -�otK, then B C:A *6(K). He also

gives an example to show that this is not true without the

assumption that K is a simplex. ( The square in R2 mentioned

earlier provides a simple example. )

We can however prove a similar result, replacing A(K)

by the space A(K), and in doing so obtain another characterisation

of this space.

THEOREM 5.2.1. Let K be a can ct convex set and B a subs ceOr : 

of A(K) which is an algebra	 pointwise multiplication on

- e1C„ Then B c A(K). 

Proof. Firstly we note thatwe may assume that B contains

the constants, ( since B + R1 K G A(K) and if a l b e B; A o e R,

then (a + A ix) (b+ iK) = (ab + 1-a + b ) 	B R1K

and is closed ( since A(K) is complete ). Note also that the

algebra operations are pointwise operations on 2,eK, by

continuity of all the functions involved.

Define an equivalence relation Q on 	 13,tic by xQy if and

only if a(x) .-17. a(y) for all aeB. Let .6eK/Q be given the

quotient topology, so that an application of the Stone-Weierstrass

theorem, and noting that aEB attains its maximum modulus

on iJeK, shows that B is norm and order isomorphic to C(-K/Q).

Let Tr denote the natural projection of	 onto -�IeK/Q.

The sets 1r4 (D ), for D closed in -21cK/(4, form the closed sets

for a topology	 onon Tt7i, which is easily verified to be compact

although not necessarily Hausdorff. For this topology B may

be identified with C( -4K). Consider the relativisatiOn of

this topology to -6eK. we shall show that this is a facial

topology, and as each function in B will certainly be continuous



for this topology, we must have B

Suppose D is relatively J -closed in . 1c,K, so that

D = Do m -�,e K for Do j -closed in	 - e/C. In particular Do is closed

for the given topology on K. v'ie firstly show that co(D) is a

face of K.

Suppose d ea-a(D), and that d is represented by a Borel

probability measure t.A. supported by .- seK, ( by the integral

form of the Krein-tdilman theorem. ),, Let k e	 Do. As

/Q is Hausdorff and Do/Q is closed, there is a function

f E c( '3e,K,/Q) such that:

fI D0/Q :4 0,

f("rt(k)) = 1,

and (3) 1 f7 O.

Then there is an open neighbourhood of Tr (k) p U , such that

flo > As we can identify B with 0Pre KA), there is an a eB

such that:

alp°	0,

a 
I
i-i (u) >

and (3) 1) a )0.

As a(d) = 0 ( by continuity and affineness of a ), 144 can

have no mass on the open set Tr' (u), containing k. As k was

an arbitrary point of ''beK‘ Do , supp(1.1..)C Do.

Now if d =i (d1 t d2), each di can be represented

by a Borel probability measure tit. i supported by .. seK. As

(tA i -t- tA.2) represents d, it is supported by Do . S ince both

1-4- 1 and tkx are positive, both	 and 
-2 

are in fact supported

by Dop so that di E 65(D). I.e. we have shown that FO(D) is a

face of K.

That the relative -3 -topolny is compact is now easily
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seen. Let (Lk ) be a family of -relatively closed subsets

of "a eK, with the finite intersection property. The family

of closed faces co( Doi ) also has the finite intersection property,

so has a non-empty intersection, K being compact. As E = n FO(Doc.)
is a closed face of K, and we have just shown that it is non-empty,

2)e., E is non-empty. Since E is a closed face of each C-8(Doc )1

tE C - le(875(D,4 )) = DA. for all (X . Hence (0) Doc	 'ZieE * 95.

In particular we now know that -6eK/C1 is a compact

Hausdorff space. Let I be the injection of c( -6 tK/C) into

A(K). Let TT be the associated continuous affine map of

into P(eK/Q). It is clear that iT Faeji r-r- IT I -6tK, and

that To(71-4 (D))	 ii-(a.6())) for D closed in bsK/Q. Also it

is extreme point preserving. Let D be closed in -af eICA4 , and

F= 5-3(D), with F 1 its complementary face. It is then easily

seen that it -I (F I ) is a face of K complementary to 'rt ." ( F), and

in fact that it (F) is a parallel face. Hence the topology on

Z eK is easily seen to be a facial topology, and the proof is

complete.

COROLLARY 5.2.2. If K is a compact convex set, then 140 is 

precisely the union of all subspaces of A(K) which are algebras 

for point-wise multiplication on 'IkK.

We now turn to another case in which parallel faces

arise in a natural manner.

The classical Banach-Stone theorem states that if Al

and 2 are compact Hausdorff spaces, and O(J2. 1) is linearly

isometric to C(11 2), then	 is homeamorphic to St.2 . This

has been extended to spaces of continuous affine functions

on simplexes by Jellett 1] 	 and Lazar [3] . In this case,
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if A(K1) is linearly isometric to A(K2), then K-j. and K2 are

affinely homeomorphic. This remains true if either K i is known

to be a simplex, and the other is a general compact convex set.

However this is not true in general. To see this we first

need a lemma.

LEMMA 5.2.3. Let K be a com p act convex set C a closed subset

of K such that KC co(C), and E a locally convex Hausdorff
to nt" d o w9

topological vector space. If a is a1 function from C into E

such that there is a unique affine extension a of a to the

whole of K, then a is continuous.

Proof. Let §: CxC X [0,11 --)K map (y,z,X)i---)Xy+(i—A)z,

and if : Cxe X [0,11 ---)E map (ylz,>n )1.--> Xa(y)	 (1—X)a(z).

Clearly both	 and 1? are continuous. The assumption that

a has a unique affins extension to K, a, amounts to saying

that the set	 (	 (y,z,	 )) is a singleton for each point

of CXCX [0,11 •

If D is a closed subset of E, then È -I (D ) =	 (it(D))

is closed. This is because it is continuous so that "TID)
is closed in cxcx	 and is hence compact. Then (ir"(D))

is compact in K, and hence closed. Thus a is continuous as

claimed.

PROPOSITION 5.2.4. Let K be a compact convex set, and F1 and F2

disjoint, closed, complementary parallel faces of K. Let ko be

a point of the affine span of F2, and let Fz be the compact,

convex set '2.1c0 f2 : f2 E F21 If K' = oo(F1 u F:p, then

K' is a compact convex set and A(K ') is linearly isometric 

to A(K).
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Proof. It is clear that K' is a compact convex set. Define

T : A(K)---,A(K1) by:

TalP1 t: alF1

Ta(2ko — f2) = —a(f2),

and Ta is affine. This exists as F 2 and F1 are parallel, so

that the function defined on F IAJ F1 extends to an affine

function on K', which is continuous by Lemma 5.2.3. Clearly

T is onto, and an isometry since each a attains its maximum

modulus on F 2 v Fl.

If the faces Fi and FF^ are split, then K and K' are

affinely homeomorphic. That this is not aIways so is seen by

considering the convex hull in R3 of a triangle with a parallel

congruent triangle. This set has 5 faces, whereas the corresponding

set K' will have 8 faces.

What is of interest to us is that this is the only way

in which such isometries arise.

THEOREM 5.2.5. Let K,K ' be compact convex sets such that A(K) 

is linearly isometric to A(K'). Then there exist disjoint, 

complementary, closed parallel faces of K, F1 and F2, such that

for any point  koE F2, K' is affinely homeomorphic to the set 

oo(F1 NJ (2k0 — F2)).
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Proof. We know that K and K' are affinely homeomorphic to

weak*-closed faces of the unit ball of A* ( = A(K)1°. = A(KI )* ),

such that co(K	 = co(K' v -KO = A4ik It will suffice

to wove that any two such faces of A? are related in the

manner described.

Firstly we claim that K = co(( K n	 v	 -K'))•

If k E -Zie.K1 then k e co(K' v — K') by assumption. But K is

a face of A t , so k is an extreme point of A i , hence ke K' v

Thus sbeK C (K INK') v (K rt -K'). Now the Krein-ailman theorem

assures us that K is contained in the compact convex set

co((Kr, K') v (K n -K')).

Let F1 K n K1 and F2 = K n -V, It is cleat that

K' eo(Fi v -F2). The claimed result will be proven when

we show that F1 and F2 are closed parallel faces, for then

there will be an affine map of co(Fiv -F2) onto co(Fiv (2k0 - F2)),

which will be continuous by Lemma 5.2.3, and is clearly (111).

It is clear that each F i is a closed face. We need

only show that they are parallel. Consider the function that

is identically 1 on K'. On F1 this is identically 1, and on

F2 is identically -1. If we have an identity:

X + (1-X)f2 =	 + (1- N')1.

with fl' f' e F1°• f2' 2f' € F2 ;• and 0 <A, A'4: 1, then composing1 
with this function we see that:

=	 —(1.—X0.

I.e. x=)\ i, so that the faces are parallel.

COROLLARY 5.2.6. If either K or K' is a simplex, and A(K) is

linearly isanetric to A(K '), then	 and K' are affinely

hameomorphic.
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Proof. In this case F1 and F2 are automatically split, so

there is a (1,1) affine map of K co(F1 ki F2) onto co(F1	F2)=101

which is continuous by Lemma 5.2.3.

Clearly this result still holds if it is known that

all the closed faces of either K or K' are split. This provides

a mild, although not very useful, generalisation of this Corollary.

Similar results are available if we deal with spaces

Ao(C), of continuous affirm functions,vanishing at the origin,

on a universal cap. Analogous to Proposition 5.2.4 we have:

PROPOSITION 5.2.7. Let C be a universal cap, and F1t F2 closed

parallel faces of C such that C =co(Fi v F2), F1 11 F2 = {01 .

If C' = co(F1 v — F2) then Ao(C) is linearly isometric to A0(C').

Analogous to Theorem 5.2.5 we have:

THEOREM 5.2.8. Let C and C' be universal caps such that Ao(C)

and A (C ') are linearly isometric. Then C and C' can be embedded
0

in an l.c.s. in such a way that there are closed parallel faces 

F1, F2 of 0 with C = co(Fi Ll F2) 2 F1 r% F2	 t 01 1 and such

that C' = co(F1 — F2).

Proof. The l.c.s. is , of course, A 	 with the weak* -topology.

The only difference in the proof is in proving that the faces

F1 and F2 are parallel faces. The function that is 1 on the

face I kG C'	 II	 11 of C' and 0 at the origin is now a

bounded ( but not necessarily continuous ) affine function

on C'. The associated function on C is 1 on F i rN tke C: 114 =11

and is —1 on	 F2 nfkeC : II k II	 . Note also that the

norm is a bounded affine function on C that is 0 at the origin
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and is 1 at tic GC :	 k (1 =

The face F2 = f k eC : 11 k ll = 11 is clearly the face

complementary to F1. Suppose that we have:

X + ( 1 — >t)f2 =	 + (1 — XI)V2

with fl, fl e F1 ; f2,q E F2 A Ice-C : I I Icil = l J; and

0 < X , ,\' < 1. Applying our two affine functions, we have:

X	 — (1—X ) =	 — (1— x'),

	

A ll f111 .4' (1— A) =	 + (1 —XI).

Subtracting we see that X = X' •

COROLLARY 5.2.9. Let K and K' be simplexes such that Ao(K)

is linearly isometric to Ao( K1 ), then there is an affine

homeomorphism of K onto K' which preserves the distinguished

extreme point.

COROLLARY 5.2.10. Let	 , S' be locally compact Hausdorff
spaces such that Coq ) is linearly isometric to Co( It ), then

and '' are homecmorphic.

5.3. Direct sum decompositions. 

If A is a vector space, A is termed a direct sum of

subspaces A1, A2 if each a E A can be written uniquely as a

sum al + a2 with ai E Ai . If A is a Banach space, then the sum

will be termed an M—direct sum if also II a1 + a2 11 = max [Haut!, Ila2 111

whenever ai e Air and we then write A l= Al EN A2. Similarly,

if Hal ta211	 + 11 a2 11 whenever ai e Ai, then A is

termed an L—direct sum, and we write A = Al en A2. We shall

also abuse the language and say that A is a direct sum of ki

and A2 if A is a direct sum of subspaces that are linearly
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isometric to each Ai . It is trivially seen that if A is either

an L- or &n it-direct sum of subspaces Al and Az then Al and A2

are closed. The following result is easily verified.

FROPOSITION 5.3.1. If A = Al (DA A2 then A14. = AI (By A2 , and

if A = A1 G9L A2 then A = Alm (Dm Az .

The result that we wish to generalise is one that was

originally due to Eilenberg, D.) . He showed that if a is

a compact Hausdorff space and c(a)= C1 	c2 then

=	 1/4„31 2 with St i closed and Ci isometrically order

isomorphic to C(+St i). This was extended to the space of continuous

affine functions on a simplex by Jellett [ 21 . In this case,

if A(K) = Al ex A2, then there are complementary closed faces
Fil F2 of K such that Ai is linearly order isomorphic and isometric

to A(F) • we will generalise this result to an arbitrary compact

convex set, where the faces involved are split. In fact we

can obtain results for the spaces Ao(C).

we first prove the result in the reverse direction:

PROPOSITION 5.3.2. Let Fil F2 be disjoint, complementary, closed 

split faces of a compact convex set K. Then A(K) A(F1) (Dm A(F2).

Proof.	 As the faces are split, any function that is affine

on F1 and F2 can be extended to an affine function on K. By

Lemma 5.2.3 if the function is continuous on F1 and F2, then the

extension is continuous. This shows that A(K) = A(F1) 64 A(F2).

The relation between the norms arises because any continuous

affine function on K attains its maximum modulus on -?se K, and

hence on F1 v P2.



PROPOSITION 5.3.3. Let Flo F2 be closed split faces of the cap C, 

such that F1 A F2 .--40 .0 and co(Pi v F2) C. Then we have

Ao (C) = Ao(Fi )	 Ao(F2).

Proof. Suppose al e Ao(Fi ) and a2 e Ao ( P2) As F, is a split face

it has a canplementaryftface, F2 n k EC :	 = 11 . There

is an affine extension a of a 1 and the restriction of a2 to

this complementary face. As F 2 is the convex hull. of 0 and

F2	 C : II kit =	 alF2 = a2. Thus a extends al and a2,

so we may apply Lemma 5.2.3 to show that a is continuous.

Our ultimate aim is to prove the converse ot these last

two results, but first we prove a result on L-direct sun

decompositions of base-normed spaces.

THEORavi 5.3.4. Let E be a base-normed Banach space, and let 

E=E1 L E2 • Then each Ez is an ideal in E. 

Proof. Let x1 E El, and suppose that 0	 y2	 (We shall

assume that yi e Ei, etc. ) Let z1 t z2 = xl — (yi + y2) O. As

the norm is additive on the positive cone of E l we have

Il xl ll 	 I1Y1+ Y211+ liz1+z211

11 Y111	 I1Y211+	 11z2 11.
( the latter equality being because the sum is an L-direct sum ).

Since the sum is direct, y2+ z 2= 0, so that x1 	 y1 Jr sr Then

we have:

•+	 + 2 11Y2n = I xlll
= 11 114 7111

11 Y1 11 + Pa'

Hence ' Y2 = z2 0, and thus El is an order ideal. Similarly
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E2 is an order ideal.

we must now show that each Ei is positively generated.

Let B= fxsE : 3t 0, II xik l . vie claim that El n B and

E2 r B are complementary split faces of B. Let xe B, then

2x = x -I- x2 with xi e Ei , and 2 = 2 Ilx = 11 x111	 ilx211

If either xi =-. 0 then x belongs to Elf\ B or 22 n B. If neither

term is zero, then we can write

x	 ilx±11/2"x145.11 ) +( 11 x211 /2"x2i	 )°

with Ilxi/ 	 =. 1 and ( 11x1 11 /2)* ( 1fx211 /2) 	 1. As B

is a face of the unit ball of 2, 
xi/ lixill E B . It is now

clear that the faces are complementary. That the faces are

split follows from the fact that the sum is direct. If 
Si

co((Ei n B)u -(41 n B)), then it is readily seen that Si
generates all of Ei, for if this were not so, S = co(53:-1 32)

would not generate all of E• But S contains the open unit

ball of 2, so generates the whole space. Hence each E is

an ideal, as required.

COROLLARY 5.3.5. Let it be a compact Rausdorff space, and 1.)-

a regular Borel measure on a. If L (4SL I ti.) = Ll ea I, L2, then

a = Jtl 	 .!L 2 , with a Borel subsets of a , in such a way

that Li is isometrically order isomorphic to L (‘Sti,

Proof. As St is compact, !J. is finite so that Is:e

Suppose la= el + e 2 with e ie Li. Let 4a be a Borel subset of

such that el is non-zero almost everywhere on JZ i, and zero

almost everywhere on St. 2 =	 \ J1. 1 . Then e 2 is zero almost

everywhere on ay, for else there is a set U of measure such

that 
1
e2 I	 E on U, and f 

ell
I
 i 	 on U, for some E > 0. We then

have 1ei l l ie 2 1 Eau)	 As each Li is an ideal,
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2(1.1€1..i. Hence the measure of U is zero. Now clearly e2

is 1 almost everywhere on j1.2, and el is 1 almost everywhere

on a2 . As Li is an ideal, LI (ai, 1.ki titi )C Li. But I:	 t ► )

(Jtv 14- I uti) EDL 	 (01 2, tA
 1

442), so that Li = LI (ai,

We mention here the following related problem. Given

an L (a, h) space and a direct sum decomposition L ie L 2 such

that the norm satisfies "al l- a2 I	 H ale+ li a211 P $

when is there a decomposition of SL into a il d1 2 such that

Li may be identified with Lt	 tki	 )? We also note that

there is no more general form of direct sum for which such a

result is likely, because of the results of Bohnenblust [11
and Nakano [ 31 .

THECREM 5.3.6. If A = A(K) or Ao(C), and A = Al A2 then

each Ai is an ideal in A. 

In particular, if A = A(K), there exist complementary

closed split faces F1 and F 2 of K such that A i is isometrically 

order isomorphic to A(Fi). Similarly, if A = Ao(C), then there

exist closed split faces F1 , F2 of C such that F1 n F2 = TO1

co(Fi v F2) C and Ai = Ao(Fi).

Proof. In either case A
* is base-nonmed, and A*= A.3.*	 L A2*,

Suppose al e Ai, and all, 0. In this case there is an fee+ such

that f(ai)<0 ( since the positive cone in A is closed ). By the

last Theorem, f	 + f2 with fi e Ai* , and each fi)0. We then

have f1(a3. )‹ 0 whilst fi),O. If al a2)0, then we have

fl(a1) * f2(a2)	 f f > 0)fl , f2 /

so that fi(a1) �,.. 0 whenever f1 ) 0, and f2(a2) 0 if f2) 0.

It follows that a1,a2 0.



Now if al ) b = bl t b2 0, then bi,b2 )0. Also, as

(a1 —	 b2),/	 b2 >/, 0, so that b2 = 0. Hence A i is an

order ideal.

In particular we note that the relative ordering on Ai

considered as a subspace of A * , coincides with the ordering as

the dual of Ai. Also each At is weak'-closed, and the weak*-

topologies on Ai
*
 considered as the dual of Ai , or as a subspace

of At coincide. In the two cases considered, A i+ has either a

weak* -compact base or cap, so that A i can be identified with

A(K n Ai) or A o(C n Ai) as the case may be. From Theorem 5.3.4

and the remarks at the beginning of this paragraph, these sets

have precisely the properties claimed in the statement of the

theorem. It only remains to note that these order ideals are

positively generated to complete the proof.

vie can state as immediate corollaries the special cases

of this result that were already known.

COROLLARY 5.3.7. If K is a simplex and A(K)= Al (Dm A2, then

there exist complementary closed faces F1 and F2 of K such

that Ai is isometrically order isomorphic to A(Fi). 

COROLLARY 5.3.8. If ..11, is a compact Hausdorff space, and 

C(dt.)= C i (1) ivi C2) then there exist closed subsetsai and a2 of

a such that Ci is isometrically order isomorphic to C(ati).

We can also state the following corollary, which does

not seem to have appeared in print before.

COROLLARY 5.3.9. If	 is a locally compact Hausdorff space

and C0( )	 eivi C 2, then  there are closed subsets	 and
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T 2 of	 such that  1. =Ii v 12 and Ci is isometrically

order isomorphic to C o ( 2. i ) •

The last result that we wish to present is to show that

extreme positive operators from A(K) into C(JL) induce direct

sum decompositions of C(&.) from those of A(K). Firstly we

need a 1emma:

LEMMA 5.3.10. Leta be a compact Hausdorff space, K a compact

convex set, and T an extreme point of A(A(K),C(31)). If aeA(K)

and btA(K), then T(ab) tr- (Ta)(Tb). 

Proof. Suppose firstly that 41K ‘. a i34{ 1 so that also

42.st 	 Ta 4_1/41 . Define for each b t A(K),

T
1 
(b)	 (Ta) ' T(ab),

T2(b) = (4/3)( Tb) — (1/3)(T1(b)).

It is clear that T1, T2e*A.(A(K),C(SL)). Moreover T= el+ iT20

so that T1 = T2 = T. Hence T(b) = (Tar t T(ab), so that

T(ab) = (Ta)(Tb) as claimed. In general the result follows

from finding ml n#0 such that 41K ‘,	 '`'"In-ldin

THEOR.114 5.3.11. Let JL be a compact Hausdorff space, K a compact 

convex set, and T an extreme point of kit(A(K),C(42.)). If 

A(K)= A(F1) (DM A(F2 ), then C(a) can be written as a direct 

sum C(31.1) EON C(3. 2) in such a way that T(A(Fi))C C(6.1),

If Ti = TI A( Fi), then either St i 9!)	 or Ti is an extreme point 

of 04.(A(Fi),C(Sti)).

Conversely, if A(K) = A(F1) EN A(F2), C(Jt ) = C ( 42. 1)	 C(5 ,2..)

(Fi* 0, and a	 0) and T i is an extreme point of (A(Fi),C(1/4.Q.i)),

then the formula 

(Tie T2)(al,a2) = Tisi + T2a2	 (1)
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defines an extreme point of A(A(K)00(41..)).

Proof. Let el denote the function that is identically one on

F1 and zero on F2, which exists by Proposition 5.3.2, and let
,

e 2 be defined similarly. It is clear that e i e A(K). By Lemma 5.3.10
we see that T(ei) = T(ei2) = (Tei) 2 . Thus (Tei)("ur)= 0 or 1

for all-t.)--cat, As ( T1)('tr) = (Ty (' 4") t (Te2)('r ) = 1, the

sets a =	 (Tei)(1-4)=1./ are complementary subsets of St.

and these are clearly closed. If a i e A(Fi ), then there is X> 0
such that X ei	 ai —Aei. We thence see that X (Tei ) Tai >/ — X (Tel),

and it follows that Tal l a2= Taglaia 0. I.e. Ta1 C(JL 1), so that

T(A(Fi )) c c(

It is clear that if T i is not identically zero, then Ti

is a point of A(A(Fi),C(Jti)). Suppose T 2 is not extreme, so

that T 2 =. (V2 t 142), where V2,W2 e A(A(F2)y0(J.2)). The operators

T1 ED V2 and 'Ile W2, defined by (1), belong to A(A(K),C(0..)). As

T =Tle T2 is extreme, it follows immediately that V2 = W2 = T2,

so that T2 is extreme. Similarly T1 is extreme.

For the converse, it is clear that T 1 (1) T2 e A(A(K),c(a)).
Suppose T1 (1, T2is not extreme, so that 2(T 1 T2)= V t W, where

V,INEA(A(K),0(i1-)). Suppose ai E Al and alb, 0. Then we have:

2(T181) =-• Val + Wai

and if sur E k51,2 then

0 =2(Tiai)(1.r) =.• VaiN)÷ WaiNr).

Since V1W 0 it follows that

Vaieu ) = Wai( 'tr) = 0	 whenever e J1,2.

I.e. Vai ,Wai e C (J1,1) As the positive cone of each Ai is

generating, it follows that V(A(Fi ) ) C 0C.SLi) and also that
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W(A(Fi) C.c(a i), If V i = V1A(Fi) etc., then we have:

2fii	Wi.

But Vi and w i are points of t.X(A(Fi),C(ai)), and the T i are

extreme, so that

T = Vii

It is now immediate that

V= =	 e T2,
so that T1 Ge T2 is extreme.

That this result cannot be generalised by allowing

C(St ) to be replaced by A( K') for an arbitrary compact convex

set, is easily seen. Indeed, let K be the unit interval in

the X-axis in 00 and K' the unit square in H2. The extension

operator, assigning to each a e A(K) the function Ta	 a(x),

is easily seen to be extreme. However the splitting of K

between its two endpoints does not induce an VI-direct sum

decomposition of A(K'), although it does for T(A(K)). We

would conjectere that 0(4.51-) could be replaced by A ( S ), for

S a compact simplex, but have no proof of this.
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